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PEEFACE. 


, This treatise contains a compilation of many methods of / 
measuting electrical resistance, most of which are fully described. | 
Some of the methods are new and are described here for the first 
time. .Severar are illustrated with records of sample measure- 
ments. While it is not claimed that the work is exhaustive, the 
author has selected for presentation all methods which in his 
judgment are useful, for commercial tests and measurements, for 
■purposes of instruction in educational institutions and for appli- 
cation in technical and research laboratories. Rules for the 
, estimation of errors are briefly considered in the first chapter. 
One chapter is devoted to methods of measuring temperature by 
means of resistance measurir^ apparatus, and in another chapter 
methods are considered for locating faults upon telephone and 
other land lines. While few descriptions of specific types of in- 
. struments are given^ t,wo; chapters are devoted to a consideration 
of the broad principles whicli should "apply when designing, select- 
ing and using apparatus intended for the measurement of elec- 
trical resistance. An appendix contains data and information 
useful in connection with the subjects treated. Methods employed 
for the absolute determination of the ohm are not considered 
because few persons have occasion to make this determination. 

In the examples recorded to illustrate specific methods, it may 
at times appear to some that the precision obtained is unsatis- 
factory. The measurements recorded, however, are real and not 
hypothetical cases, and they were made under such working con- 
ditions as ordinarily obtain. . They are thought, therefore, to be 
more instructive than specially selected cases where the measure- 
ments have been made with unusual skill and care resulting in 
exceptionally high precision. 

The author has felt justified in writing upon methods of 
measuring electrical resistance, because for over twenty years he 
has been engaged in electrical measurement, and for over seven 
years he was connected with The Leeds and Northrup Company 
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For fhe geometrical mean of two quantities, which are very 
nearly alike, the arithmetical mean may .be used. Thus 

Vm - (9) 

If d signifies a small angle measured in radians (1 radian = 57.2958 
degrees) then, 

sin (x + 5) = sin X + 5 cos x; sin 5 — 8, ( 10 ) 

cos (x + 5) = cosrr — 5sina;; cos5 = 1, ( 11 ) 

6 

tan (x + 5) = tan x + — ^ ; tan 8 — S. (12) 

cos X 

Also, if a quantity a is very small compared with a quantity 
X > 1, then 

logo (x + a) = loge ^ ^ ; log« (1 + a) = a. (13) 

The true yalue of {a + by^ is given by the expansion 

(a + b)’> = a- + na^-% +• ■ (14) 

The exact value of (1 dh a)^ when < 1 is given by the ex- 

pansion 

(ldba)’” = l±maH . . . ( 15 ) 

Any quadratic may be put in the form + px — q. Its solu- 
tion is then 

« = -K±i rifii 
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of Philadelphia, Pa. (but with whom he now has no association), 
which manufactures electrical resistance measuring apparatus. 
He hopes by recording the experience acquired he may benefit 
those who are interested in similar lines. 

Doubtless this book is not free from errors and defects. Any 
reader noting such will confer a favor upon the author by pointing: 
them out. 

The author acknowledges his indebtedness to Mr. J. W. Wright 
of the Bell Telephone Company of Pennsylvania, for his careful 
reading of the chapter, ^^Elementary Principles of Fault Location, 
and for the valuable suggestions which he offered for its improve- 
ment. He adds his acknowledgment to The Leeds and Northrup 
Company for the loan of electrotypes. He further takes this 
opportunity to express gratitude to his wife, Margaret Stewart 
Northrup, for her encouragement to proceed with the work and 
for her unremitting assistance in the preparation of the manu- 
script. 

Edwin F. Northkup. 

Palmbe Physical Laboratory, 

Princeton University. 

December, 1912 . 
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METHODS OF MEASUEIHG 
ELBOTEICAL EESISTANOE 




CHAPTER I. 

EXTENT, CHARACTER, AND PRECISION OF ELEC- 
TRICAL MEASUREMENT. THEORY- OF 
ERRORS. OHMIC RESISTANCE. 

100. Electrical Measurement. — The quantities to measure 
and the methods of making measurements are more numerous in 
electrical science than in any other, and when there is added the 
special tests required in connection with industrial practice, the 
extent of the subject is far too great for a full and adequate treat- 
ment in a single volume. The author has chosen, therefore, to 
present but one phase of the general subject — methods of meas- 
uring electrical resistance. We shall do well, however, to first 
consider briefly what is usually comprehended under the subject 
of electrical measurement, the nature of the problems involved 
and some of the fundamental principles which pertain to all kinds 
of electrical measurement. This will give a clearer understand- 
ing of the relation which methods of measuring resistance bear 
to electrical measurement in general. 

In addition to several more or less fundamental quantities. 
Industrial practice requires the determination or measurement of 
other quantities, such as: reactance; impedance; frequency of a 
periodically varying current or E.M.F.; phase differences; power 
factor; location of short circuits in coils; ratios of transformers; 
location of faults in linear conductors. Very many special deter- 
minations are also made, such as the calibration of instruments, 
the testing of conductors, conductor-insulation and all kinds of 
electric power machinery, etc. Special methods of measurement 
have been devised in many cases to meet these various requirements. 

All the electrical quantities may be steady or constant in value, 
or they may vary in a determinate manner. In the latter case 
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the methods of measurement and the instruments employed are 
usually quite different from those in the former case. Electrical 
measurements are, therefore, ordinarily considered under direct- 
current measurements and alternating-current measurements. Cur- 
rents and E.M.F.'s which vary rapidly in an entirely indeter- 
minate manner are now studied and measured with the aid of the 
oscillograph. 

The quantities which principally require consideration in 
ordinary industrial electrical measurements are the following: 


Potential difference. 


Conductivity. 


Specific inductive capacity. . 

Strength of magnetic pole . . . . 

Magnetic induction 

Magnetizing force 


Electric energy. 


Length. 

Mass . . . 
Time. . . 


Symbol 

Dimensions 
(Er mag. 
System) 

Practical units 

Q 

lIm\ 

Coulomb. 

V 


Volt. 

E 


Volt. 

I 


Ampere. 

R 

LT-^ 

Ohm. 

p 


Ohm-centimeter. 

G 

L-^T 

Mho. 

cr 

L-^T 

Mho per centimeter. 

c 


Microfarad. 

L 

L 

Henry. 

k 

number 

No name. 

m 

Li Afi J--1 

No name. 

B 


Gauss. 

H 

L-kfiT-'- 

Gilbert per Cm. 

p 

number 

No name. 

W 


Joule. 

P 

UMT-^ 

Watt. 

L 

L 

Centimeter. 

M 

M 

Gram. 

T 

T 

Second. 


loi. Some General Principles. — Measurement always in- 
volves the process of finding, by direct or by indirect means, how 
many times some quantity, which we choose to call the unit, is 
contained in some other quantity of the same kind, the magni- 
tude of which we wish to determine. In the actual process of 
measurement, the quantity, which is selected as the unit, must 
be ^mething more than a mere abstraction or definition. It 
mu^ be represented by 'a concrete thing. Thus the unit of 
len^h, in the metric system, is defined as the one ten-millionth 

^ the meter, but the real unit 

of length is an actual distance between two marks upon a par- 
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ticular bar of metal. The entire scientific world has agreed to 
call the distance between these two marks the real unit of length 
which is called a meter. There are numberless, more or less 
accurate copies of this standard of length, and whenever an actual 
length measurement is made, the procedure consists essentially 
m finding how many times the length of one of these copies of 
the standard meter is contained in the length being measured. 
The concrete thing which embodies and represents the unit of 
definition is generally and properly called a standard. The stand- 
ard may represent the unit exactly, as in the case of the meter 
or it may be a known multiple or fraction of the unit repre- 
sented. ^ Thus the column of pure mercury of uniform cross-sec- 
tion which is 106.3 centimeters long and has a mass of 14.4521 
grams, or a cross-section, of 1 mm^ is, when at a temperature of 
0° C., an exact concrete realization of the unit of resistance, 
called the ohm. A standard cadmium cell, on the other hand' 
which bears a certified value of 1.0183 volts is a concrete reali- 
zation which represents a known multiple of the unit of electro- 
motive force. 

It is desirable and convenieat that a standard should represent 
the unit exactly or some simple even multiple of it, but the diffi- 
culties in the way of accomplishing this are often great, as in the 
case of the standard of E.M.F. just cited. For exact work it is 
customary to construct standards to equal the unit or its even 
multiple as nearly as possible, and furnish certificates giving the 
exact value in terms of the unit represented. Thus a standard 
one-microfarad condenser is seldom constructed to equal one 
microfarad closer than one-tenth or one-quarter of one per cent, 
tho condensers can be compared with one another much closer 
than this. The value stamped upon the standard is called the 
nominal value, and the certificate which goes with it states the 
amount, generally, or at least preferably, in percentage by which 
it is greater or less than its nominal value. 

When a measurement is made, it is determined by some 
selected method of procedure how many times the magnitude of 
the standard is contained in the quantity measured. If this quan- 
tity i^s smaller than the standard, then, of course, it will be found 
to contain the standard a fractional number of times. 

The measurement may be in error from two causes; either the 
standard may be larger or smaller than it is certified, in which 
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case the quantity being measured will be called smaller or largei 
than it really is, or the process of finding how many times the 
quantity measured contains the magnitude of the standard may 
be incorrectly applied. The responsibility of the first error rests 
with the standard and of the second error with the user of the 
standard. 

In industrial measurements, the one engaged in making the 
measurements, that is, in finding how many times the magnitude 
of the standard he employs is contained in the quantity he is 
measuring, seldom undertakes a test of the precision of his stand- 
ards. He relies upon others for this, and herein rests the vast 
importance and responsibility of a Standards’ Bureau like the one 
we have in Washington. It can be shown that, in a final analysis, 
the accuracy of most of the measurements made in America rests 
upon the facilities, the intelligence, and conscientious care of this 
Bureau. 

102. Comments on Accuracy and Method,. — The precision 
with which any measurement is made may vary all the way from 
a rough estimation to the high refinement attained by a prolonged 
investigation where the total error may be reduced to a few parts 
in a million. This being so, the prominent question to beheld 
before the mind, when starting a series of measurements, should 
be: Under all the circumstances of the case, what degree of pre- 
cision is one justified in seeking? Assuming the accuracy of the 
standards the possible precision attainable is generally related very 
closely to the time spent upon the measurements, and the time 
which one is justified in using is governed by circumstances which 
should not be ignored. Suppose, for example, the object of a 
measurement is to determine the specific resistance of a sample 
of commercial graphite. With accurate standards and the expen- 
diture of much time this might be determined to an accuracy, 
perhaps, of a twenty-fifth of one per cent. But there would bo 
no justification in seeking such a high precision in this case 
because it would be without value in view of the variability of 
graphite. It is probable that different samples of graphite from 
the same supply would differ in resistivity by one per cent or 
more, and the same sample would certainly vary in resistivity from 
day to day by much more than a twenty-fifth of one per cent. On 
the other hand, if the object of a series of measurements is to 
determine the minute variations over a period of time which take 
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place in a manganin-resistance standard, the most painstaking 
care should be exercised to secure the necessary precision, and this 
care and the time spent would be entirely justified, if circumstances 
justified the research itself. 

Again, great accuracy and painstaking care in finding how many 
times the magnitude of the standard available is contained in the 
quantity under measurement is not justified, if the uncertainty 
must remain great regarding the true value of the standard itself. 
Few lines of work require, as does electrical measurement, such 
discriminating judgment as to the relative importance of things. 
But no admonition or instruction can give this balanced judgment, 
so necessary to successful performance, as does practice. In this, 
as in most matters requiring skill, to measure well, one must 
practice measurement. When, by experience, a discriminating 
judgment has been acquired, it will be applied, not consciously, but 
quite instinctively. 

In making electrical measurements much more mischief is likely 
to result from a careless commitment of gross errors than from 
failure to give attention to details and to deduce the most prob- 
able value from a set of observations. The gross errors may 
result from a misconception of the nature of the problem, from an 
entirely incorrect reading of the larger indications of an instrument, 
from mistakes made in ordinary arithmetic, or from an improper 
interpretation of units in calculating the results. The strained 
attention often required to read small decimals, frequently causes 
an entire loss of mental perspective as to the main features of the 
problem. Important points are overlooked while minutiae are 
carefully observed. In no line of effort is a novice more apt ‘'to 
strain at a gnat and swallow a camel,” than when trying to make 
a refined electrical measurement. 

It is generally wise, as a precautionary measure, after the 
apparatus is in adjustment and all the connections are completed, 
to make what might be termed a survey measurement, and then 
to deduce the results with a rough calculation, and consider well 
if these results look reasonable. If they do, and the outfit is 
seen to be in a proper, balanced, working condition, painstaking 
observations may then be undertaken and the data worked up. 
Nothing so assists in proving or disproving the reasonableness of 
the observations as plotting the data in a curve, and this, in 
almost every case, is to be recommended. 
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111 nearly every extended series of observations there, will be, 
in addition to accidental errors which are as likely to be plus 
as minus, certain systematic errors which escape observation and 
are not eliminated by taking the mean value of a number of read- 
ings. The novice, noting a fine agreement among his oliserva- 
tions, is often deceived into supposing he has attained an accuracy 
far greater than the measurements really justify. The surest 


way to obtain enlightemnent is to remeasure the same quantity 
by an entirely different method. The lack of agreement that is 
apt to result is often a disagreeable surprise and gives one, as 
nothing else can, a just estimate of how grudgingly Nature per- 
mits the real truth to be extracted. A close agreement in the 
results of measurements made by two or three entirely different 
methods gives, on the other hand, the highest assurance that a 
real precision has been attained. 

When a quantity is to be measured with precision, it is generally 
wise to seek a method of measurement which will give the result 
as directly as possible and without the necessity of making a 
number of corrections. So-called ^^nulT^ methods, in which the 
quantity being measured is balanced against some other quantity, 
are less rapid, as a rule, than defiection methods, in which the 
quantity is measured in terms of the deflection of some instru- 
ment, but ordinarily the former are much more accurate and there 
is less necessity of applying corrections. Null methods are gener- 
ally to be preferred for all precision work. . In the descriptions 
which follow, of the various methods of measuring electrical 
sistance, the relative advantages of the two methods will become 
obvious. 

The question as to what sensibility the indicating or measuring 
instrument -should have is an important one that must receive 
careful consideration. It maybe said, however, that, in general, 
increased sensibility in the indicating instrument leads to a re- 
duction in size and cost of all the rest of the equipment required. 
On the other hand, more care, time, and skill are required to 
work with sensitive instruments, and judgment must be con- 
stantly exercised to choose a sensibility best adapted to the particu- 
lar problem in hand. 

If should be borne in mind that the only electrical quantity 
which can be sold or exchanged for money is electrical energy, 
or electncal power expended for a given time. Electrical power 
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is composite, being the product of E.M.F, and the current which 
is in phase with the E.M.F, When the average power developed 
in a certain time is multiplied by the time, the total amount of 
electrical energy developed is obtained. Now energy has a real 
existence and a market value. Consequently, from the industrial 
standpoint, most electrical naeasurements have as their final 
object the precise determination of that which has money value, 
namely, electrical energy or watt-hours. While there are both 
scientific and practical considerations which make it necessary 
to measure separately such quantities as E.M.F. , current, phase 
angles, resistances, etc., one should not lose sight of the industrial 
object to be attained, which is the proper and just charge for a 
quantity of electrical energy sold. Other considerations, of course, 
apply with those classes of measurement required in telephony 
and telegraphy, or those made solely for scientific investigation. 

Finally, it is strongly recommended to all those engaged in 
electrical measurements that they give a .careful study to the 
meanings and physical interpretations of the electrical and mag- 
netic units in use. In this connection the writer would recom- 
mend the use and study of a little book called ''Conversion 
Tables,'^ by Dr. Carl Bering. 

103. Elements of the Theory of Errors.* — There are, in gen- 
eral, two classes of errors; systematic errors and accidental errors. 
The former class often result .from an incorrect value being as- 
signed to the standards employed, from' a faulty calibration of 
the scale of an instrument, or from the constant presence and 
influence of an unrecognized force, as, for example, the unrecog- 
nized presence of a thermoelectric force in the circuit of the indi- 
cating galvanometer. Systematic errors do not eliminate when 
the mean value of a series of observations is taken as the result. 

The latter class generally result from inaccuracies in reading 
the instruments and from fluctuations above and below a mean 
value of some quantity which determines the readings of the 
instruments while the observations are being taken; for example, 
fluctuations in the E.M.F. employed when measuring resistances 
with deflection instruments. As accidental errors are as likely 
to be plus as minus, they tend to eliminate from the mean value 
as the number of readings is increased. But it may be added, 

Some of what follows under this heading is taken from '^Instruineiits et 
Methods de Mesures dleetriques Industrielles,’’ par H. Armagnat. 
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that th6 theory of probability shows that the precision increases 
not directly with the number, but proportionally with the square root 
of the number of measurements. 

The difference between the value found in a single measure- 
ment and the mean of the entire series of measurements is called 
the apparent error. If the sum of all the apparent errors, without 
regard to sign, be taken, and this sum be divided by the number 
of measurements, we obtain the Tnean error. The theory of 
probability shows that the mean error, obtained in this way, 
provided the errors are accidental and not systematic, is very 
closely the same as would be obtained if the mean error were 
found by taking the true value of the quantity instead of the 
mean value. Hence, in estimating the true value from a set of 
measurements, one can say that this true value is equal to the 
mean value found by the measurements plus or minus the mean 
error. For example, suppose one has made five measurements of 
a resistance, with the same apparatus and method, and all pre- 
cautions have been taken to avoid systematic errors; the results 
would be expressed as follows: 


No of Meas. 

Ohms found 

Apparent error 

1 

.25.6 

+0.04 

2 

25.3 

-0.26 

3 

25.7 

+0.14 

4 

25.5 

-0.06 

5 

. 25.7 

+0.14 


i27 . 8 = sum 

,0.640 = sum 


25.56 == mean 

0 . 128 = mean error 


True value = 25.56 ± 0.128, which one would call 
25.56 ± 0.13. 

It is rare in electrical measurements that there is any need to 
apply the more exact methods for arriving at the most probably 
true result, which the theory of probabilities teaches us to apply, 
and the matter will not be further considered here. 

The numerical difference between the result of a measurement 
and the true value of a quantity measured is called the ahsolute 
absolute error to the magnitude measured 

w r One must take, however, in place of 

the true value, which is unknown, the mean value, for expressing 
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the relative error. Thus, in the example above, ± 0.128 is the 

0 128 

mean absolute error, and ± = ± 0.00500 is the mean relative 

error. -. 3 . 

If the relative error is multiplied by 100, it is then called the 
per cent error. Thus, in the above example, ± 0.00500 X 100 
= ± 0.500 of 1 per cent. Namely, the value obtained is equal to 
25.56 ohms with a probable error of plus or minus one-half of 
one per cent. 

The relative error or the per cent error is the error which is of 
interest, because the absolute error must always be considered 
in relation to the absolute value, if it is to have any physical 
meaning. Thus to measure 1000 ohms with a plus or minus error 
of 1 ohm is quite permissible but to measure 10 ohms with a plus 
or minus error of 1 ohm would be but rough work. In the former 
case the precision would be 0.1 of 1 per cent and in the latter case 
but 10 per cent. 

In all that follows, unless specifically stated to the contrary, we 
shall, in speaking of errors, always refer to the relative error, or to 
the per cent error. 

The result of a measurement is often given so as to be dependent 
upon several partial results, or separate measurements. 

Let X represent the value sought, and y the phenomenon, as for 
example the deflection of a voltmeter,, upon which the value 
depends, then x will be some function of y, or 

x = F (y). ( 1 ) 

If an absolute error Ay is made in observing the phenomenon, the 
result will be in error some amount Ax, such that 

X + Ax F (y + Ay), (2) 

or 

Ax = F (y + Atj) - F (y). (3) 

If the error made in y is small, we can treat the increment in y as a 
differential, in which case we can write 

dx = F' (y) dy, 

and the relative error will then be 

(h ^ F' (y) dy 
X F (y) 

To illustrate Eq. ( 5 ) ; suppose it is required to determine, by meas- 
uring a current, the rise in the temperature T of a conductor, caused 
by the current I which it is made to carry. If we assume the 


( 4 ) 

(5) 
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rise of temperature of the conductor to vary as the square of the 
current carried, we can write 

T = KPj where K is a constant. 

We then have 

X is equivalent to y is equivalent to /, 

F (y) is equivalent to KP, dx is equivalent to dT, 

and 

{y) dy is equivalent to 2 K1 dl. 

Hence, by Eq. (5), 

dT _ 2 KIdl _2dl 
T KP I ' 


Eq. (6) shows that the relative error in the determination of the 
rise in temperature will be twice as great £fs the relative error 
made in measuring the current. 

Eq. (5) may be extended to the case of several variables,, and 
so permit us to estimate in advance the relative precision of the 
final result, when we know the magnitude of the errors that may 
be made in each of the separate elements measured and upon 
which the final result depends. 

Let 


X = F {u,VjWj etc.). (7) 

Differentiate this function in respect to each of the variables 
V, m, etc. Then we derive 


r, m, . . . ) (u, v, la, . . . ) dv-+F'to (^q w) dio-p . . . 

^ F {u,v,w, . . . ) ‘ ' 


( 8 ) 

Apply Eq. (8) to the case of a circuit in which we wish to measure 
the iK)wer consumed. If P is this power, R the resistance of the 
circuit, and 1 the current flowing, we have 

P = RP. (9) 

If to determine P we have to measure R and F, we shall have 


hence, by Eq. (8), ’ 

dP _ R2IdI -\-I^dR 2dl , dR 
, di. ^ (10) 

Now, y is the relative error in measuring the current, which call 

"to d1^ 

£j, and y- is the relative error in measuring the resistance, which 
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call Er. Then 


Eq. (1 1) shows that, if + O.SSJ is the per cent error made in 
measuring the current and -|- 0.33| is the per cent error in measur- 
ing the resistance, the per cent error in determining the power 
will be 


(1 r 

100 ^ = 2 X 0.33§ + 0.33i 


1 per cent. 


If the per cent error in measuring the resistance happened to be 
— 0.33| then the per cent error in determining the power would be 
only + 0.33f . But, as it is unknown whether the accidental errors 
are positive or negative, no greater precision can be assigned to 
the result than would be deduced upon the assumption that all 
the partial errors have a like sign. 

Certain further conclusions can be drawn from Eqs. (5) and 

( 8 ): 

1st. The quantity Qs being measured is the sum of two factors 
X, y, or 

Qs = + y- 

By Eq. (8) the relative error would be 
clQs ^ dx +'dy 
Qs x+y ' 

It is to be noted here that the relative error in the result cannot 
exceed the relative error committed in either factor; for assume 

^ = 0, then TT = •— * 

2d. The quantity Qa is the difference of two factors x, y, or 

Qd = X - y. 

In this case the relative error becomes 

dQd_dx-dy 
Qd x~y~' 

Here it is seen that the relative error is as much greater as the 
difference (x — y) in the two quantities is smaller. This is why, 
in measuring a quantity which involves the difference of two 
factors, one will always obtain a result which is much less exact 
than is obtained in measuring each of the elements. 
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3d. The quantity Qp is the product of two factors, or 

Qp = ^y- 




In this case the relative error will be 


dQp ^ ^ I 
Qp X y 


(14) 


Thus the relative error in the result is equal to the sum of the 
relative errors committed in measuring each of the factors. 

4th. The quantity is the quotient of two factors, or 


In this case 


dQ^ 

Q, 


0 =-■ 

y 


y dx xdy 


dx 

X 


y 


(15) 


Hence, in this case, the final relative error is equal to the sum of 
the relative errors made in each factor when these have opposite 
signs. But as it cannot be told what the sig?is will be, one must 
assume that the case may occur in which the signs are unlike. 

5th. When Q'p is the power m oi & factor x, as Q'p = x’”, the 
relative error will be 

dQ'p _ mx’ 

W~p " 


dx dx 
— = m — ■ 


(16) 


Hence the relative error in the result will be m times as great as 
the relative error made in the factor. 

6th. When Qr is the mth root of the factor x, as 

1 

Qr = X”', 

the relative error will be 


dQ, 

Qr 


I 

!r _ m\x™ / 


J. ^ 
m X 


(17) 


Hence, the relative error in the result will be -i of that made in 

m 

tte fsdxir. 

104- A.pplicatioa of the Theory of Errors. — Having in mind 
the above principles, we can reach a just estimate of the precision 
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which may be expected in the measurement of resistance by de- 
flection methods. 

In practice, the instruments most used are such as have a scale 
like that of a Weston voltmeter — that is, a scale with a total of 
150 divisions. While an attempt is often made to estimate the 
readings to one-tenth of a division, it is thought that one-fifth 
of a division is as close an estimation as can be relied upon. 
Assuming then that the quantity being measured is given directly 
by a full scale deflection, the per cent error can scarcely be less 

than 100 = 0.13 per cent, and this per cent error 

steadily increases as the deflection read becomes smaller. With a 
reading of ten divisions the probable error would be 2 per cent. 
An additional source of error will be introduced if the scale is not 
laid off so that the deflections indicated are proportional to the 
current passing thru the instrument. But in measuring resistances 
with Weston voltmeters and millivoltmeters this source of error 
can usually be disregarded. Not so, however, when the deflection 
instrument is a galvanometer with telescope and scale or lamp 
and scale. In such case the scale will probably have 250 divisions, 
each side of a central zero, and one might be led to expect higher 
precision than may be obtained with a pointer instrument of only 
150 divisions. The scales of galvanometers, however, have divi- 
sions of uniform length, and as few galvanometers deflect exactly 
proportional to the current thru them, the deflections indicated 
are not apt to be accurately proportional. The advantage 
therefore of a longer scale may be offset by lack of proportionality 
in the deflections. 

Further, in resistance measurements by deflection methods, the 
results in most cases are not given directly in terms of a single 
deflection but involve the difference of two deflections, and, as 
appears under case 2 (§ 103), the precision of the final result will 
be much less than the precision with which the individual deflec- 
tions are read. 

Again, the two or three readings which must be taken are not 
made simultaneously but in succession, and this procedure always 
involves the assumption that all conditions influencing the pre- 
cision remain constant while the various readings are being taken. 
With a generator, subject to variations in speed, as the source 
of current, this assumption is hardly tenable. 
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To illustrate Eq. (3) let us make use of the readings obtained in 
the measurement given in par. 207. 

Assume that - = , namely, that the readings can be made 

to siiy of the greatest reading. Take the values D = 100.8, 
di = 72.2, ds = 14.4. Then we have, by Eq. (3), as the maximum 
per cent error, 

100^ = 4- NX 2 X 14.4 + 100.8 - 72.2 

a:i 500 X 14.4 ^ 100.8 - 72.2 - 14.4 ^ 

= dz 5.6 per cent. 

The per cent error, actually made, was only +0.88 per cent. 
This may be due in part to a more accurate reading of the instru- 
ment than was assumed, and also to the fact that the errors can- 
celled each other; if the latter only were the case we should have 

1 on r ^ D — dl , r. 


X 100 


100^=± 

pd^D — dl 


100 =dz 2.8 per cent. 


This last result shows that in the particular case of this measure- 
ment the readings must have been made within about 0.05 of a 
scale-division. 

Returning to Eq. (1) (§ 104) we see from par. 207 that, if one of 
the resistances is infinity, the reading di would be zero and we 
have 

X. - 

This is similar to the case given in Eq. (8), par. 201. 

If now in Eq. (2) we put di = 0, we shall also have ddx = 0, 
whence, 

^ ^ _dD ddiD _ dDdt - dd^D 

xi D-d2 da {D - da) da (Z) - da) 

If, as before, dD = dda — we have, by taking dda with a 

minus sign and dD with a plus sign, 

10ofl = 4-§Tt|lOO. (4) 

Xi pd2 D — d2 ^ ' 

Eq. (4) expresses the theoretical maximum per cent error which 

would be obtained in the method described in par. 201 if the 

readings can be made to - of the larger deflection. If Eq. (4) be 
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aopOed to the measurement of 100 ohms, as given in the table in 
par. 205, and it be assumed that — = ^ we obtain as the maxi- 

iniiiii per cent error 1.4 per cent, while the actual error was 0.76 

pcT cent. 

Enough has now been given to show the low accuracy that may 
be expected from deflection methods of measuring resistances. 
These methods, nevertheless, are of value in many situations. 

If it be remembered that all copper and aluminum conductors, 
such as magnet coils in arc lamps, etc., change in resistance about 
4 per cent for every change of 10° C. in temperature, it will bo 
recognized that the rough methods of measuring resistances with 
deflection instruments are often quite as precise as the conditions 
demand, and because of their simplicity often more satisfactory 
than methods which are more refined. 

The apparatus required is, furthermore, very generally avail- 
able; the measurements may be made quickly and in places wlierc^ 
more delicate apparatus could not well be used, and altho the 
precision attainable is low, it is sufficient to meet such require- 
ments as arise in connection with the measurement of insulation 
resistances and the resistances of copper conductors, such as 
d^mamo-field coils. 

105. Comments on Ohmic Resistance. — An ohmic resist- 
ance, considered as a quantity to be measured, may be viewed in 
two ways. If we call E the drop of potential between two points 
an electric circuit, and I the current flowing, we may write 


in 


either 


or 


E = RI 


( 1 ) 

( 2 ) 


In the first relation the drop of potential is expressed as propor- 
tional to the current where R is the constant of proportionality. 
I roin this viewpoint, R is considered a constant coefficient which 
pertains to a particular circuit and . which, when multiplied into 
the current, will give the potential drop. The relation does not 
assume ffiat R is in any sense a function of 1 . If a resistance, so 
vwwtHi, IS to have an exact meaning, it must possess, under con- 
ditions which are simple to state, a definite value. In the second 
ndation, Rx is viewed as a numerical quantity which merely 
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expresses the ratio of the actual potential-drop between any two 
points of an electric circuit to the actual current flowing in that 
portion of the circuit. Thus considered, no assumptions what- 
ever are made respecting the constancy or nature of the quantity 
Ri. When this quantity is obtained by a measurement of the 
. E . . 

ratio Y , it IS customary to call it an ohmic resistance. Having 

been thus obtained it is often treated as if it might be used as in 
Eq. (1), and is often incorrectly considered a constant, which it 
is not unless specifications of the conditions under which it may be 
so considered are specifically stated. 

As a matter of fact, in many cases in which resistances are 
measured, when the current is made appreciable the conductor 
E 

heats, and the ratio y changes. It is a change which is independ- 
ent of external temperatures, which are always assumed to be 
specified when a resistance is designated or measured. This change 
of resistance with the current used in making the measurement is 
strikingly illustrated in measuring the resistance of carbon lamp- 
filaments and tungsten lamp-filaments. In some measurements 

made by the author the ratio y for a carbon lamp-filament when 

^20^6 ^ current too small to heat it appreciably) was 

= 127.1, and for the same filament, when hot, was = 

* 0.505 

105.9. A tungsten lamp-filament in series with the carbon lamp- 
filament gave, cold, 

^ = 67 28 
0.162 

and hot, 

E 

In the above cases the ratio j, or what would be termed the 

resistance, is very dependent upon the current used in making the 
measurements; in the one case diminishing and in the other case 
increasing with increase of current. If the measuring current 

were continually diminished, the ratio j would approach a value, 

both in the case of carbon and tungsten filaments, which would be 
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constant for any particular external temperature. This constant 
be called the true ohmic resistance of the conductor 


VtliUB VJLiv^ V.* v-w - 

at the external temperature at which the measurement is 
As the value of every resistance varies to some extent, and often 
very pjreatly, both with the external temperature and the nieasur*" 
ing current used to determine it, it is seen that a resistance is only 
completely specified wdien both of these conditions are fully 
specified. 

All conductors, used for conveying current, vary more or less 
as above and there is a very large class of resistance measurements 
where the quantity measured, and called a constant resistance, 
cannot be considered a constant quantity even approximately 
unless accompanied by a precise statement of the conditioms under 
which the measurement is made. Most of the methods usually 
described for the measurement of resistance seem to assume this 
quantity as practically constant when only the temperature of its 
surroundings is maintained constant, and the custom is to treat 
the quantity from the viewpoint of Eq. (1) above. In many 
eases this procedure is justified, for it is true that by using special 
alloys and small measuring currents many kinds of resistance- 
determinations are made where, to a first approximation at least, 
the resistance is a constant quantity which may be multiplied 
into a current of any reasonable value and so give the potential- 
drop at its terminals. 

Broadly speaking, however, metallic conductors should be 
divided into two classes — conductors intended to serve as 
definite resistance (as those used in resistance-standards, resist- 
ance-measuring instruments, rheostats, and wherever the flow of 
current is to be restrained) and conductors intended to convey 
electric power with as small a loss of power as possible. The fonner 
tlasss of conductors is given intentionally a high resistivity and con- 
sists of alloys which change little in resistivity with the temper- 
ature-rise produced by the current or with temperature-changes 
in the surrounding medium. The latter class of conductors con- 
sists chiefly of the pure metals, copper and aluminum, and is given 
as low a resisdvity as possible. In these conductors a large tern- 
perature coefficient cannot be avoided and they change greatly 
about 0.4 of 1 per cent per degree C., with change of temperature 
from any cause. In measuring conductors of the first ckss we 
may convememtly consider resistance as a constant property of a 


made. 





Art. 105] EXTENT OF ELECTRICAL MEASUREMENT 19 

circuit at a given external temperature which; when once deter- 
mined, will give the potential-drop if multiplied by the current, it 
being merely assumed that the current is kept within reasonable 
limits. ^ In measuring conductors of the second class, it is more 
convenient to regard resistance as a quantity which merely 

expresses the ratio y • If the resistance of such a conductor is 

determined in terms of the resistance of the conductor of the first 
class, the value obtained will be indefinite unless very complete 
statements are furnished respecting the external temperature and 
the current used in making the measurement. The difficulty of 
doing this has made it customary to determine, not the resistance 
of such conductors, but their conductivity in terms of the conduc- 
tivity of a standard conductor of the same kind. By the methods 
employed in conductivity-measurements, both the temperature of 
the surroundings and the heating effect of the measuring current 
are caused to act alike upon the standard and the sample, and 
hence do not require special consideration or specification. 

The standard methods employed for measuring resistance and 
conductivity differ considerably, and whether it is better to make 
a resistivity or a conductivity determination will usually depend 
upon the class of conductors under consideration. shall con- 
sider fimt those methods of measuring resistance where, to a first 
approximation, resistance may be treated as a quantity which is 
constant under ordinary conditions, leaving to a later section a 
consideration of the methods employed in the measurement of 
conductors of the second class. 

Resistances may be subdivided conveniently into medium, high, 
and low resistances, as the same methods of measurement are not 
equally well adapted to all three. 

The electrical instrument which is most universally available 
is a voltmeter. These instruments are supplied with a fixed 
internal resistance the value of which is usually stated upon the 
instrument, or, if not stated, may be easily determined. As 
many kinds of I'esistance measurements may be made with this 
instrument alone, those methods which are useful will now be 
considered. 


CHAPTER II. 


RESISTANCE MEASURED WITH DEFLECTION INSTRU- 
MENTS; VOLTMETER AND AMMETER METHODS. 

200. Assumptions. — The methods generally involve the 
assumptions: (a) that the scale divisions of the deflection instru- 
ment are so laid off that the readings of the instrument are pro- 
portional to the current passing thru it, and (b) that the E.M.F., 
or the source of current, remains constant while taking successive 
readings, and (c) that the internal resistance of the source of cur- 
rent is negligibly small compared with the other resistances in the 
circuit. 

The instrument generally used is a voltmeter, but it may be 
a milli voltmeter with a known resistance connected in series with 
it, or a galvanometer which has a proportional scale and a known 
resistance R. 


201 , Voltmeter Method. Circuit Includes a Known Resist- 
ance. Method I. — - To meet the general case we shall suppose 



I II 

Fig. 201. 


that there is a resistance r in the circuit as indicated in Fig. 201. 
With the connections as shown in I the current thru the deflec- 
tion instrument will be 

R + r + x' 

where a: is the resistance to be measured, 

R the resistance of the instrument, 
and V the E.M.F. of the source. 
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Also, 



( 2 ) 


where Vi is the E.M.F. at the terminals of the instrument. 
From Eqs. (1) and (2) 


T/ _ + Vir + V,x 

R 


(3) 


With the connections as shown in II the current thru the deflec- 
tion instrument will be 


^ r + R R’ 


( 4 ) 


where F 2 is the E.M.F. at the terminals of the instrument, 
whence, 


_y if -\-Y JR 
R 


( 5 ) , 


From Eqs. (3) and (5) we derive, 

^_ (F 2 -yi) (E + r) 


( 6 ) • 


Since it is assumed that the deflections of the instrument used 
are proportional to the E.M.F. ’s at its terminals, we can write 
Vi = kdijVi = kdi, where k is a, constant and di and di are the 
deflections corresponding to the voltages Vi and 72. Hence 
Eq. (6) may be written 


{dj — di) (R r) 


(7) 


Equation (7) shows first, that, if the law of the scale of the 
instrument is one of proportionality, it is not necessary that the 
deflections should indicate volts, millivolts or any particular 
quantity. It follows that for measuring resistances in this way 
one may use a voltmeter, a millivoltmeter with some extra known 
resistance in series with it, or a galvanometer. If a 150-volt 
voltmeter be used, then the current may be obtained from a 110- 
volt D.C. circuit, but if a millivoltmeter or a galvanometer be 
used, one or more cells of storage battery will suffice. In this 
method, as generally applied, the resistance r is zero, in which case 

. = ( 8 , 


The following actual sets of readings, taken by careful but 
untrained observers, will serve to illustrate the method above, as 
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expressed in Eq. (7), and to indicate the precision which may be ex- 
pected under the arranged conditions. The deflection instrument 
was a Weston millivoltmeter, temporarily supplied with a series 
resistance obtained from a resistance box, such that R = 102.3 
ohms (Fig. 201). The source of current was one cell of storage 
battery. 

The resistances measured were accurate coils in a resistance box. 
r was taken 100 ohms. 

The table below gives the results obtained. 


dt 

^2 

X, given 

X, observed 

Per cent error 

50.1 

50.2 

1 

0.4 

- 60.0 

47.9 

50.2 

10 

9.7 

- 30.0 

45.5 

50.2 

21 

20.8 

- 0.95 

42.1 

50.2 

39 

38.9 

- 0.25 

35.7 

50.2 

82 

82.2 

■f 0.25 

33.5 

50.2 

101 

100.8 

- 0.19 

28.3 

50.2 

157 

156.6 

- 0.25 

19.5 

50.2 

321 

318.5 

- 0.77 

12.1 

50.2 

638 

636.7 

- 0.17 

6.6 

50.2 

1,283 

1336.0 

4 - 4.1 

3.6 

50.2 

2,559 

2731.0 

+• 6.7 

1.9 

50.2 

5,117 - 

5143.0 

+ 0.55 

1.0 

50.2 

10,241 

9953,0 

- 2.8 


It should be noted that the error increases as the difference, 
di - di, becomes smaller, and that a precision of better than one 
per cent may hardly be expected in the range 20 ohms to 5000 
ohms. It may happen, however, that the only E.M.F. avail- 
able is such as to deflect the instrument off its scale when 
connected directly to it and that it is necessary to include a re- 
sistance, as r or x. Fig. 201, in the circuit at all times. If this 


resistance r, as well as the resistance x is unknown, the values of 
r and x may both be obtained. 

The following method may be easily applied, tho the formula 
to express the result is rather lengthy. 

202 . Voltmeter Method. Circuit Includes an Unknown Re- 
sishmce.- Referring to Fig. 201, interchange the resistances 
r X, and repeat the measurements as made in case (1). The 
deflection obtained when the circuits are arranged as in I will be 
the same as Wore, hence di remains di, while the deflection ob- 
tained when the circuits are arranged as in II, but with r and x 
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interchanged, will be da'; then, we have, in the same manner that 
Eq- (7) (§ 201) was obtained, 

r = (<^ 2 ' ~ (R + x) 
di ■ 

The resistance r may now be eliminated from Eq. (7) (§ 201) and 
Eq- (1) (§ 202), and we obtain 

Rdi (di — di) 

^ = dA -di'(di-diy (2) 

or, eliminating x, 

{d<2, ^ — c?i) 

’•■°55V -AW-d.) ' ® 

203. Voltmeter Method. Circuit Includes a Known Resist- 
ance. Method II. — The usual method of making this measure- 
ment is to connect the known resistance r in series with the 
unknown resistance x and read the deflections obtained when first 
the imknown and second the known resistance are shunted with 
the deflection instrument. Make the connections as indicated in 
I and II, Fig. 203. 



Reads d\ 



Reads da 


Fig. 203. 


If the assumption is made that the resistance R of the deflec- 
tion instrument is 500 or more times that of either the resistance 
r or the resistance x, then we have simply 

^ di di 

r di’ di 

where di is the deflection with the connection I and di the deflec- 
tion with the connection II. 

If one wishes, however, to measure the resistance of an incan- 
descent lamp in this way, using a voltmeter, the above assump- 
tion would not be permissible for precise work, as the voltmeter 
would shunt from the resistance, at the terminals of which it is 




24 


MEASURING ELECTRICAL RESISTANCE [Aet. 204 


connected, a portion of the current which may not be neglected. 
If the resistance R of the deflection instrument is known, and 
if the assumption be made that the main current is kept un- 
changed (as by means of a large resistance Q) when the voltmeter 
is connected, as in I and in II (Fig. 203), the value of x may be 
precisely expressed by the relation 

divR 

di (t -|- R) — diT 

Eq. (2) is easily deduced. If we put this expression in the form 
r = 

r (d, - do , , ’ 

^ r «2 

it is seen that, when R is very great as compared with r, the 
expression takes the same form as Eq. (1). If t nearly equals Xj 
the deflection dr will be nearly the same as the deflection d^ and 
Eq. (1) again becomes applicable. 

The above method, as expressed in Eq. 2, was applied to the 
measurement of the resistance of a 60-volt tungsten lamp operated 
first on 13 and then on 40 volts. A Weston voltmeter reading 
to 150 volts was used. The resistance R of the voltmeter was 
15,660 ohms. The resistance r in series with the lamp was 260 
ohms. The results obtained are exhibited in the table below: 


di 

C^2 

X 

Remarks 

13.1 

33.9 

47.3 

83.3 

71.2 

104.8 

.. 

The resistance of the tungsten 
lamp increases 1.61 ohms per 
volt in range 13 to 40 volts. 


It should be noted that, in order to apply this method of measur- 
ing the resistance of a lamp while burning, a known resistance r 
must be in series with the lamp, which will carry the same current 
as the lamp. It is also necessary to have for the measurement a 
voltage higher than the voltage which is to be applied at the lamp- 
terminals when the lamp is in service. Compare this measure- 
ment with another measurement made upon the same lamp by 
the method, par. 209 (Fig. 209). 

204. Comparing Potential Drops with a Deflection Instru- 
ment; Special Case. — There is a special case in which, when 
two resistances are joined in series, the ratio of the two deflections 
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obtained (when the terminals of the instrument are first con- 
nected to the terminals of the one resistance and then to the 
terminals of the other resistance) gives the ratio of the resistances, 
whatever be the resistances themselves or the resistance of the 
deflection instrument. 



The necessary conditions which must be assumed to hold, to 
make the above statement rigidly true are: that (Fig. 204) the 
resistance of the battery Ba together with the leads from the 
battery to the points a and c is zero, and that the instrument 
M.V. may be joined to a point b which is a potential terminal 
common to both r and x. Both of these conditions can be often 
filled in practice very approximately. 

Calling di the deflection of the deflection instrument M.V. 
when joined to b and c, and the deflection when joined to a and 
b, and g the resistance of the deflection instrument, we have the 
following proof of the above statement. When the deflection 
instrument is joined to b and c, the current Ci thru the instru- 
ment is 

^ V X ^ ^x ^ X- V 

^ , g~ g+x’ g{r + x)-^rx 

g-\-x 

Similarly, when the instrument is joined to the terminals a and 
6, the current thru the instrument is 


C2 = 


Vr 


(2) 


g (r -j- x) +rx 

As the denominators of Eqs. (1) and (2) are the same, we have 


C~2~7 


and, if the instrument deflections are proportional to the current 
thru it, 

C 2 d2 
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hence, 


^2 


X 


(3) 


resistance in the battery or the battery leads, relation 
(3) IS not rigidly true, nor is it rigidly true if r and :r are each 
provided with potential terminals so that the point b cannot be 
made common to both resistances. In cases, however, where the 
two resistances are considerably lower than the resistance of the 
deflection instrument the error resulting by applying Eq. (3) is 
too small to deserve consideration. Relation (3) would also be 

rigidly true under all circumstances in the single ease when r and 
X are equal. 

• Method Using a Shunt. — It is sometimes de- 

sirable to shunt the deflection instrument with a known resistance 
N. in this case the unknown resistance may be determined in a 
manner similar to that given under method I, Fig. 201. 

Thus, referring to Fig. 205, let P be the resistance of 



C = 


PiG. 205. 

the instruinent when shunted. With p joined to a, the current in 
the line will be 

V Vi 

P + X P ’ (1) 

where V is the potential of the source and Fi the potential at the 
terminals of the instrument. 

+ fk* w instrument unshunted are proportional 

o the E.M.P. at its terminals, they will also be proportional when 
the instrument is shunted. Therefore, we can write 7 = kD and 
Vi = kd. Hence, ’ 


kD hd 


P + X P 


or X 


_P(D-d) 

d 
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or ^ D-d 

""'R+S—d— ( 2 ) 

The deflection D will be obtained by joining p to b. 

_ The method as expressed in Eq. (2) is illustrated by the follow- 
ing measurements: 

A millivoltmeter was used with resistance in series with it so 
that R = 100.3 ohms. The resistance R was shunted with a 
resistance S = 10.0 ohms, so that 
D 10 X 100.3 
^ ~ 100.3 = 

One cell of storage battery was used for the source of current and 
the resistances measured were coils .in a resistance box. The 
connections were made as in Fig. 205, and the results obtained 
are those given in the table below, calculated by the formula 

a; = 9.093 

d 


X = 9.093 ■ 


0.987 

4.93 

19.71 

49.25 

99.24 

1003.00 


Per cent error 


2 o 6. Deflection Method. Resistance Measured by Substitu- 
tion. This is, perhaps, the simplest method employed for meas- 
uring a resistance, and is useful in certain cases, especially where 
insulation measurements are to be made. 

For the sake of generality, suppose the resistance R of the de- 
flection instrument is shunted with a resistance S. 

RS 

Let P == ^ be the shunted value of the resistance of the 

instrument. 

Let r be the resistance of the source of current and Q the known 
resistance. Then (Fig. 206a) if V is the E.M.F. of the source and 
C the current flowing, we have, with p joined to a, 

C = r+^-i2> (1) 


b& the shunted value of the resistance of the 


= _LP = fc^ 
T -\-X P 


where k is a constant and D is the deflection obtained. 
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With p joined to b the current C' flowing will be 


C = 


V 


r + Q-\-P 


— kd, 


where d is the deflection obtained. 


( 2 ) 



L-vVVW^ 

s 

Fig. 206a. 


From Eqs. (1) and (2) 

X = + Q + P) - (r + P). (3) 

The value of x cannot be obtained from Eq. (3) unless the re- 
sistance r of the source of cmrent is either known or is negligible. 
This method is scarcely ever employed except in those cases where 
r may be neglected. With this assumed, 

x = ^(Q+P)-P. (4) 

In the practical application of this method to the measurement 
of high resistances the shunted resistance P of the deflection in- 
strument may also be neglected, in which case 

^ = ^Q- (5) 

The application of this method, and its modifications, to the 
measurement of the insulation resistance of cables is better re- 
served for a later chapter. 

If the resistance Q is a rheostat which can be varied in small 
steps, then Eq. (4) may be greatly simplified and the measure- 
ment made with greater accuracy, if we so adjust Q that the de- 
flection d is one half the deflection Z), In this case 


( 6 ) 
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Or, if P is very small as compared with x or Q, we have 



which, indeed, is obvious. 

Again, if Q is varied until the deflection with p joined to Q is 
the same as the deflection with p joined to a, then x = Q. In 
making the measurement in this manner we substitute for the 
unknown quantity another quantity which is known and can be 
varied until the indicating instrument gives exactly the same in- 
dication whether the known or the unknown quantity is in circuit. 

In this application of the substitution method no assumptions 
as to the proportionality, etc., of the indicating instrument are 
needed. Only two requirements need to be met for obtaining 
very high precision; first, that the indicating instrument shall be 
sensitive to small changes in the known quantity substituted, and 
second, that this quantity may be varied by very small steps. 

The following method of measuring the resistance of an elec- 
trolyte is a good example of 'Hhe substitution method.*’^ This 
method was described by Prof. C. F. Burgess in Vol. XI, 1907, 
page 225, Trans, of the Electrochem. Soc. The method of Profes- 
sor Burgess as given here has been somewhat modified in accord- 
ance with a suggestion made by Dr. Carl Bering. 

In Fig. 206b is shown a glass tube, of known cross-section and 
with a graduated scale, immersed in an electrolyte, the specific 
resistance of which is to be measured. At the bottom of the glass 
tube is a fixed electrode, and the other electrode is fastened to a 
rod by which it may be set at various points, as pi and p 2 , in the 
glass tube. V is a millivoltmeter and J? is a resistance box ad- 
justable in small steps. The millivoltmeter, resistance box, and the 
electrolyte in the glass tube are placed in circuit with a constant- 
potential storage battery Ba. R is then adjusted, with the elec- 
trode S set at Pi until the millivoltmeter reads near the top of its 
scale. The electrode S is then moved up to p 2 and resistance is 
plugged out of the box, until the millivoltmeter reads the same as 
before. Then, without regard to the polarization of the electrodes, 
the resistance Rt plugged out of the box is equal to the resistance 
of the electrolyte between the points pi and p^. 

If s is the cross-section of the tube, and I is the length pi to p 2 
and Bt is the resistance plugged out, the specific resistance of the , 
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electrolyte, at the temperature t at which the measurement is 
made, is 

sRt 


pt = 


I 


( 8 ) 


Compare this method with the method of Kohlrausch given in 
par. 1120. 



Fig. 206b. 


207. Voltmeter Method. Circuit Forms Loop of Three Un- 
known Resistances, Two of which are to be Determined. — The 
following method is a more general case of the measurement of 
resistance mth a deflection instrument and is especially useful for 
determining the insulation resistance of a two-wire interior wiring 
system, while the power is on. The method was first described 
by the author in the Electrical World and Engineer, pages 966-967 
May 21, 1904. 

^ The theory only of the method is given here, its application to 
insulation measurements of live wiring systems being left to a 
later chapter. Reference should be made to Fig. 207, I, II, and 
III, for the manner of making the connections and the meaning 
of the symbols used. 
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Fig. 207. 

Cl, Cfi) etc., are currents and R is the known resistance of the 
deflection instrument used. D, di, and d 2 are deflections each of 
which is assumed in all cases to be proportional to the E.M.F. 
applied at the terminals of the instrument. Measurements of this 
kind would ordinarily be made with a Weston voltmeter, reading 
to 150 volts, and 110 volts on the supply mains, or with a milli- 
voltmeter, having a known resistance of from 200 to 500 ohms in 
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series with it, and current supplied from one or two cells of storage 
battery. 

If direct current is supplied to the system, a direct-current 
deflection instrument must be used, as a Weston voltmeter, a 
millivoltmeter with a series resistance, or a galvanometer of known 
resistance. 

If the current is alternating, then an alternating-current Weston 
voltmeter may be used, or other alternating-current deflection 
instrument of the electrodynamometer-type with a scale marked 
to give indications which are directly proportional to the E.M.F. 
at the instrument terminals or to the current thru it. 

The resistances xi and X 2 are determined by knowing E, the 
resistance of the deflection instrument, and by taking three instru- 
ment readings: 

1st. Determine the deflection when the instrument is connected 
to Bi and B 2 (Fig. 207, I). Call this D. 

2nd. Determine the deflection when the instrument is connected 
to Bi and Bg (Fig. 207, II). Call this di. 

3rd. Determine the deflection when the instrument is connected 
to Bg and Bg (Fig. 207, III). Call this dg. 

If in case 1 the deflection goes off the scale or in cases 2 and 3 
the readings are but a very small fraction of the total scale, the 
method is not applicable, without modification, in the former case, 
and in the latter ease the resistances Xi and Xg are too high to be 
satisfactorily measured by this method. Having taken the above 
three readings it will be shown that 


R{D — di — dg) 

dg 

(1) 

R(D-di- dg) 

di 

(2) 



As the resistance y does not enter into Eqs. (1) and (2) it may 
have any value without influencing the result. 

It is to be rioted that, as Xi, xg, and y are in series and form a 
closed loop, this method determines the resistances of portions of 
a closed circuit without cutting it. 

We further note from Eqs. (1) and (2) that 


Xi _ ^ 

Xg dg’ 






( 3 ) 
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1. = infinity, the deflection = 0, and hence, 

R(D- di) 

= (4) 

^gjf'^^inary expression used in measuring a resistance with 
^nd has the same form as Eq. 8, par. 201. 
ar>+ above are obtained as follows: Let k be 

, ^ Df .the deflection instrument, such that the E.M.F.’s 


^^-^ent 


terminals are proportional to the deflections. 
„ kD 

~ ~ fe, ' w 

*’+ir+fi 

^ kD 

~ , Rx2 ’ 


X2 R 


ri f fi 


n _ 'k di{R X}) 
x^R 


n f _ ^2 ^ kd2 

'-'2 — — i ^2 — “T7~? 

R +X 2 R 

n kd^iJR + X 2 ) 

^ (8) 

hia-ve the two relations, 

kP kdi(R + xi) 

■ Rxi xiR 

k P k dz (R “h 3 : 2 ) , ^ 

, Rx, ■ '■10) 

Xi+R 

: k cancels from equations (9) and (10) and Xi and are 
simple algebraic transformations, to have the values 
ve in Eq. (1) and Eq. (2). If any one of the equations 
id C4) are solved for R, it is seen that we have a method, 
resistance is known, of determining the internal resist- 
deflection instrument. The method is often useful for 
e resistance of a galvanometer when no other instrument 
e. As the E.M.F. of a single cell of battery will throw 
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a galvanometer off its scale, it is necessary to use a feeble E.M.F. 
wiiieli may be obtained by opposing two nearly equal cells, or by 
taking the drop between two near points on a low-resistance wire. 

The above method is illustrated by the following measurements : 
The deflection instrument used was a millivoltmeter with a resist- 
ance in series with it, so that [Eqs. (1) and (2)] R = 102.3 ohms. 
The other quantities in the table below have the same meanings 
as in Eqs. (1), (2) and in Fig. 207. The source of current was a 
single cell of storage battery and the resistances measured were 
iiiaiiganin resistance coils. For the sake of generality a resistance y 
(Fig, 207) of 200 ohms was used to shunt the resistances Xx and Xn. 
The results obtained are given in the table below. 


D 

dx 

d2 

X 

true value 

X 

found 

Per cent 
error 

im.5 

31 . 5 

63.0 

a:i= 10 

9.74 

-2.6 




X 2 — 20 

19.48 

-2.6 

m.8 

72.2 

14.4 

a:i = 100 

100.88 

+0.88 




Xo— 20 

20.12 

+0.6 


It should be noted that in the first case the difference 
- (til + rfi) = 6 divisions, only, and in the second case it 
equals 14.2 divisions and that the precision is, as should be ex- 
piloted, better in the latter case. 




_ The theoretical precision which can be obtained by this method 

IS fully discussed in par. 104. 

208. Limtations of Voltmeter Methods. -It remains to 
^mt out the limitations of voltmeter methods when applied to 
the measurement of resistances of over a megohm. 



Fig. 208 


between which the 
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connections made as in Fig. 208/ first put the switch s on a and 
read the deflection of the voltmeter, which call d,, then on b and 
lead the deflection, which call di. By the theory and formula 
given in par. 201, Eq, (8), we have 

Ordinary conditions would be met by assuming that the mains 
urnish 110 volts, that the voltmeter has one division to the volt 
and reads 150 volts at the limit of its scale, and that it has a re- 
sistance of 100 ohms to the volt or a total of 15,000 ohms. We 
shall then have 4= 110 and R = 15,000. 

Solving Eq. (1) for di, we find 

^ R d2 

^~x+R 

If we assume that a; = 10® ohms, or one megohm, we find di = 
1.625 -|- divisions. 

^ The expression for calculating the maximum percentage error 

IS, 

r, _ d2 


[See Eq. (4), § 104] where ^ is the fractional part of the larger 

deflection which can be read. Suppose that the readings are 
taken with great care so that they are accurate to within 0 05 of 
a division, then 

1 _ 1 1 
V 20 X no 2200’ 
and we find by Eq. (2) that 

p - 110 . .110 -I- 1.625 

” 2200 X 1.625 ^ noTTX^ 1^0 = 3.17 per cent. 


_ This IS a fairly representative case and it shows that one megohm 
IS about the largest resistance which can be measured with a 
150-volt voltmeter, with even very moderate precision. If the 
voltmeter is a 300-voIt instrument and this potential is available 
the accuracy would of course be correspondingly increased 
209. Resistance Measured with a Voltmeter and an Ammeter. 
Connect the ammeter in series with the resistance and the volt- 


I- 1 
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meter in shunt, as indicated in Fig 209- Calling E 

of the voltmeter, a; the resistance to be measured, / the current 

Voltmeter 


-AVWVWvA- 

X 


Ammeter 


Fig. 209 . 

measured by the ammeter, and V the potential at the terminals 
of the voltmeter, we have, by Ohm’s law, 

Rx V 


B+x I 

nv 

IB-V 


X = 


Hence, 

V 


I - 


V 

R 


( 1 ) 


It appears from Eq. (1) that if B is very large as compared with 
Y the term ^ can be neglected. 

As the above method is often used to measure the resistance of 
an incandescent lamp while carrying full load current, the follow- 

7 

ing example is given to show the importance of the term ^ in 

this case: Let the current I be measured with an ammeter, 
which has a full scale value of 1 ampere, and let the voltage drop 
over the lamp be read with a 150-volt voltmeter which has 100 
ohms resistance to the volt or a total of 15,000 ohms. If the line 
current is 0.5 ampere, then the true resistance of the lamp, if the 
voltmeter reads 110 volts, is, 


a; = 


0.5 


no 

no 

15,000 


= 223.1 ohms. 


If the last term in the denominator is neglected we obtain for the 
value of the resistance. 


x' 


no 

' 0.5 


= 220 ohms. 


This result is 1.39 per cent lower than the true value, which is 
“^.1 ohms. 
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The practical way to measure the resistance of a 110-volt in- 
candescent lamp by this method, using Weston instruments, would 
be to divide the volts read by the current and add 1.4 per cent 
to the result. 

A trial was made of this method using the same tungsten lamp 
and voltmeter employed in the test to illustrate the method 
shown in Fig. 203. The resistance of a carbon 60-volt lamp Joined 
in series with the tungsten lamp was determined at the same 
time. The resistance R of the Weston voltmeter was 15,660 
ohms. The ammeter was a Weston instrument reading 1 ampere 
fora full scale. The results were calculated by Eq. (1), par. 209, 
and are exhibited in the table below: 


1 

V 

X 

Remarks 

0.479 

0.317 

65. 8 

32.7 

138.5 

103.8 

Tungsten Lam-p. 

The resistance of the tungsten 
lamp increases 1.05 ohms per 
volt in range 33 to 66 volts. 

0.620 

0.270 

65-. 7 

32.8 

106.6 

122.3 

Carbon Lamp. 

The resistance of the carbon 
lamp decreases 0.477 ohm per 
volt in range 33 to 66 volts. 


Calculating the resistance of the tungsten lamp at 33.9 volts 
from the resistance found at 32.8 volts on the assumption that the 
resistance increases 1.05 ohms per volt, we find this resistance to 
be 105.06 ohms. By the method of par. 203, we found the resist- 
ance at this voltage to be 104.8 ohms. The two measurements 
■ are thus seen to be in agreement within 0.25 of 1 per cent. 

210. Remarks Upon the Methods of Chapter II. — The 
methods given above for measuring resistance with deflection 
instruments of convenient type are the ones which are most often 
used and are best suited to practice. They may be modified and 
extended in a variety of ways, but the fundamental principles 
involved would not be altered. The methods as given are 
typical and will cover almost every case that may arise. They 
are suflScient to illustrate the principles involved, and, if these are 
understood, modifications may easily be made to meet any special 
requirements. In considering the theoretical precision of the 
deflection methods given above, reference should be made to the 
elementary discussion of the theory of errors in Chapter I. 
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21 1 . Ohmmeters and Meggers. — These instruments are 
devices for reading resistances directly. Ohmmeters are of two 
general types: those which read a resistance by the deflection of 
a pointer over a scale, this deflection being proportional to the 
resistance, but independent, within wide limits of the value of the 
testing current employed; and those which operate on the prin- 
ciple of a slide-wire bridge, which is balanced, the balanced con- 
dition being indicated by a galvanometer or a telephone. The 
scale under the slide wire is laid off in ohms so that the resistances 
are read directly in ohms. 

The first type is constructed by the maker so as to operate 
directly by simply connecting the resistance to be read to two bind- 
ing posts and reading the deflection of a pointer. A description 
of them involves describing not methods of measurement, but in- 
struments, and they will not be further considered here. 

The second type should be included under a description of 
^'balance methods of measuring resistances. 

''Megger'' is a trade name given to a type of deflection ohm- 
meter, which is very fully described in trade publications. It is 
claimed that they give all results which can be obtained with volt- 
meters in the measurement of resistances and with greater facility 
and precision. This claim is probably justified. If such an in- 
strument is available it should be used in preference to a voltmeter 
for many kinds of resistance -measurements. 

The "Megger" was designed and patented by Mr. Sidney 
Evershed of London, for the rapid determination of high resist- 
ances. Following is a very brief description of this instrument 
and some of the claims made for it. 

It is a direct-reading ohmmeter with a direct-current hand- 
driven dynamo mounted in the same case. The instrument is 
arranged for easy portability and rough usage. The scale is 
graduated in ohms so that no calculations are required. The 
hand-driven dynamo delivers current at 100, 250, or 1000 volts 
(according to the range and sensibility of the particular type used) 
and this makes the instrument independent of outside current 
supply. The instrument is similar in principle to a differential 
galvanometer so devised that moderate change of dynamo voltage 
does not vary the scale reading. The entire instrument weighs 
about 20 lbs. It is claimed to have a range from 0.01 to 2000 
megohms. Two scales of high-range meggers are shown full size 
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in Fig. 211. From an inspection of these scales one may estimate 
the possible precision attainable on the assumption that the instru- 
ment itself is accurately calibrated. 



Fig. 211. 


The instrument is sold in America by James G. Biddle, Phila- 
delphia, Pa., and is fully described in his catalogue No. 740. 
This being an instrument rather than a method of measurement, 
the author must refer the reader to the above-mentioned pamphlet 
for a more detailed description. 


CHAPTER III. 

NULL METHODS. RESISTANCE MEASURED BY 
DIFFERENTIAL INSTRUMENTS. 

300. Remarks on Null Methods. — When some quantity of 
known value is varied in a known way until it is made equal to, 
or to some known multiple of, a quantity being measured, and 
when the attainment of this condition is indicated by some de- 
tector then showing no deflection, the measurement is said to be 
made by a '^nulF’ or ‘^balance’’ method. The most familiar 
example of the above is weighing with a chemical balance. Here 
a mass is the unknown quantity. Known masses are placed in 
the pan until the balance, which is here the detecting instrument, 
shows no deflection. Other examples are: The measurement of 
resistance with a Wheatstone bridge, where known resistances are 
varied until they are made a known multiple of an unknown 
resistance. The z&m deflection of a galvanometer indicates in 
this case when the khpwn resistances have been perfectly adjusted; 
the measurement of potential differences with a potentiometer, 
where a known potential difference is varied in a known manner 
until it equals an unknown potential difference under measure- 
ment. The zero deflection of a galvanometer, the detecting in- 
strument, shows in this case also when the equality is attained. 

Null or balance methods of measurement are generally more 
sensitive and accurate than deflection methods: 1st, because it 
IS unnecessary, as in deflection methods, to know the constant of 
the detector; 2d, because it is unnecessary to know the law of the 
deflection of an indicating instrument, or to rely upon the accuracy 
or the constancy of the calibration of a scale; 3d, because quanti- 
ties of the same kind are simply matched against, or compared 
with, one another; 4th, because it is easier to detect a small 
departure from the zero of an indicating instrument than it is to 
read the exact extent of a deflection. 

For reasons of the above character, weighing, bridge methods 
of measuring resistance, and potentiometer methods of measuring 
potential differences are the most accurate used. 
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Balance or null methods of measurement have, however, the 
disadvantages of requiring more apparatus, of consuming more 
time, and of requiring more manual manipulation than do deflec- 
tion methods. If the quantity under measurement is subject to 
fluctuations, which it is desirable to note, then strictly null methods 
are less suitable than deflection methods. In case the quantity 
being measured is fluctuating, it is generally impossible to perform 
the manual manipulations with sufficient rapidity to maintain the 
balanced condition and, even if this can be done, to record, the 
settings. 

There are methods, which we shall discuss later, which measure 
the quantity by approximately matching it with a known quantity, 
deflections being used to determine the small differences. These 
balance-deflection methods are of great value in industrial elec- 
trical measurements, as they combine precision and speed. 

The strictly null methods are chiefly valuable in connection 
with standardization measurements. Those which are useful in 
the measurement of medium resistances will receive full attention. 
The methods to be discussed now are those which make use of a 
differentially wound galvanometer and those which employ some 
form of the network of resistances generally known as the Wheat- 
stone bridge. 

The differential methods have certain advantages in some im- 
portant commercial applications and therefore deserve' a careful 
consideration. 

301. Properties of Differential Circuits. — Almost any instru- 
ment which deflects with the passage of an electric current thru 
it may be differentially wound; namely, so wound with a double 
winding that a current thru one winding is exactly neutralized, in 
its action to produce a deflection, by an equal current thru the 
other winding. A differential winding may be applied to milli- 
ammeters, voltmeters, galvanometers of the moving-magnet or 
of the moving-coil type, and to telephones. When applied to 
direct-current instruments the circuits have certain interesting 
and useful properties, to a consideration of which we now pro- 
ceed. The properties to be discussed are quite independent of 
the type of the differential instrument. This may be a moving- 
magnet or a moving-coil galvanometer, but for definiteness let 
us fasten our attention upon a differentially wound D^Arsonval 
galvanometer. 
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One assumption must always be made, and a second assumption 
generally. The^rs^ is that equal currents, but opposite in their 
electromagnetic action, in tbe two windings shall be without influ* 
enee upon the movahie system. The second is that the resistances 
between binding posts of the two windings shall be the same. A 
third assumption is sometimes required for certain classes of 
refined work. It is, that the resistances of the two windings 
shall remain constant under temperature changes in the room 
and with varying quantities of current in the windings. This 
last assumption can only be met, as a rule, with difficulty or at 
the sacrifice of sensibility, as when coils are wound with wire of 
high resistance to secure a negligible temperature coefficient. 



To test if the instrument is truly differential join the two wind- 
ings in series as shown at I, Fig. 301a. Then, if the number of 
turns in the windings gi and are equal and wound in opposite 
directions, the same current traversing these windings should 
produce no turning moment on the system. It is found in prac- 
tice, however, that howsoever carefully the coil is wound to be 
made differential, some tendency will remain for the system to 
turn. Suppose the winding slightly predominates. If a very 
high reastance S is shunted around this winding, it may he 
adjusted until the system is entirely without tendency to rotate 
whatever value the current I has; provided this current is not 
SO large as to greatly heat the 'windings. 
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Next join the windings in parallel, as in II, Fig. 301a, and vary 
a small resistance ri in series with gi, or a resistance 7-2 in series 
with P2, until ii = 12 , when the system will again give no deflection. 

ith these two^ adjustments it is possible to make the system differ- 
ential and to give the two windings exactly the same resistance — 
namely, the total resistance from post 1 to post 2 will equal the 
total resistance from post 3 to post 4. The above adjustments 
should be made by the instrument maker and are explained here 
only to show their possibility. 

If the windings gi and p2 are of copper and differ very much in 
resistance, then changes in temperature will destroy the relation 
between the resistance of <72 and the shunt S and the adjust- 
ment to differentiality will not be permanent. With proper 
original construction, however, such a defect should not exist. 

It will now be assumed in what follows that the instrument is 
truly differential and that the two windings from binding post to 
binding post have the same resistance. It cannot be assumed 
that the resistances of the windings will remain constant when 
these are of copper, but if they change with temperature they will 
change alike; because the two wundings are made by winding a 
double wire and are therefore 
intimately associated, and hence 
always at the same temperature. 

We proceed, first, to prove 
an interesting and useful prop- 
erty of the circuits of a differen- 
tial galvanometer when these 
are made up in the manner in- 
dicated in Pig. 301b.* 

Let 1, 2, and 3, 4 be the 
binding posts of the differential 
instrument (made strictly dif- 
ferential by means of adjust- 
ments as described above). 

Let g and p be its two windings so disposed that equal currents 
i and i flowing in the direction indicated by arrows, produce no 
deflection. 

Let fk be a uniform slide-wire resistance along which a sliding 

* Described by author in the Trans, of the Electrochemical Society, May. 
909, Vol. XV, p. 340. ■ s, j, 
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contact t may be moved, and let this slide wire be shunted by a 

resistance /S. „ • j. 

Let R be any fixed resistance from 0 to / and X any resistance 

from 0 to h which may be varied. 

\ow it is evident that if R and X are nearly equal there will be 
some position for t on the slide wire fk such that the currents i 
and i thru the two windings will be equal and the system give no 

deflection. 

If I is the length oi Jk (and is proportional to its resistance), we 
wish to determine how the distance c of t from / varies when 
X varies. If c varies uniformly with variations in X we have a 
means of measuring small changes in X with high precision. 

'The signification of all the symbols used will be easily under- 
stood by a reference to Fig. 301b, without further explanation. 

By Kirchoff’s laws, 

I _ = 0 are the currents which enter and leave /, (1) 

{ -I- — 2 b = 0 are the currents which enter and leave /c, (2) 

iX + idd = E is the E.M.F. in circuit OktO, (3) 

iR + icC = E is the E.M.F. in circuit OftO, (4) 

ibS + idd — icC = 0 is the E.M.F. in circuit fSkf, (5) 

Subtracting (4) from (3) gives 

i{X~-R)+idd-icC = 0. (6) 

From (1) ic = i — (7) 

From (2) (8) 

Putting the values of ic and u in (6) gives 

i {X — R) + di + dis — ci + cis = 0, (9) 

or is (c + d) +i{X — R) — i (c — d) = 0. (10) 

Putting the values of zb and id in (5) gives 
isS + di + dis — cf + = 0, 

f (c — d) 


or == 


S -b c + d 


Also from (10) we have 
% (c 


tir = 


■d)-i(X- R) 


c + d 


ik|uating the second members of (11) and (12) we derive 

X = ^ “b ~b ^ (c — d) 

aS fl- c + d 


( 11 ) 


( 12 ) 


( 13 ) 
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In (13) replace d by its value I — c and we obtain 

y 2 cS ^ R (I S) — IS (111 

The last term of (14) is a constant. 

Call this K and we have, jhnally, 

Differentiating (15), we find 
5X _ 2S 
5c S 1 

0TSc = ^^hx. (KD 

Eq. (16) shows that c varies proportionally to X and only 

S I . 

“2^ as rapidly as X. 

This result means that in the case of a uniform slide 

the slide resistance may be given any convenient value 

than the minimum allowed. It may then be shunted to g;iv<* t ho 

particular resistance range desired with any chosen lengt.h of 

slide resistance. 

By minimum resistance allowed, we are to understand a - 

ance which is large enough to permit a balance to be obtaint^d wit li 
the sliding contact upon the slide resistance fk when X (thuitgoH 
from its least to its greatest value. 

Por example, if when X has a minimum value the conta<vt. / in 
at point / for a balance, it must be possible to obtain a baifUH'H 
with the contact t at, or to the left of, the point 7c when X has it.M 
greatest value. 

Putting Eq. (16) in the form 

1+4 


we see that when S is infinity, that is, when the shunt is al i.sent , 
the variations in c are one half as great as the variations in A”. 

302. Illustration of the Practical Advantages of Differential 
Circuits. — To see the advantages of the above prof)(irti*‘.s tif 
differential circuits let the diagram, Fig. 301b, be r<;cons'l,rurf «•( | 
as given in Fig. 302. 
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In Fig. 302, 1, 2, 3 are three binding posts of the differential 
apparatus and 4, 5 are the terminals of a resistance X which is 
supposed to be placed at a distance, which may be very great, 
from the differential instrument. If the resistance of the lead wire 
A is made equal to the resistance of the lead wire B, Eq. (16) (§ 301) 
still holds. For, giving A a resistance and B an equal resistance 
is not different from increasing by an equal amount the resistance 
of each of the windings g and g, and as the resistance of these 
windings does not appear in either Eq. (15) or Eq. (16) (§ 301) the 


S 



equal resistances A and B do not enter these equations. In other 
words the resistance X, and changes in the resistance X, may be 
determined by knowing the constant resistances E, I, S and the 
resistance c which is varied for obtaining a balance; the resistances 
g and g, A, R, and C not appearing. 

The chief industrial application of the above principles is in 
the measurement of temperature with electrical-resistance ther- 
mometers which may be placed at a distance from the reading 
instrument. The resistances of the lead wires — which only need 
to be three in number — can vary (provided the A and B leads are 
equal in resistance) without affecting the accuracy with which the 
resistance of the thermometer is determined, and hence the tem- 
perature which is a function of its resistance. 

Again, the method may be employed for the determination of 
any unknown resistance X. If the contact p is set at the middle 
of slide resistance Jk and the resistance R is varied until a balance 
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is obtained, we have, without regard to the resistance of the lead 
wires, X = R. 

If R is made equal to X at a particular temperature, then 
small variations in X, due to temperature changes, can be accu- 
rately determined by moving p over the slide resistance fk till the 
galvanometer is balanced. The variations in X are then given 
by the relation 


SX = 


2S 
S + l 


8c. 


( 1 ) 


If fk is a slide wire of uniform resistance, the variations in c 
can be read directly on a millimeter scale and thus the curve giving 
the relation between the resistance and the temperature of a wire 
can be very accurately determined. As S can be given any value, 
let it equal infinity, then 8X = 2 Sc. This shows that when the 
method is used for determining temperature coefficients, the highest 
value of c (which cannot exceed that of 1) will not be greater than 
one half the total change which takes place in X with the greatest 
variation in temperature employed. For example, suppose it is 
required to determine the temperature coefficient of a copper coil 
which has a resistance of 10 ohms at 0° C. in the range 0° to 100° C. 
At 100° C the resistance of the copper coil would be about 14.2 ohms. 
Then its increase in resistance is 4.2 ohms and the resistance of the 
slide wire fk could not be less than 2.1 ohms. The resistance R 
would be so chosen that the galvanometer would be balanced 
when X was at 0° C. and p is set at /, or when c = 0. Let it next 
be required to determine the temperature coefficient of a 1-ohm 
coil in the same range. The increase in resistance of this coil in 
the 100° C. range would only be 0.42 ohm and the distance to 
move on the slide wire would only correspond to 0.21 ohm or 0.1 
of its length. If, however, the slide wire is shunted with a resist- 
ance of a proper value (and R is always so adjusted that with the 
1-ohm coil at 0° C. we have c = 0 for a balance), we can again have 
c = I when the 1-ohm coil is at 100° C., and thus determine the 
temperature coefficient of 1 ohm with the same percentage pre- 
cision as 10 ohms. 

To find the proper value to give S we assume an approximate 
increase in the resistance of the 1-ohm coil when the temperature 
increases 100° C. We then solve Eq. (1) for S and find 


S = 


isx 


25c - SX 


( 2 ) 



l aaa— 
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Since dX is to be 0.42 ohm, and I has previously been made 2.1 
ohms, and dc is to be practically the whole length of the slide 
wire, or 2.1 ohms, we derive 

2.1 X 0.42 


S = 


= 0.233 + ohm. 


2 X 2.1 - 0.42 

It should be noted in the above methods that the only movable 
contact is in the battery circuit, and hence variations in its resist- 
ance in no wise affect the readings. 

Analysis shows that, for obtaining greatest sensibility, each wind- 
ing of a differential instrument should have a resistance which is 
approximately equal to the resistance external to that winding. 
Or, approximately, we should have 

g = X + l- (3) 

303. Differential Galvanometer Used with Shunts. — This 
method is perhaps better applied with a differential galvanometer 



of the moving-magnet type. Some of these galvanometers are 
made with a bell-shaped magnet hanging in a hole in a copper 
sphere to damp the oscillations of the system. The current 
coils are two in number and can be individually moved along a 
horizontal bar so as to approach or recede from the system. 
When the same or equal currents are sent in opposite directions 
thru the two coils, one or both of these can be moved into a 
position where the galvanometer is perfectly differential. If this 
adjustment is made and it be assumed that the resistance of its 
two coils are alike and known, and if they can be relied upon to 
remain constant, we can, by the following well-known method, 
measure any resistance X. Let the circuits be arranged as in 
Fig. 303. 
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Here gi and are the two windings or coils supposed to be 
alike in resistance, so gi =- g^ = g, the resistance of each. Each of 
these coils is shunted with resistances Si and S 2 respectively, 
if is a fixed resistance and X a resistance to be measured. 

Denote by I the current in the battery circuit and let U denote 
the current in the right-hand coil and ii the current in the left- 
hand coil. To find an expression for the value of X, when the 
galvanometer is balanced, we make use of the following law of the 
division of currents: 

Let a circuit divide into two branches of resistances x and y, 
and let the resistance x carry a current ii and the resistance y, a 
current %% and let ii ^2 = / be the total current; then 



x-\-y 


and fo = — ^ — I: 
x + y 


that is, the current in either branch is equal to the resistance of 
the other branch divided by the total resistance around the circuit 
times the total current. 

Applying this principle to the circuits shown in Fig. 303, we 
have 


Z + 




Si gi 


Si 


and 


Z + E -f + 
-T Qi 02 + g 2 


(1) 


R + 


^2 


Si + gi 


Si 


X + R + 


Sigi 


+ 


Sjgi Si -|- Qi 


Si gi^ Si : 

If the galvanometer is so adjusted that gi = g^ 
alter Si, Si, and R until there is no deflection, we get 
and (2) 


( 2 ) 


= g, and we 
from Eqs. (1) 


X = R- 


1 + 


Si 


‘+4 


( 3 ) 


The method expressed by equation (S) can only give accurate 
results on the assumption that the resistance g is either the same 
at different temperatures, or is known at the temperature at which 
the measurement is made. To realize the first assumption the 
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windings must be made of some low-temperature coefficient 
wire, as maiigaiiiii, wdiich has a high resistance, and to realize 
the second assmiiption requires the taking of accurate temperature 
readings of the coils. Moreover, it would in this case be impossible 
to make the shunts Si and S 2 bear any fixed relation to the re- 
sistance of the windings. From these considerations the method 
is seen to be inferior to the Wheatstone-bridge methods of measur- 
ing resistance which are in vogue. But, with galvanometer 
windings of manganin and shunts of suitable values, the precision 
and the range of ' resistance-measurement possible can be made 
equal to that of the ordinary post-office type of Wheatstone 
bridge. For example, suppose 

Si = ^ and S 2 = infinity, 

then, by Eq. (3), X = 100 K, and if R can be varied in steps of 
1 ohm from 0 to 10,000 ohms we can measure a resistance X == 
1,000,000 ohms. Or, suppose 

;S2 = ^ and Si = infinity, 

then, by Eq. (3), X= 0.01 R, and if E = 1 ohm, X = 0.01 ohm. 

The above method is thus seen to require, for iDrecision and 
range, a specially constructed galvanometer and shunts which 
liave values of at least i and of the resistance of a coil winding 
and a 10,000-ohm rheostat variable in steps of 1 ohm. It has, 
therefore, little to recommend it in competition with the bridge 
methods to be described, and is given here chiefly to complete 
the treatment of the differentially wound instrument as used for 
resistance-measurements. 

304. The Differential Telephone. — The magnet of a tele- 
phone may be wound with a differential winding. This instru- 
ment can then be used to indicate when there is an equality 
between two currents which are alternating or unsteady. The 
two wires of the differential winding should be twisted together 
and wound bifilar upon the magnet. The theory of this instru- 
ment is complicated, and the circumstances under which it can 
be used to advantage are limited, therefore we shall not give 
further discussion to it here. 



CHAPTER IV. 

THE WHEATSTONE-BRIDGE NETWORK. SLIDE-WIRE 

bridge methods. 

400 . Network of the Wheatstone Bridge. — The Wheatstone 
bridge is a network of six conductors and should be distinguished 
from the Kelvin double bridge (to be discussed later) which is a 
network of mne conductors. While the Wheatstone net or bridge 

may assume many forms, the essential electrical properties are 
the same in all. 

This network of six conductors may be represented in three 
ways which are equivalent. They are presented in I, II, and III 
Fig. 400a. ’ 


a 



Fig. 400a. 


In the three representations like letters designate the same 
conductors and the same points of junction. Following the 
ottering of the^ diagrams, it will be seen, from a well-known prop- 
erty of the bridge, that, if the resistances h, c, x, y have the 
relation 

yh = cx . 

there will be no current in a if there is an E.M.F. in 0, and con- 
versely, there will be no current in 2 if there is an E.M F in a 
Under these circumstances the two conductors a and 2 are said 
to be conjugate conductors. Other pairs of conductors can become 
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conjugates. By referring to diagram I we can write, from the 
svTumetry of the diagram, the foUowing relations: 

If 2/6 = cx, then z and a are conjugates. 

If za = hy, then x and c are conjugates. 

If xc = az, then y and h are conjugates. 

The above relations belong to what we shall term the “ first prop- 
erty ” of the Wheatstone bridge. 

We shall presently show that if any two conductors are con- 
jugates, in whatever part of the network an E.M.F. be placed, the 
current which flows through one of the conjugates is independent 
of the resistance of the other conjugate. For example, if in 
diagram III a and z are conjugates and an E.M.F. is placed in 
branch c, the current which will flow in z will be the same what- 
ever may be the resistance of its conjugate a. This principle 
is made use of later in determining the internal resistance of a 
batter}" and the resistance of a galvanometer. We shall term this 
the second property '' of the Wheatstone bridge. The above- 
mentioned “ first ” and second properties of the Wheatstone 
bridge may be deduced as follows: 


A 



If, in Fig. 400b, we place, an E.M.F. in the branch BC we shall 
have the distribution of currents shown in the diagraih, where 
ic is the current in c, 
ia is the current in a, 
ix is the current in x, 
ic — iy is the current in y, 
ia, ix is the current in 6 , 
ic — iy + ix is the current in z. 

As before (Fig. 400a), x, y, Zj a, 6 , c designate ohmic resistances. 
If It IS true that x and c are conjugates, then the E.M.F. in c will 
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produce no current in a;, and hence we shall have = 0. Assume, 
then, the current 4 is zero and determine the relation of the re- 
sistances necessary to produce this result. With 4 = 0, the points 
A and 0 will be at the same potential, and we shall have by Ohm’s 
law the fall in potential from B to A = au and the fall in potential 
from B toO = y and these will equal each other, or 

aia = y {ic - Q. (2) 

Likewise (remembering that we have assumed 4 = 0) we shall 

have 

hia = z(i^- iy). ( 3 ) 

Hence, taking the ratio of Eq. (2) to Eq. (3), we obtain 

ay , 

5 = -, or ^ = ^y, 

which is the relation necessary to make x and c conjugates. The 
above proves the “ first property ” of the bridge. 

To prove the “ second property ” assume that an E.M.F. exists 
in some branch of the bridge, as AC (Fig. 400b). Then a cur- 
rent will flow in the branch BC as well as in the branch AO. 
Assume now a counter E.M.F. to be introduced into the branch 
BC. This E.M.F. cannot produce any current in the conjugate 
AO. In particular choose this counter E.IM.F. such as to just 
reduce the current in BC to zero. But when an E.M.F. is intro- 
duced into BC, which reduces the current in this branch to zero, 
we have done the equivalent of opening the circuit BC. Hence 
it follows that the current in AO resulting from an E.M.F. in 
AC is unaffected by any change in the resistance of BC. 

The mathematical relations which hold for the Wheatstone 
bridge when this is unbalanced, namely, when no two conductors 
are conjugates, are complicated and require lengthy calculations 
to derive. These relations are given in such standard works as 
Kempe’s “ Handbook of Electrical Testing.” They are rarely 
made use of in the practical employment of the Wheatstone bridge, 
and we do not consider that it would be advisable to give a general 
treatment of these relations here. We shall, therefore, proceed 
at once to a consideration of those features which are useful to 
know and understand in applying the Wheatstone bridge to such 
electrical measurements as arise in practice. 

Represent the bridge as in Fig. 400c. Here Ki and K 2 are the 
two conductors which are to become conjugates when the bridge 
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A f~; 

t . 


fP 

r: 


is balanced. If a, b, c, d represent the resistances of their re- 
spective arms, this condition is filled when | | • If any three of 

these four resistances are known the other is given by this relation. 

In conformity with custom we shall 
call the two adjacent arms which 
do not contain the unknown resist- 
ance the ratio arms and the 
arm adjacent to the unknown re- 
sistance the “ rheostat of the 
bridge. It is evident that the bridge 
may be balanced either by varying 
the ratio arms or by maintaining 
the latter fixed and varying the 
rheostat. When the former plan is 
followed, the bridge usually takes 
the form of a so-called slide-wire or slide-resistance bridge and 
when the latter plan is followed the bridge is usually a so-called 
plug-type or dial-type bridge. 

401 . Uses of the Slide-wire Bridge. — The slide-wire bridge 
(often referred to as the meter bridge ” because a slide wire a 
meter long stretched over a meter scale is used) was one of the 
earliest if not the earliest form of a Wheatstone bridge. 



Fig. 400c. 



This form of the Wheatstone bridge is diagrammatically shown 
in Fig. 401a. Here JS is a known resistance, which may be given 
various convenient values, x is the resistance to be measured and ni 
and 712 are two resistances which may be inserted at the ends of the 
slide wire. 

To use this bridge, a resistance R is chosen which, preferably, 
is as nearly as possible equal to the resistance x to be measured! 
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The resistances ni and n 2 should be chosen low enough so that the 
bridge may be balanced by sliding the sliding contact p to some 
point on the bridge wire. The battery and galvanometer may 
be located as shown in the diagram but the position of these may 
be reversed. If I is the length of the bridge wire and c the distance 
from 4 to p in millimeters, and if n\ and are resistances deter- 
mined in equivalent millimeters of length of bridge wire we have for 
a balance 

jK 72-1 ”1“ C 

X U2~\~ I — C ’ 


or 


X = 


ni + c 


' R. 


( 1 ) 


In practice the two resistances ni and 222 would be m.ade equal 
and may then be called n, and I would be 1000 mm. 

Then 

72- 1000 — C 

X = — ^ j R, (2) 

n + c ^ ^ 


The value which may be given to the resistances n and n will 
depend upon how nearly it is possible to choose the resistance R 
to be like the resistance x. Since the greatest value c can have 
is 1000, and a balance still be obtained with the slider upon the 
wire, we assume c to have this value and solve Eq. (2) for n and 
thus find, 


1000 X 

R-x' 


(3) 


as the maximum value n may have. Suppose it is possible to 
always choose R so that the value of the resistance x which we 

have to measure, will never be less than ^ • Then we could make 


1000 


R 


n = 


R - 


R 


1000. 


Namely, n could equal the resistance of 1000 mm of bridge wire. 
If the resistance R is obtained froin a small plug resistance box, 
this is almost always practicable. Using, then, this value of n, 
Eq. (2) becomes 

_ 2000 - c 
^ 1000 -1- c 


( 4 ) 
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The effect of using resistances n and n each of which are equal in 
resistance to 1000 mm of bridge wire, is, virtually, to make this 
wire three times as long. Furthermore, by care in construction, the 
resistances n and fi may be made to include the unavoidable resist- 
ances of the joints and copper straps between the points ei and 
Qi, and 62 and (Fig. 401a). When, as in the more ordinary 
use of the slide-wire bridge, the resistances n and n are assumed 
equal to 0, and the formula 



is used, errors are sure to result from a neglect of the small and un- 
known resistances which exist between the galvanometer termi- 
nals Qi, and the ends of the wire ei, 62 where the scale begins and 
ends. The use of the resistances n and n limits the range of the 
bridge (in the case of Eq. (4), from x = 2 Rto x = 0.5 R), but gives 
greater precision than can be obtained without them. When 
these resistances are not used and the connecting resistances gi to 
61 and Qi to 62 are kept very small by a good construction of the 
I bridge, the range of measurement is, theoretically, from zero to 

' infinity, tho in practice the precision for either extreme is very 

I low-. If the method expressed in Eq. (5) is used, it is always 

j desirable to choose R as nearly equal to x as possible so as to bring 

* the balance point near to the center of the wire. It should be 

noted that Eq. (5) can be written, 

X = (reciprocal of scale reading X 1000 — 1) R. 

< Thus by using a table of reciprocals, or a slide rule, the values of 

i X, when a number of measurements are to be made, may be cal- 

culated simply and rapidly. For E one would choose values, as 
1, 10, 100, or 1000, etc. 

In the above methods employment is made of a slide wire of 
high resistance alloy one meter in length. It is now possible to 
obtain alloys of practically zero temperature coefficient and 
having 60 times the resistivity of copper. If the slide wire is 
No. 24 B. & S. gauge its resistance per meter might be made 
I about 5 ohms. 

j It is very desirable to be able to produce a uniform slide resist- 

ance of 100 or more ohms. This is accomplished by certain 
well-known makers, by winding on a long mandril of about 3 mm 
diameter an insulated resistance wire and then withdrawing the 




wood or hard rubber, or in a groove in the periphery of a disk of 
hard rubber and cemented in place with thick shellac. When the 
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shellac is dry and hard, the insulation is removed along one side 
of the helix parallel with its axis. A sliding contact is arranged 
to slide over the bared portion of the helix so as to make contact 
at any point along its length. In this manner a substantial slide 
resistance may be made which can be given a resistance of as 
much as 1000 ohms to the meter. By rubbing one side of the helix 
with emery cloth such a slide resistance can be made very uni- 
form in resistance from one end to the other. 

Wh.en such a slide-wire resistance is used, the bridge wire is 
usually made circular in form and the contact is moved around 
the periphery of the circular disk by means of a handle at its 
center. The disk supporting the slide wire is placed underneath 
a rubber plate, and a circular scale and a pointer which moves 
with the contact are placed above the rubber plate. The con- 
struction is illustrated in Fig. 401b. 

If tile scale above the rubber plate is properly laid off, in the 
manner indicated in the figure, it is only necessary to multiply 
the scale reading by the value of the fixed resistance R which, 
being chosen 1, 10, 100, or 1000 ohms, makes the instrument 
direct reading. Hence it becomes a slide-resistance ohmmeter. 
When mounted with a small portable pointer galvanometer it 
becomes a portable ohmmeter and is a convenient laboratory tool. 
The instrument as regularly made is capable of giving measure- 
ments of an accuracy of 0.25 of 1 per cent when a standard is chosen 
which will bring the reading not far from the center of the scale. 

In the classes of slide-wire bridge measurements as described 
above, sufficient sensibility may be obtained from a pointer gal- 
vanometer of from 30 to 100 ohms resistance of the types made 
by Paul, of London; The Leeds and Northrup Company, of 
Philadelphia, Pa.; or by Edward Weston. 

The type of slide-wire bridge measurements, described in con- 
nection with Fig. 401a, with a portable pointer galvanometer used 
as a detecting instrument is very suitable for instruction in the 
use of the Wheatstone-bridge principle and is to be recommended 
for college laboratories. 

402. Comparison of Resistances by Modffied Slide-wire 
Bridge. — This method, which is applicable to low-resistance 
conductors, is explained as follows (Fig. 402) : Let 1-2 be a linear 
conductor of uniform resistance, the resistance per unit length 
of which we wish to determine, and let 3-4 be a linear conductor 
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of uniform resistance, the resistance per unit length of which is 
given. Ri and R2 are ratio coils. 



The two conductors are joined together, no special regard being 
taken to make this a low-resistance contact. The battery is 
joined to the ends 1 and 4 with a key K in circuit. With con- 
tact Pi set at a, move contact ps to some point of balance b. 
Next move contact pi to ai which is some accurately measured 
distance Z from a. Now move contact to some point bi where 
a balance is again obtained and accurately measure or read off 
on a scale beneath the conductor the distance L of bi from b. 
When a balance is first obtained the relation holds: 

— = ^^sistance a to 0 
i?2 resistance b to~ 0 ‘ 

When the balance is next obtained the relation holds : 

^ ^ resistance ax to 0 

__ R2 resistance 61 to 0 * 

Hence, 

^ to 0 g to 0 __ 6 to 0 

& to 0 61 to 0 ' ai to 0 ~ ^ to 0 * 

It is proved in algebra that, if 


Now 

and 

hence, 


X 

y 


w 
z ’ 


then - — - 
w — z 


X 

w 


{a to 0 ) — (ai to 0) = (a to a-x) 
Q) to 0 ) - (bi to 0) = (6 to 61); 


to ai ^ g to 0 _ Ri 
b to bi btoO~~‘W2 
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or, X = (1) 

Eq. (1) states that the resistance x of a length I of the rod 1-2 is 
It 

times the resistance r of a length L of the rod 3-4. If this last 

XL2 

is known the other is given, and the method enables one to compare 
in a very simple way and with inexpensive apparatus the resistance 
of a given length of one conductor, as a rod of aluminum, with that 
of another conductor, as a rod of copper. 

If the conductor used as a standard has the same temperature 
coefficient as the conductor which is being compared with it, no 
regard has to be taken of temperature other than to be sure that 
the two rods are at the same temperature. 

With a D^Arsonval galvanometer of such a sensibility that 
10~^ ampere will produce a deflection of one scale-division with 
the scale at a meter distance, as the detecting instrument, the ratio 
coils Rl and R^ may assunae resistances considerably higher than 
100 ohms, so that the contact resistances of the sliders and pa 
can be entirely neglected. 

This method gives results in low-resistance measurements 
similar to those obtained with a Kelvin double bridge to be later 
described. But in this method a balance must be obtained twice^ 
instead of only once as with the Kelvin double bridge. 

The method is very conveniently applied when the conductor 
3-4 is a 5-ohm meter bridge, the wire of the meter bridge resting 
upon a meter scale marked off in millimeters. The resistance of 
this wire per centimeter of length must be accurately known. If 


the conductor 1-2 is of low resistance, then Ri would be made 
smaller than i? 2 , so that a length I on 1-2 of, say, 50 cms. would 
correspond in resistance with a length of, say, 75 cms. on the 
bridge wire. 

This method may likewise be applied to the measurement of 
low resistances between potential points. In this case pi would 
first be set on one potential point, and a balance obtained with 
P 2 at 6, then on the other potential point and a balance be again 

R 

obtained with p 2 at 6i, the ratio ^ being so chosen that L would 

Jth2 

be a considerable proportion of the length of the bridge wire. 
Then if x is the resistance sought between potential points, and 
if p is the resistance of the bridge wire 3-4 per centimeter of length. 
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we have as above, 

Ri j 

( 2 ) 

which gives x in ohms, when L is in centimeters. 

403 . The Carey-Foster Method. — The Carey-Foster method 
of using a slide-wire bridge, while being a very elegant precision 
method, is not as much employed in this country as formerly. 
It, nevertheless, deserves a somewhat extended consideration! 
Tho the method was originally devised for the measurement of 
very low resistances, it is even better adapted to the accurate 
comparison of medium or even high resistances. The success 
with which the Carey-Foster method may be applied to precision 
work in comparing resistances depends a good deal upon how well 
the apparatus which is needed for carrying out the method is de- 
signed and made. We can only give here the theory of the method 
referring the reader to trade publications for a description of the 
mechanical features of the Carey-Foster bridges which are upon 
the market. 

The unique feature of the Carey-Foster modification of the 
Wheatstone slide-wire bridge consists in interchanging the stand- 
ard resistance, which is in one arm of the bridge, and the resistance 
under comparison which is in the adjacent arm. A reading is 
taken of the position of the contact on the slide" wire necessary 
for a balance before and after the resistances are interchanged. 
By this procedure all resistances other than those being measured, 
as well as all constant thermal E.M.F.'s in the bridge circuits, are 
eliminated. 

The connections for the Carey-Foster bridge method are shown 
in Fig. 403a. S is a standard resistance coil and Si is a coil of 
approximately the same value, which is to be compared with S. 
Ri and Ri are two fixed resistance coils of nearly equal value. 
ai and are the number of units of length of the portions of the 
bridge wire to the left and right respectively of the galvanometer 
contact p. If p is the resistance of one unit of length of the 
bridge wire, then pui and pcii represent the resistance of the bridge 
wire to the left and to the right of the galvanometer contact. 
n and may be taken to represent all resistances of unknown 
value m the two bridge arms. As above stated, the Carey-Foster 
method provides for eliminating these unknown resistances by 
taking two readings of the position of the galvanometer contact 
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2 ? on tlie bridge wire, one reading when the coils S and Si have 
the position shown in Fig. 403a and one when these coils are inter- 
changed. The bridge is mechanically so constructed that this 
interchange of the standard coil and the coil under comparison 
can be quickly and easily made. 



Fig. 403a. 


The dotted line cr, Fig. 403a, represents a low-resistance shunt 
to the bridge wire and its leads, which may or may not be used. 
When used it has the effect of magnifying the distances that the 
contact p must be moved along the bridge wire to obtain a balance 
in the two positions which the coils S and Si are made to assume. 
The general theory of the method is the same whether this shunt 
is or is not used. 

When S and Si have the positions shown in Fig. 403a, and the 
contact p is so chosen that no current flows in the galvanometer 
circuit, 

Ri _ S -\r n-{- pai v 

R 2 Si Til T" p(X2 

where p is the resistance per unit length of the bridge wire. 

S and Si are now interchanged and a balance is again obtained 
by sliding p to a new position on the bridge wire. Calling the 
two lengths of bridge wire, which are now to the left and to the 
right of the slider a/ and a 2 , 

Ri _ Si-\- n-\- pai 
R 2 S “f" ^1 “b pn2^ 

Changing the forms of Eqs. (2) and (3) by adding unity to each 
side, we obtain 

Ri -f- R 2 S Si p (ui -f- G 2 ) d” ^ Hh 

R 2 Si p(i2 “h 



( 3 ) 
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and + R2 _ S Si + p (g/ + a2) n + rii 

R2 S -f- pci 2 “h 

Changing the position of the galvanometer contact p does not 
alter the total resistance of the bridge wire, hence, 

p (ai + CI2) = p (cii + 0,2'). ( 5 ) 

The numerators of the second members of Eqs. (4) and (5) are, 
therefore, equal, and, as the second member of each of the two 
equations is equal to the same quantity, the denominators of the 
two equations are equal. 

Thus, we have 

Si + pa2 + ni = S + pa2^ + ni, 

or 

Si = S — p (a2 02^), ( 6 ) 

or, as pa 2 — pa 2 ' = pai — pai — p (ai — Ui), 

Si = S — p (a/ — Ui). (7) 

Eqs. (6) and (7) show that the difference in the resistance of the 
standard resistance S and the resistance Si under comparison is 
equal to the resistance of a certain length of bridge wire. 

If, once for all, the resistance p per unit length of the bridge 
wire be determined, then the difference in the resiistance of any 
coil under comparison and a standard coil is given in ohms with 
great accuracy. 

There are several methods known for determining the value of p. 
A simple but inferior method is to balance two standard coils the 
difference of whose resistances S and Si is accurately known, then 


S-Si 
a2 — a2 


( 8 ) 


On account of differences of temperature and temperature 
changes in the coils S and Si it is not simple to accurately deter- 
mine the difference in their resistances. We have, therefore, found 
the following method of determining the value of p, by means of 
four readings, to be very accurate and satisfactory: 

It is necessary for the determination to use a coil Si the value 
of which does not need to be known, but which is sufficiently 
near the resistance of coil S to make it possible to obtain a balance 
with p (Fig. 403b) not far from the center of the bridge wire. An 
ordinary resistance spool or resistance box will answer very well. 
The resistance may be varied by shunting or by any rheostat 
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method until a value is reached by trial which will balance the 
standard S with p near the center of the bridge wire. 

C is another coil or box of resistance coils with which S may be 
shunted by closing the contact K. This shunt coil should have 
about 100 times the resistance of S and its resistance need not be 

known to a high degree of accu- 
racy. 

The four readings are taken as 
follows: 

Reading 1 is taken with K 
open and S and Si in the posi- 
tions shown in Fig. 403b. Call 
this reading ai. Reading 2 is 
taken with S, together with coil 
C, and interchanged and K 
open. Call this reading a 2 . S, 
together with coil C, and Si are 
now interchanged again so that they have their original positions. 
K is now closed, shunting S with C, Call the resistance of S when 
shunted Si. Reading 3 is then taken, which we will call a/. 
Lastly S together with coil C is interchanged with Si, K is closed, 
and reading 4 is taken, which we call a^. 

The value of p is then deduced as follows: 

Before S was shunted 

Si = S — p (^2 — cii). (9) 

After shunting S , 

S, = Si' - p (as' - ai') (10) 



Eliminating Si from Eqs. (9) and (10), we derive 

Si' - S 

^ GLz "b ai — ai' — a2 


Since Si' 


CS 

c + s 


, the value of p may also be expressed 


S2 


( 11 ) 


( 12 ) 


^ (C + S) (a2 + ai' — ai — a2') 

When low-resistance coils are being compared the distance that 
the galvanometer contact p. Fig. 403a, moves over the bridge wire 
in obtaining a balance with S and Si in the two positions is often 
very small. 
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In order, therefore, that the same slide wire may serve for com- 
paring coils of both high and low resistance it has been found 
advantageous to be able to shunt the bridge wire with a low-resist- 
ance shunt. This shunt is represented in dotted line in Fig. 403a 
and called cr. 

The lower the resistance of this shunt the greater is the range 
of motion of p over the bridge wire. If the bridge wire is cali- 
brated (that is the value of p determined) after being shunted, no 
error is introduced by such shunting, provided the resistances of 
the leads n and ni to the bridge wire do not alter after the calibra- 
tion is made. This possible error is avoided by making these leads 
of heavy copper cable. 

The bridge may be provided with three bridge wires of different 
resistances, any one of which may be used at will. Two shunts 
may be provided for the wire of lowest resistance, and thus there 
is altogether the equivalent of five different bridge wires. This 
arrangement adapts the apparatus to making direct comparisons 
with a wide range of resistances. 

The bridge, as mechanically designed, often consists of two 
separate units. 

One unit, which we may designate the coil holder,^’ consists 
of a hard-rubber base upon which are mounted massive copper 
bars for holding and connecting the ratio coils and the resistance 
standards, also the commutating device for interchanging the 
standard and the coil under comparison. 

The other unit, which may be called the bridge,’^ consists of a 
hard-wood base upon which are fastened the three slide wires and 
three scales. A sliding contact maker is also a part of the 

bridge. 

The two units are joined together electrically by low-resistance 
cables. 

The Carey-Foster method, as above described, is especially useful ; 

(1) For comparing with fundamental standards of resistance, 
coils of approximately the same resistance. For this purpose the 
bridge is adapted to comparing coils with standards of resistance. 

(2) Coils may be compared with the standards when they differ 
in value from the standards very considerably, provided one is 
supplied with a resistance set of only very moderate accuracy. 
If the resistance coil has a value higher than the standard, it is 
shunted with the coils of a resistance box until the value of the 
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shunted combination is suf&ciently near that of the standard to 
enable an exact balance to be obtained with one of the bridge 
wires. If the coil under comparison has a lower value than the 
standard, then the standard is shunted. The exact method of 
procedure will be explained later. 

(3) A valuable application of the method is the obtaining of 
temperature coefficients of resistance coils or specimens of wire 
of any kind, and exceedingly accurate results can be obtained. 

(4) The method is very useful in adjusting a number of resist- 
ance spools to the same value. For this a bridge wire is used, of 
the same kind and size as the wire of the resistance spools. A 
single reading will then give at once without any calculation the 
exact length of wire that must be cut off to make the resistance of 
the spool equal to that of the standard. 

(5) A Carey-Foster bridge, together with a few reliable standard 
resistances, enables one to check up the coils of a Wheatstone 
bridge or standard resistance box with great accuracy. 

(6) Very low resistances, such as the contact resistance of plugs 
in a resistance box or the resistance of lead wires, are conveniently 
measured with the Carey-Foster bridge. For such cases a thick 
metal bar of known resistance may occupy the place of a standard 
resistance coil. 

When one wishes to compare with a standard resistance another 
resistance differing from it considerably, we may do so by shunt- 
ing the standard resistance, if it has the higher value or the 
resistance to be compared, if it has the higher value. The pro- 
cedure is then the same as in other cases. 

Suppose first that the resistance under comparison is greater 
than the standard. Then if we shunt this resistance with a known 
resistance a we have 

^ p2), 


where 

or we obtain 


Oli- or 

D ^ a2 — aiy 
^ ^S - pD) 


a- S + pD 


(13) 


If, second, the resistance is less than the standard, the standard 
may be shunted with a resistance a and we have 

Si = g — pD. (14) 
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The value of o- does not need to be known with great accuracy 

ce„, .he T 

hundredth of one per cent. 

1 n compare a coil of, say, nominally 

0,000 ohms resistance with a standard coil of that resistanpA 

general the coil to be compared will differ so much from the standard 
■ lat a balance cannot be obtained with the slider on the bridee 

with th? fT resistance may be inserted in series 

with the coil of lower resistance and adjusted until a balance is 
made possible with the slider on the bridge wire. This Tdded 
resistance, if not known, can then be measured and its value added 
or subtracted as may be required from the coij. being cipted 

^ f m measure a resistance which is^lower 

than the total length of one of the two bridge wires. Such a case 
would be where we wish to obtain the value of the lead y^rS 
connecting the mercury cups of the bridge to a coil in a resistance 
box. This case is easily met by connecting together one set of 
mercury cups by a copper bar of negligible resistance, or a it o 

rSS:::::. coefScient’and knoy^ 

Such a bar then, takes the place of a standard coil, serving infact 
as a standard of zero or very low resistance. If is the resistance 
of this short-circuiting rod, and R^ the low resistance being meas- 
ured we have the same relation as that expressed by Eq. (6), namely, 
Rm = Rq — p (a2 — a^). 

Following are a few specimen readings which will serve to 
illustrate a satisfactory method of procedure. Some readings are 

wires^^'^Th^^ were taken in calibrating one of the bridge 

wires. The numerical calculation of the final result is also givem 


a{ 


ai'-aj 

Temp. 

st’d. 

Temp, 
eoil, a/ 

Temp, 
coil, Cl 

Mean 

temp. 

Res., st’d. 

512.0 

471.0 

453.0 

510.5 

554.0 

586.0 

-j- 1.5 
- 83.0 
-133.0 

23.8 

23.8 

24.6 

19.4 

26.6 

■30.4 

19.6 

26.5 

30.2 

19.5 

26.5 
30.3 

100.0068 

100.0068 

100.0070 


Res. of coil j 
iit observed 
temp. 


scaleTo tC 74 ; fl millimeters of the length of 

scale to the left of the contact when an end A of the commutator 
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is towards the ratio coils. Column (2) gives the scale readings 
after reversing the commutator. Column (3 gives the difference 
feSeel the Lo sets of readings, regard being had to the sign. 
Column (4) is the observed temperature m degs. C. of the standard. 
Sumn (5 is the observed temperature of the coil at the time of 
takL reading a/. Column (6) is the temperature of the same 
aUhe%^^e ottaking reading a. Column (7) is the mean of the 
two temperatures. Column (8) is the resistance ol the standard 
corresponding to the observed temperatures in column (4), thes 
resistances being calculated using the certified value and tempera- 
ture coefidcient of the standard, or more conveniently read Irom a 
curve plotted to show the relations between resistance and tempera- 
ture of the standard. Column (9) gives the calculated resistances 
at the different mean temperatures of column (7) of the coil under 
comparison. When a sufl&cient number of readings are taken tor 
different temperatures a very accurate curve showing the changes 
in resistance due to temperature changes may be plotted. 

With the particular bridge wire used in obtaining the above 
results p = 0.000404 ohm per millimeter of wire, and thus, if S 
be the resistance of the standard given in column (8) for particular 
temperatures, the results in column (9) are obtained from the 
relation Si = S- 0.000404 (a/ - oi). See Eq. (7), par. 403. The 
actual readings and the resistances used for obtaining the above 
value of p aro as follows: 

10-ohm standard, No. 1592, called Si. 10 ohms shunted with 
1000 ohms, called Si. 

s/=__i__ = 9.90300, 

10.00206 Togo 

s Si = 9.90300 - 10.00206 = - 0.09906. 



02 

ai 

Oj' 

Temp. 

standard 

526.5 

497.0 

649.0 

374.0 

30.6 

526.5 

497.5 

648.5 

374.5 


526.1 

497.5 

648.5 

374.5 

cc 

526.1 

497.5 

648.5 

374.5 

cc 

528.3 

497.4 

648.4 

374.4 



Res., st'd. Res. shunted. 


10.00206 


mean readings. 


Si' - Si 
a/ "k ai — ak 


ai — 02 


- 0.09906 

374.4 -k 526.3 - 648.4 
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or 


- 0.09906 

- 245.1 


0.000404. 


404. Galvanometer Resistance. Measured, Using the “Second 
Property” of the Bridge.— This method, called Kelvin’s method, 
otters a good example of the employment of the “second property” 
ot the bridge. The method would be employed where only one 
galvanometer, the one whose resistance is to be determined, is 
available. The method is equally applicable for determining the 
resistance of a millivoltmeter. 

Make the connections as shown in Fig. 404. 



Ba 


Fig. 404. 


The resistance R should be chosen about equal to the resistance 
g of the galvanometer. The E.M.F. of the battery Ba will gen- 
erally be too great to be applied directly to the bridge, as the 
galvanometer will deflect off its scale. The E.M.F. may be re- 
duced to of its value in the manner indicated in Fig. 404. 

It should be so adjusted that the deflection of the galvanometer 
(or other deflection instrument having a resistance g to be deter- 
mined) remains upon the scale at all times. K is a key. It will 
be found that the deflection of the galvanometer is varied when 
^e sliding contact p is moved along the slide wire ab and the 
deflection will also vary when the key is closed, except for one 
position of the slider p. The measurement is made by finding 
this position of p where the deflection of the galvanometer remains 
unaltered when the key K is open or closed. When this position 
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is found the batten circuit and the ^ 

and then by the “ second property of the Wheatstone b g 
(§ 400) we have 


when I is the length of the bridge wire and c is the distance from 
Id a. This method, due to Lord Kelvin gives very good results 
when correctly applied. The source of E.M.F. applied to the bridge 
and the key may be interchanged when the same results lollow. 

A trial was made of the above method in measuring the resis - 
ance of a Weston millivoltmeter. The connections were made 
as in Fi“’ 404 A slide-wire meter bridge was used, the resistance 
of the slide wire being 0.1397 ohm per centimeter (a much higher 
resistance than is usual in this type of bridge). 

Ba was a storage cell. 22 was selected 10 ohms. e vaue 
found for the resistance corresponding to the 200-milhvolt scale 


l-c-p 

g =—— K 


100 - 49.1 


10.366 + ohms. 


A second trial was made in which R was again chosen 10 ohms, 
but use was made of extension coils each of 100 ohms. These 
were inserted at the ends of the bridge wire, as shown in Fig. 401a 
above. Remembering that the resistance of the bridge wire had 
been found to be 0.1397 ohm per centimeter the result obtained 
becomes * 

„ = n + h-ci „ ^ 100 4- (100 - 36) X 0 -1397^ ^ ^ 10.372 ohms. 

^ 100 “h 36 X 0.1397 


Here h = the total length of the bridge wire in centimeters mul- 
tiplied by the resistance of the wire per centimeter, and ci = the 
length in centimeters from left end of wire of sliding contact mul- 
tiplied by its resistance per centimeter. This last result differs 
from the first by about 0.06 per cent which shows that both 
methods are fairly precise. 

The method is too insensitive, as applied above, for measuring 
the high resistance of a voltmeter. 

405. Calibration of Bridge Wire. — When a slide-wire bridge 
is used and high precision is required in resistance measurements 
it is necessary to calibrate the slide wire for uniformity of resist- 
ance. A manganin wire, if carefully selected and handled, will 
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I R H t < > ■ . 

, 1 , a n < I - resistance. Nevertheless this fact should be 
» 1 * ‘ i : L.>s ^ found not to be uniform, corrections should 
,*r f t j < a manner as possible. We may make the 

J^fc>tain an expression which will give the values of 
‘ !()-'. a-pply as follows: 

iOj etc., represent ten or more resistance coils 
* ^ '2/ alike in resistance. They may have, conven- 



Fig. 405a. 


I'jHi.Ht itnoe of about 100 ohms each. The absolute resist- 
n'rti* does not need to be known and it is easy to 

uml»<‘i’ of such coils to be equal in resistance with the 
/ficnt .‘Htoiie bridge of very simple construction. One of 
tjii \\ ii'os of each spool may be shortened or lengthened 
fjtii coil matches some one taken as a standard. 

oN jir-o -wound with manganin wire the difficulty of 
K » h c t t-omperature sufficiently constant while the adjust- 
iH-injLC rriEtde is not great. 

II inn Ik of these coils, n in number and joined in series, 
tfHi f ixieans of heavy leads cp and dq to the terminals 
Kf w'iro f o be calibrated. It is assumed that this wire 
do. i i r ito divisions of known length by means of a scale 
I ship; landerneath, the wire. A cell of battery, with 
in series, is Joined to the ends of the bridge 
liuirit.K and g (not at c and d). A galvanometer has 
tai ('•on.-rtected to a traveling contact and the other 
nr ranged so that connection may be made at the 
nt-. I>ci-fcween the coils, as 1, 2, 3, etc. 


f r 


i 


1 : 


I P? 1$ 

I I* 1,1 
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Then if the contact t is at point 1 a balance of the galvanometer 
will be obtained when the sliding contact is at a distance h from 
the end of the wire, or, in general, when the contact t is at any 
point m' between the coils, a balance will be obtained when the 
sliding contact is at a distance L from the end p of the wire. As 
the coils p, p, etc., are all of equal resistance it is evident that the 
vdre becomes in this way divided up into n lengths of equal re- 
sistance. If the wire is not uniform in resistance these n lengths 
will not be equal. 

Let R = the total resistance of the wire from p to g and 
L = the total length of the wire, 

then — R will be - of the total resistance. 
n n 

If we call Wi the resistance of - of the length of the wire or, in 



general, Wn. the resistance of - of the length of the wire, we shall 
have 

/M m. 


m - 


Wm— — ^2 + 
n 

. 'm - 


or Wm='~R 


according as Fm > or < — R. Choosing the first case 

7h 


m 


m 


R. 


(1). 


m 


Here is the small difference in resistance between — of the 

length of the wire and ^ of the total resistance of the wire. 

Again, let L= the distance from end p at which a balance is 
obtained when the terminal t is between the mth coil and the 
(m + l)th coil. Then 

7 ^ T . ..7 7 '^7- \s7 

Ijn L or Zjn, L 

n n 


Choosing the first case 


SL=lr.--L. 

n 


( 2 ) 


Here expresses the difference in the lengths (at points 1, 2, 
3, etc. . . . n) whfere a balance comes on the actual wire and where 
it would come if the wire were uniform. 
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It is also evident that within an error of the second order which 
need not be considered, 

( 3 ) 

The results expressed in Eq. (2) should be plotted in a curve as 
follows: 

Divide the axis of ordinates into distances k, k, k, ■ . . h, 
corresponding to the various positions found upon the wire where 
a balance was obtained. At each of these points raise ordinates 



equal to 8li, 8k, Sk, etc., to The values of 81^ may have 

different signs and some of the ordinates may extend below the 
axis. Thru the ends of the ordinates draw a smooth curve. 
From this curve values which lie between the determined values 
of 8l„, may be taken. 

Fig. 405b shows such a curve drawn from actual observations 
made upon a manganin wire 1 meter long. This wire had been 
scraped in its middle portion for about one third of its length in 
order to exaggerate its inequality. 

We can now find an exact expression for the value of any un- 
known resistance when measured with a slide-wire bridge in which 
the calibrated wire is used. 
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In measuring the resistance X with the slide-wire bridge in thes 
manner indicated in Fig. 405c, we have 


where R is the total resistance of the wire and r the known resist- 
ance. 



FromEq. (1) 
Hence 


Y/r, = -R + tr^. 
n 

mR + ndTm 

; ______ — 

nR — (mi? -j- nSr„) 


Placing in Eq. (5) the value of dr„ given in Eq. (3) we have 
X = 


m dim 


7 % 

n — (m -h him) 


( 5 ) 


(b) 


Since n and L occur as a ratio we can express them in any units 
we choose provided the same units are used for each. Take 
L = 1000, corresponding to 1000 millimeters for a slide wire 
1 meter long, and taken equal 1000. • Then 


X = 


m “k 


1000 - (m -f dim) 


r. 


( 7 ) 


To use Eq. (7) proceed as follows; 

Obtain a balance of the bridge by sliding the contact p along the 
wire. Note the distance in millimeters (or in divisions equal to 
of the length of the wire, if this is not 1 meter long) from 
the left-hand end of the wire to the point of balance. This dis- 
tance will be m. From the curve find the value of dl^ which 
corresponds to m scale divisions (to millimeters in the case of a 
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result value to the reading m, and call the 

^ = (8) 


r in 
! ohms 

m in 

millimeters 

5 U 

m + SU 

X, 

measured 

true value 

25 1 
100 
200 
300 

790 8 

507 1 
.348.2 

261 5 

-h 8.95 
- 7.00 
-14.80 
-11.70 

1 799.75 1 

500.10 

333.40 

249.80 

09. S4 . 
100.04 
100.03 
99.89 

100 

100 

100 

100 


The quantity be taken from the table (Appendix 

I, 1) as in othsr cases. If a calibration of a slide wire is made 
care u y in us way and used, a slide-wire bridge may become 
an accurate device for measuring resistance. 

A trial was made of the application of this correction. The 
wire used was the same one for which the calibration curve is 
Jown plotted in Pig. 405b. The known resistance r was given 
different values and a resistance was measured using the con- 
nections shown in Fig. 405c. The values obtained for X were 
calculated by Eq. (7) and are exhibited below. 


-0 16 
-bO 04 
-t-0 0.3 
- 0.11 


The failure to get higher precision resulted from the crudeness 
of the apparatus. This consisted of a wire stretched upon a 
wooden meter stick with no provision for the sliding contact other 
than the blade of a knife held in the band. 

406 . The “Kelvin-Vaxley Slides.” -This is a device whereby 
the slide wire of a slide-wire bridge may be replaced with sets of 
resistance cods. The latter are so disposed that without an 

excessive number of coils the ratio may be obtained 

and a be varied in steps as small as desired. This device con- 
nected m a Wheatstone-bridge network is represented in Fig. 406. 
In the arrangement .shown there are in row 1, 11 coils each of 
resistanee_ r. Spanning always two coils are the two ’contacts 
VuVx, which may be moved together over the studs or blocks to 
which the coil terminals are joined. In row 2 there are also 

11 coils, each of resistance and two traveling contacts -p^, 
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which always span two coils of this row. In row 3 there are 

10 coils, each of resistance ^ and one traveling contact p. 

Now, it is evident, if the resistance from contact pi to pi of 
all below these contacts is equal to 2 r, that two coils of row 1 
are always shunted with a resistance equal to these two coils. 
Thus the resistance from pi to pi, when the contacts bear upon 



the studs, will be r. There will be thus* in row 1 ten equal 
resistances, each of value r. Similarly, if the resistance from 

2 T 

contact p2 to p2 of all below these contacts is then there will 

be ten resistances in row 2, each equal to Lastly, in order that 

2 r ' 

the total resistance of the 10 coils of row 3 shall equal , each 

T 

of the 10 coils must have a resistance With this arrangement 

ZD 

the total resistance from c to d will be 10 r ohms. The value 
of the reading a will now be given by the positions occupied by 
the left-hand contacts. With the positions shown in the figure 

the reading is a = 375 and the ratio becomes 

® 1000 — a 

375 

-T^^r^r 37:^ = 0.6000 (see table, Appendix I, 1). 

1000 — 375 

The same principle of subdivision may be indefinitely extended 
to read in steps as small as desired. The one represented in the 


Art 406] THE WHEATSTONE-BRIDGE NETWORK 77 

diagram reads to 1 part in 1000. The Kelvin-Varley slides is a 
device equivalent to a long slide wire. It may be given any 
accuracy of adjustment desired. The cost of the mechanical 
construction required and the many coils which must be adjusted 
have limited the use of this otherwise excellent arrangement 




CHAPTER V. 


WHEATSTONE-BRIDGE METHODS. VARIABLE RHEO- 
STAT. ARRANGEMENTS OF RESISTANCES. 

PER CENT BRIDGE. SUGGESTIONS 
FOR USING BRIDGE. 

500. Wheatstone-bridge Methods with Variable Rheostat. — 

To carry out these methods, arrangements are provided for 
setting the ratio arms to a chosen fixed ratio, and for varying the 
resistance in the rheostat arm until a balance is obtained. p 

Ba 



To change the setting of the ratio and to change the resistance 
in the rheostat involves, by all ordinary methods, contact resist- 
ances in at least two arms of the bridge. This is a possible 
source of error which will be better understood from a consider- 
ation of Fig, 500. 

In this figure let a and h represent the two ratio arms, R the 
rheostat and X the resistance to be determined. To change the 
ratio a. to h (in bridges of ordinary construction) it is necessary 
to change the value of at least one of these resistances. This 
may be accomplished by moving a point of -contact, as >&, to 
different positions along the arm 2 to 3. But there will be some 
contact resistance, however good the construction, at the point pb- 

78 


■ 
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Call this contact resistance db. Likewise to change the value 

tion at least one movable contact, as which will have some 
contact resistance which we may call 5i2. 

The equation of balance of the bridge, then, becomes 

a _Ji + S2i 
b+Sb X ’ 

nr y - (j + Sb) (H -f SE) 


b I bS li Jisb 

a a ' ( 2 ) 

The last term of Eq. (2) represents a necessary error in estimating 
° _> ■which IS due solely to contact resistances in two 

arms of the bridge. In the special type of construction described 
contact resistance db is done away with by 
shifting the galvanometer terminal to different positions along a 
or 6, these being soldered together at joint 2. The error which 

relathr^'“' right-hand member of the 

X = ^R + ^SR, ^ 3 ^ 

This source of. error should be reduced to a minimum by a 
proper mechanical construction of the rheostat. To accomplish 
this and at the same time make a rheostat which may be con- 
veniently varied in small steps thru a wide range has given oppor- 
tunity for a wide variety in design. The resistance coils or units 
may be arranged in numerous ways and the mechanical construc- 
lon tor putting various resistance values in circuit may be greatly 
vaned. Both brass blocks, to be connected by plugs, and brushes 
which can be moved over studs arranged in the arc of a circle 
called a dial, are extensively used. We shall now describe the 
various methods of arranging the coils, but will omit a description 
01 mechanical constructions. 

SOI. Arrangements of Resistances in Wheatstone-bridge 
Rheostats — This subject was discussed by the author in an 
article published in the Electrical Review, June and July, 1903, 
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and much of what follows under this heading and the next is 

take from that publication: , . , -l. j. + 

The fundamental purpose of a Wheatstone-bndge rheostat, 
whether employing plugs and blocks or dials and sliding con ac s, 
i, to provide means of obtaining the largest possible nuniber of 
values from the fewest possible number of accurately adjusted 
resistance units and to do this without introducing into the circuit 

objectionable contact resistances. 

Where the number of coils is made greater than the least number 
required theoretically, it is done to give some convenience of 
working or to increase the ease or simplicity with which the values 

are added up. _ • u • u 

The theoretical combinations of resistance coils which are 
possible are given by the following relations; If there are n coils 
these can be joined in various combinations, in series, or in parallel, 
or in parallel and series or again in mixed arrangements. The total 
number of combinations that can be formed, using the coils singly 
and by joining them in series combinations, is 

r = 2” - 1. (1) 

The same total number of combinations can be formed if the coils 
are taken singly and joined in all parallel combinations, but since 
the coils used singly are the same for both arrangements, we 
have as the total number of combinations possible for n coils used 
singly and joined in series and in parallel combinations 


iV=2’'-l-n+2’*-l or iV = 2"+^ - (n + 2). 




We will not, in general, by combining coils in all these ways, obtain 
as many different values of resistance as there are combinations 
of coils, for many of the combinations of coils give the same re- 
sistance values even tho the resistance of each coil be different. 
Thus, the much-used set of coils, of 1, 2, 3, 4 ohms, respectively, 
can be joined in series in T = 2^ — 1 = 15 different ways, but 
in 5 cases the same values of resistance are repeated, giving but 
10 different values of resistance for this series of coils. The total 
number of different values of resistance which can be obtained 
from a ^ven number of coils becomes in any particular case a 
complex problem, if the number of coils be large. 

If coils are arranged in all possible ways, we can get from 2 coils 
4 arrangements, from 3 coils 17 arrangements and from 4 coils 
106 arrangements. Thus it is often possible, when only a few 
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standards ^of resistance are at hand, to obtain, nevertheless a 
large variety of values. a 

502. Rheostat Coils; Classical Arrangemeats. ~ To arranp-P 
resistances in combinations so a series of values can be quickfv 
and easily added up has led to the employment of at least five 
methods, tho only three of these are now in common use 
_ Siemens’ Flan. - The first plan is due to Siemens and consists 
m joining a series of coils between blocks, the coils havine thp 
values 1, 2, 4, 8, 16, 32, etc. ^ 

Resistance is arown in circuit by removing plugs from between 
the blocks. This plan employs the smallest possible number of 
coils for attaining a given range of values, but, as the summinv 
up of the values is not an easy matter, this method is now 

ODSOjl6X0t 

^ The 1 , 2, 3, Jf. Plan. By this plan all values from 1 to 10 ohms 
in steps of 1 ohm, are obtained by the coils 1, 2, 3, 4- all value? 

^ 10- 20 
30, 40; all values from 100 to 1000 ohms in steps of lOO ohms hv 

the coils 100, 200, 300, 400. By this arrangement of coils there 
must be as inany plugs as coils, the required values being obtained 
by withdrawing plugs. As many plugs will be withdrawn as there 
are coils in the circuit. 

^ The 1, 3, i, 6 Plan. — This arrangement of coils is used in pre- 
cisely the same way as the one above. Most resistance boxes in 
which plugs are removed to throw resistance in the circuit are 
based ou one or other of these two plans. 

The 1 , 1 , 3 , S Plan. — l, 1, 3, 5; 10, 10, 30, SO; etc., will give ten 
consecutive values in each unit’s place, like the two above. This 
arrangement, so far as the author knows, has not been used inany 
resistance boxes placed upon the market. 

There are no other four numbers which add up to ten which 
will give ten consecutive values. 

The Decade Plan. In this arrangement, as ordinarily applied 
there are 9 or 10 one-ohm coils for the units’ place, 9 or 10 ten-ohrn 
coils for the tens’ place, 9 or 10 one-hundred-ohm coils for the 
hundreds’ place, and so on. Each series of coils of the same value 
is designated a decade. The connections as usually made are as 
shown in Fig. 502. ’ 

It is apparent from this diagram that any value in any one 
decade can be obtained by inserting between a bar and a block 
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one 'ind only one, plug. It also appears that if several cl(K'.a<l(-.s 
°e'i« st ™L up to the limit of the set cuu be rou. oil 

Meetly from the positiou of the pluge, without any atWrt.o,. 

whatever. 



I 3 MUlMh 


9 10 


vm vym ymi ..... ..... . - 

IQ 10 10 10 10 10 10 10 


Units 

Yllflf? 


Fig. 502. 


9 I 10 


It is evident that in the first four plans the values of resistance 
required are obtained by withdrawing plugs which must bo laid 
aside, with liability of being lost, and one must make surc^ tluit 
all the remaining plugs are well seated so as not to introduce 
unknown contact resistances. Furthermore, as many plugs must 
be employed as there are resistance units and to obtain any given 
value may require the manipulation of a large number of plugs. 
In the decade plan, upon the other hand, there is but one j)lug 
used to a decade and this is always in service and hence not readily 
mislaid. The use of only one plug to the decade makes it <;asy 
to ascertain that this is tightly fitted in its place. When the value 
is finally obtained, by manipulating only the one plug to the d(ica(,lo, 
this value is readily read off without any mental summing up of 
values. Again the decade plan alone permits of obtaining a suc- 
cession of values by means of sliding contacts or dial switches, a 
method which is becoming deservedly more appreciated. 

These and other obvious advantages of the decade plan are in 
part oSset by the necessity, if^ the decades are arranged as in 
Fig. 502, of using a larger number of resistance units than is 
required by the previous plans. 

503 . Northrup’sFour-coil Arrangement. — An arrangement of 
coils has been devised by the author which secures to the decade 
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plan the further advantage of requiring no more coils than the 
1 ^ ^ plans. This arrangement may be ex- 

p ained as follows: Let the terminals of the 1 ohm and 2 ohm coils 
rri yyts of union of the other coils be numbered (1) (2)’ 

tn’ Fig. 503a. The current enters at point 

t j and leaves the coils at point (5), traversing 1, 3'/ 3 2 = q 
ohms in an. If this series is multiplied by any factor n, then 
t +3 -f3 + 2) = «9 ohms. It will be seen that if the 


0>r 0 



3 


C6>^ 4 


KD 5 


C3) 6 


C4V 7 


Fig. S03a. 


O O 9 

Fig. 503b. 


points (1) and (5) are connected, all the coils are short-circuited 
and the current will traverse zero resistance. If the points fo) 
and (5) are connected, the 3', 3 and 2 ohm coils will be short- 
circuited and the current will traverse 1 ohm. By extending the 
process so that we connect two, and only two, points at a time 
It IS possible to obtain the regular succession of values n (0 1 2 ’ 
, 4, 5, 6, 7, 8, 9), the last value being obtained when no points 
comected. The Mowmg teble the pointe 
be coniMted to obt«m each of the above values and the coils 
which will be in circuit for giving each value: 
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Value 

Points connected 

0 

(5-1) 

1 

(2-5) 

2 

(4-1) 

3 

(2-4) 

4 

(3-5) 

5 

(1-3) 

6 

(2-3) 

7 

(5-4) 

8 

(1-2) 

9 

(0) 


Coils used 


0 

1 

2 

1 , 

1 , 

3, 


1, 3, 
1, 3, 
3', 3, 


1, 3', 3, 2 


Fig. 503b shows the method of connecting these points two at 
a time, with the use of a single plug. 

The circles in the diagram represent two rows of ten brass 
blocks each. To the first two blocks at the top of the rows, the 
points 5 and 1 are connected, to the second two the points 2 and 
5 are connected, and so on, no points being connected at the last 
pair of blocks. It is evident that if a plug be inserted between 
the blocks I and 5, the points I and 5 are connected, giving the 
value 0; if between the blocks 2 and 5, the points 2 and 5 arc con- 
nected, giving the value 1, and so on. The value 9 is obtained 
when the plug is disposed of by being inserted in the last pair of 
blocks which have no connections. 

The only combinations of four coils which will give the dec- 
ade in the above manner are the coils n (1, 3, 2', 2), n (1, 1', 4, 3) 
and n (1, 3, 3', 2) where n may have any value. 

The above method of obtaining the decade with only four coils, 
as well as the ordinary decade arrangement, can be applied to a 
dial or sliding brush construction. To accomplish -this, 20 studs, 
or ten pairs, are arranged in a circle. To make the required con- 
nections, the pairs of studs at opposite ends of a diameter of the 
circle must be successively joined together. This can be done 
by rotating, with a handle at the center of the circle, a single 
connecting bar or brush which will join successively pairs of studs 
to ©ve the values 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. The 20 studs are fas- 
tened to the top surface of a hard rubber plate and there extends 
down from each stud thru the plate a shaft slightly longer than 
a resistance-unit or spool. On four of these shafts (beneath the 
rubber plate) four resistance spools are mounted — the resistance 
values of these spools for a units’ dial being 1, 2, 3, 3' ohms; for a 
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tens dial 10, 20, 30, 30' olims; for a hundreds’ dial 100, 200 300 
300' ohms, etc. The ends of the wire of the spools are joined’ 
one to the end of the shaft on -which a spool is mounted and 
one to the end of an adjacent shaft. The ends of other shafts 
are cross-connected in the manner shown in Fig. 503e. This 
gives a vie-w of the connections as seen from underneath the 



Pig. 503c. 


rubber plate. The circles in full line represent ends of resistance 
spools. The circles in dotted line represent the brass studs 
upon the upper side of the rubber plate. The larger circle in 
dotted line represents a handle at the center of the circle of studs 
located above the upper side of the plate. The bar or brush 
shown in dotted line connects one pair of studs after another as 
the handle is turned. The resistance value bet-ween the points 
A and B with the bar in the position shown in Fig. 503c is 5 ohms. 

Among other advantages of this method of arranging four 
resistance units to give the decade in dial form may be men- 
tioned the following; The traveling bar or brush contact can be 
rotated continuously in either direction, as there are no electric 
connections made to it. Hence, one can pass directly from the 
value 0_to 9 by turning back one stud. The construction is very 
eeonomical and there are only four coils in place of nine to put 
and keep m accurate adjustment. It is easy to construct the 
traveling bar of a number of thin copper leaves, which make a 
right angle turn at each end, so as to give an end bearing of many 
copper leaves upon the faces of the brass studs, thus securing a 
certain and low-resistance contact with the studs. The disad- 
vantages are slight, one being that 20 instead of 10 studs, as in 
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the ordinary arrangement of coils, are required Also, at those 
times where the contact, in passing from one stud to the next 
o“s both together, the resistance value is not that of the stud 
touched which reads the lower value, but is some odd value of 
rStance. Hence, in using the dials the battery or gafyanometer 
key should be open while the dial is being turned This objec- 
tion has no weight in Wheatstone-bridge work but it has some 
weight in certain classes of work where it is desirable to follow 
rapidly changing resistances with the battery and galvanometer 

On the whole this type of dial construction, used in an ordinary 
Wheatstone bridge, is economical, accurate, and highly satis- 
factory in service. ^ * +1, 4. 

504- Five-coil Combinations. — The author pointed out that 
by using five coils the decade, 0 to 9 inclusive, can be obtained in 
a manner similar to that used for obtaining the decade with four 
f'nils- ns described above, from the values, 


n (1, 1, 2, 2, 3), 

n (1,2, 2,2,2), 

and ^ (1) 

Also that eleven values, namely 0 to 10 inclusive, may be obtained 
from the following arrangements of five coils: 

■n(l,2, 3, 2, 2), 
n(l, 5, 1, 1,2), 
n(l,3, 1, 3, 2), 
n(l, 1, 1, 3, 4), 
n (1, 1, 1, 4, 3), 
n(l, 1,4, 1,3), 
n(l, 3, 1,3,2), 
n(l, 2, 1,4,2). 


It was further pointed out that by traveling a single contact, 
in the manner used with the four-coil arrangement, the general 
method may be indefinitely extended. Any number of successive- 
values may be obtained with the use of many less coils than the 
values obtainable. Thus from the seven coils, 

71 (1, 1, 3,1,3, 3,2), 

we can get fifteen consecutive values inclusive of 0. It was also 
* Electrical Review, July 18, 1903, Vol. 43, page 75. 



Art. 507] 


WHEATSTONE-BRIDGE METHODS 


87 


pointed out that in the above methods a sliding contact or a dial 
switch may be used in place of a plug for making the connections. 
SOS- Decade System of Feussner. — In Fig. 505 is shown a 


5 



disposition (credited to M. Feussner) of blocks and resistance 
units, whereby the values 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 may be obtained 
by using five coils and only one ^ 
traveling plug. The resistance 
units used are n (1, 1, 1, 1, 5) 
where n has values 1, 10, 100, 

1000, etc. An examination of the 
figure makes the system easy to 
understand. The four-coil decade 
being still better, this method is 
not likely to be much used in this 
country. 

506. Decade System of Irving 
Smith. — In Fig. 506 is shown a 
disposition of 5 coils consisting of 

(1, 2, 2, 2, 2) where n has 
values 1, 10, 100, 1000, etc., 

whereby the decade may be ob- 
tained by traveling a single plug. 

The system is easily understood 
from an examination of the figure. 

Mr. Smith has used this system with a dial construction to which 
it is well adapted. 

507. Multiple Arrangements. — If it be required to obtain a 
very low contact resistance of the plugs, to enable the last decade 
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row to be varied with some precision in steps of 0.01 ohm or even 
0 001 ohm, then a multiple arrangement of coils may be employed 
with advantage. The principle whereby regularly increasing 
values of resistance are obtained by joining coils in multiple is 
given in Fig. 507. 



Fig. 507. 


It may easily be shown that when ten coils have values u (2, 6, 
12 20, 30, 42, 56, 72, 90, 10) ohms, where n has any value, their 
resistance when all are joined in multiple is u ohms. Also the 
nine coils n (6, 12, 20, 30, 42, 56, 72, 90, 10) have the resistance 

2 u ohms when joined in multiple, the eight coils u (12, 20, 30, 42, 
56, 72, 90, 10) the resistance 3 n ohms, the seven coils n (20, 30, 
42 ', 50 ', 72, 90, 10) the resistance 4 n ohms, etc., to n (10) which 
has the r^istance 10 n ohms. Thus, with ten coils arranged as 
in the figure and having the above values, all values in steps of 
n (1) ohms from 0 to 10 n ohms may be obtained. Thus, referring 
to the figure, if the plugs 0, 1, 2, 3, . . . 10 are all in, the resist- 
ance from a to 6 is 0 ohm, if 1, 2, 3, . . . 10 are all in, the resist- 
ance is 1 ohm. If plugs 0, 1, 2 are removed, the resistance is 

3 ohms, etc., that is, the resistance obtained between a and b will 
always be that which is stamped opposite the last plug toward 
the left, which is not removed. Since the current passes thru all 
the plugs not removed, in parallel, the contact resistance is greatly 
reduced and this contact resistance decreases as the resistance 
value plugged decreases. 

This method is an excellent arrangement when it is required 
to obtain ten regularly ascending values of very low resistance, 
as, for example, 0.001, 0.002, 0.003 . . . 0.01 ohm. Greater pre- 
cision of adjustment can be gotten and maintained by this parallel 
arrangement of coils, of relatively high resistances, than from coils 
arranged in series. 

If the entire rheostat is based upon this principle and has several 
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decades it would only be required to have the values run from 
0 to 9 n ohms in the decades, except the one of lowest denomina- 
tion. For obtaining the succession of values from 0 to 9 ohms 
the coils so joined in parallel are n (2, 6, 12, 20, 30, 42, 56, 
72, 9) ohms. This decade plan is deserving of more attention 
than it has received, for excellent results may be obtained for 
accurately varying resistance in steps as low as 0.001 ohm. 

The above described selections and dispositions of resistance 
units for Wheatstone-bridge rheostats comprehend those known 
which are of interest. We shall describe now the methods in use 
for arranging the resistances in the ratio arms of a bridge. 

508. Arrangements of Resistances for the Ratio Arms of 
Wheatstone Bridges. — The most simple disposition of ratio 


1000 100 10 1 1 10 100 1000 



coils, and one which is found in most inexpensive Wheatstone- 
bridge boxes, made for laboratories and, the use of students, is 
shown in Fig. 508a. The required ratio, as 10 to 100, is obtained 
by withdrawing a plug from each of the arms A and B. The con- 
tact resistance of the remaining plugs in each arm enters into the 
ratio and there is no provision made for reversing the two arms. 

In Fig. 508b is shown how connections and plugs may be dis- 
posed so that the ratio arms may be reversed. 

This is the classical arrangement which is used in the so-called 
English Post Office^' bridge. By changing two plugs from 
holes 1, 2, to holes 3, 4, the positive pole of the battery is joined 
to the end of A and the negative pole to the end of B or vice 
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versa. By so reversing the ratio arms and twice balancing the 
bridge and then taking the mean value of X to be the true value, 
any errors of adjustment in the ratio coils is eliminated whcu 
unity ratio is used. However, it is always desirable so to choose 
the values in the ratio arms that a large portion of the rheostat 
will be required for getting a balance, and it is only when the 
ratio is unity that this can be done with the ratio coils used both 
direct and reversed. This requirement limits the usefulness of 
reversible ratio arms to those cases where unity ratio may be 
used. Thus, suppose the capacity of the rheostat is 10,000 ohms, 
and may be varied in steps of 1 ohm. To set the bridge to an 
accuracy of 0.1 of 1 per cent would require that at least 1000 ohms 



of the rheostat be brought into service. If a resistance of 900 
ohms is to be measured, a ratio of 10 to 1, with the ratio arms 
direct, would utilize 9000 ohms of the rheostat, but when the ratio 
arms are reversed only 90 ohms of the rheostat could be utilized, 
which would necessitate a setting that might be less accurate than 
0.5 of 1 per cent. In such a case one would either have to aban- 
don the advantage of reversible ratio arms and set the ratio 10 
to 1, or use unity ratio and reverse the ratio arms, in which case 
the rheostat setting would be 900 ohms, which, being variable 
in steps of 1 ohm, would permit settings to 1 part in 900. The 
advantage, then, of reversible ratio arms is chiefly confined to the 
measurement of resistances of the same order of magnitude but 
smaller than the total resistance of the rheostat. When the 
instrument maker can be trusted to accurately adjust the ratio 
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coils in a Wheatstone bridge the reversible feature is scarcely 
worth its extra cost as applied to the Post Office type of 
bridge. 

509. Schdne’s Arrangement of Ratio Arms. — This very 
superior disposition of ratio coils was described by 0. Schone, 
in '‘Zeitschrift fiir Instrumentenkunde/' May, 

1898. It is now extensively used in America and 
by its superiority deserves to supersede all other 
arrangements of resistances for reversible ratio arms. 

According to this arrangement ail the ratio coils 
have one of their terminals joined to a common 
bar connector which corresponds to the block 
marked C of Fig. 508a. The other terminal of 
each coil is joined to a separate block. The scheme 
is given in Fig. 509. 

The bar A on one side of these blocks is joined 
to the rheostat Rj and the bar P, on the other side, 
to an X post. 

In the ordinary use of this arrangement two plugs 
only are used. One plug is inserted between the 
bar A and one of the blocks 1, 1', 10, 10', etc., of 
the central row, and the other plug is inserted be- 
tween the bar B and any one of the blocks of the 
central row, except the one which the other plug 
joins to bar A. 

The construction generally embodies two ratio coils of each 
value. Referring to Fig, 509, if one wishes to obtain a unity 
ratio, as 1000 to 1000', one plug would be inserted between the 
block 1000 and the bar A , and the other plug between the block 
1000 and the bar B. This disposition of the plugs joins the end 
of the 1000 ohm coil to the rheostat and the end of the 1000' ohm 
coil to the X post. If, now, one plug is inserted between the 
1000' block and bar A, and another plug between the 1000 block 
and bar R, the ratio arms become reversed; that is, the 1000' ohm 
coil is joined to the rheostat, and the 1000 ohm coil to the X 
post. 

When uneven ratios are used the same ratio can be obtained by 
four different combinations. If we wish to obtain the ratio 1 to 
10, we can plug between A and 1 and B and 10 and get 1 to 10, 
or between A and 1' and B and 10 and get 1' to 10, or between 



Fig. 509. 
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A and 1 and B and 10' and get 1 to 10', or between A and 1' 
and B and 10' and get 1' to 10'. 

To obtain the reciprocal set of ratios, like the above, we would 
plug A and 10, B and 1, and get 10 to 1; T and 10', .B and 1, 
and get 10' to 1; A and 10, B and 1', and get 10 to 1 ; A and 10 , 

B and 1', and get 10' to 1'. _ 

By using more than two plugs and connecting certain ot the 

coils in parallel combinations, a large number of other ratios may 
be obtained. For example, we can plug between A and 100 and 
A and 100', and between B and 1000 and get the ratio 50 to 1000, 
or we can plug between A and 1000 and A and 1000' and between 

B and 100 and get the ratio 500 to 100. 

With this arrangement of ratio coils it is seen that errors due 
to plug contacts become practically nil, because 
contacts enter the circuit, while with even ratios it is only e 
difference in the resistance of the two plug contacts which attects 

the results. , , j. 

510 . Nonreversible Ratio Arms Adjustable without Contact 

Resistances. — A very excellent arrangement of variable, but 



Fig. 610. 


nonreversible ratio arms, which involves no contact resistances 
in the ratio arms, is shown in Fig. 510. The ratio values may be 
varied by moving a brush contact, which is joined to the battery, 

over studs as indicated in the figure. 

To calculate the odd values required for ratio coils the solution 

must be found for equations of the form. 
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a 1 

6 + c + d + e+/ lOO’ 
a + b ^ 
c + d + e+/~10’ 
a b c _ 
d + e+f~^’ 
a + b + c + d _ 
e+f 

^+i + c + d + e _ 

In the case selected we have five equations and six unknowns, 
hence some one oi the quantities, as a, must be assumed as known. 
If we choose a = 1 ohm, then the solution of the above equations 
gives 

a = l, 6 = 8.1818, c = 41.3182, d = 41.3182, e= 8.1818, / = 1. 

We note that a = /, 6 = 6, and c = d, and therefore there are but 
two odd values of resistance to adjust to give the five different 
ratio settings, 100, 10, 1, 0.1, 0.01. 

The method may be indefinitely extended and is an excellent 
arrangement to use with bridges in which the rheostat values are 
varied by means of dials and sliding-brush contacts, for then all 
resistance changes in the box can be effected with dials and no 
plugs are required. By this arrangement the ratio arms, being 
free from contact resistances, give ratios just as accurately as the 
coils are adjusted. 

51 1. Wheatstone Bridge Arranged for Reading in Per Cent. — 

It frequently happens that the problem of very rapidly measuring 
a large number of resistance units of even values as 1, 10, 100 
ohms, etc., is presented. Instrument makers have this to do in 
checking up the precision of the coils in resistance boxes. In such 
cases it is of little interest to know the absolute number of ohms 
by which any coil is in error, the important question being what is 
the per cent accuracy of any coil. 

To meet the above requirements of a Wheatstone bridge, the 
author devised the method and connections given below in Fig. 511. 
Bridges were constructed, embodying the connections of Fig. 511 
and placed in continuous service, which would give by a direct 
reading the per cent value of any coil being measured in terms 
of the standard employed. The readings of the last of the four 
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dials used were in steps of 0.001 of 1 per cent, and the range of 
the bridge was from 95 per cent to lOO per cent of the standard. 

As a method may be applied for eliminating the lead resistances, 
the per cent bridge may be used advantageously for resistances from 
1 ohm up, with errors not exceeding 0.001 of 1 per cent. 

The diagram. Fig. 511, is practically self-explanatory. 



To use this method, one first connects the lead wires together, 
which go to the coil to be measured. All the bridge dials are set 
so as to read an even 100 per cent. Then the lead wires which 
go to the standard resistance are also joined together at the ends 
which connect to the standard, and they are varied in length until 
the galvanometer shows a balance. This means that the lead 
resistances to the X coil are equal to the lead resistances to the 
standard coil, and as the X coil is never very greatly different in 
value from the standard, the lead resistances eliminate. 

The bridge requires for its practical use a complete set of re- 
sistance standards, against which to match the resistance coils to 
be measured. 

This form of the Wheatstone bridge is of great value to the 
instrument maker who has many coils to measure with both 
rapidity and precision. 

$12. Remarks upon the Use of the Wheatstone Bridge. In 

arranging to use a Wheatstone bridge with accuracy, speed, and 
convenience, one should select with care a suitable galvanometer 
or other detector for indicating when the bridge is balanced. In 
addition to its greater sensibility a galvanometer is more ad- 
vantageous than detectors of the telephone type, in that the deflec- 
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tions are to the right or to the left, according as the rheostat adjust- 
ment is higher or lower than the setting required for a balance; 
whereas with the telephone the sound increases equally and with- 
out distinction for a departure from the setting of the rheostat in 
either direction from that which gives a true balance. Further- 
more, when a telephone is used, the current through the bridge arms 
must be made variable to cause a sound in the telephone, and 
correct values of resistance will only be obtained by meeting the 
condition, not always possible of fulfillment, that the four arms 
of the bridge are without appreciable capacity or inductance. 
These considerations practically necessitate, for the general use 
of the Wheatstone bridge, the employment of a galvanometer as 
the instrument to show when the bridge is balanced. 

The variety and the types of bridges and the methods of their 
employment are so great that no general rules can be laid dowm 
as to what kind of galvanometer will best serve the purpose. How- 
ever, a few general considerations may be mentioned. Except for 
special requirements, a mirror galvanometer of the D'Arsonval 
type, having a resistance of from 100 to 500 ohms, will be found 
convenient, and will have ample sensibility if it will show a deflec- 
tion of one division on a scale 1000 divisions from the mirror with a 
current of 0.005 microampere. The galvanometer should be just 
aperiodic to save time in waiting for the deflections to return to 
zero and increased satisfaction will be found in working in pro- 
portion as the period of the galvanometer is made shorter. A 
galvanometer of the D^Arsonval type having a period of three 
seconds, a resistance of 200 ohms and a sensibility of 200 megohms, 
can easily be constructed and will admirably meet nearly all the 
requirements of Wheatstone-bridge work of high precision. It 
should be recalled that a galvanometer sensibility is expressed in 
megohms when, with the scale at 1000 scale divisions from the 
mirror, the sensibility Sm is the number of megohms which must 
be in the galvanometer circuit, so that, with an E.M.F. of 1 volt 
in the circuit, there will result a deflection of one scale division. 
One should distinguish sensibility from figure of merit ” which 
is defined by the equation 

jp _ ^rn ^ 

TWr^ 

* See par. 1504, Eq. (11), also article by Edwin F. Northrop in the Journal 
of the Franklin Institute, Oct., 1910, entitled '‘ The Comparison of Galvanom- 
eters and a New Type of Flat-coil Galvanometer.’ ' 
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where T is the xindamped complete period of the galvanometer 
and R the resistance of its coil. 

For most uses of the slide-wire Wheatstone bridge and other 
types in which the coils are adjusted to an accuracy of not better 
than 0.05 of 1 per cent, it is unnecessary to use a reflecting type 
of galvanometer, with either telescope and scale or lamp and 
scale. A small pointer galvanometer, of 100 or 200 ohms 
resistance, having a sensibility such that with 1 volt and 
250,000 ohms in circuit the pointer will deflect 1 millimeter on 
its scale, will be found amply sensitive and very convenient to 
use. 

The relative positions of the battery and the galvanometer m 
the Wheatstone-bridge circuits should be chosen to meet the 
condition that the terminals of the galvanometer shall connect 
such junction points of the four arms of the bridge as will make 
as nearly as possible the resistance external to the galvanometer 
equal to the resistance of the galvanometer itself. For example, 
if the resistance X is 10 ohms, and the ratio arms are made 100 
ohms to 1 ohm, the terminals of the galvanometer, if this has a 
resistance of 100 ohms or more, should be connected, one to the 
junction point of the 100 with the 1000 ohms coil of the rheostat, 
and the other to the junction point of the 1 with the 10 ohms coil. 
Maxwell gives, in his “Electricity and Magnetism,” Vol. I, par. 
348, the following rule; “Of the two resistances, that of the bat- 
tery and that of the galvanometer, connect the greater resistance so 
as to join the two greatest to the two least of the four resistances.” 
In modern practice, one generally uses a battery of 4 or 6 volts, and 
then reduces the current in the bridge circuit to a suitable value 
by the use of a resistance in series with the battery, and the posi- 
tion occupied by the galvanometer should be chosen with refer- 
ence to its own resistance only, as compared with the resistances 
of the bridge arms. The object to be obtained is that the circuit 
external to the galvanometer should be as nearly as possible that 
of the galvanometer itself, without regard to the battery resistance. 
Hence the rule at the beginning of the paragraph. The object for 
this choice of position of the galvanometer is to give the arrange- 
ment the maximum sensibility, but, with the current-carrying 
capacity of the manganin coils now in use, of practically zero 
temperature coefficient, and with the high sensibility of easily 
obtainable galvanometers, the sensibility is generally adequate 
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however the position of the galvanometer is chosen, and the im- 
portance of fulfilling the above conditions is slight. 

The safe watt capacity of the coils of a Wheatstone bridge will 
vary from one-quarter to four watts per coil according to its con- 
struction. If this watt capacity of a coil is greatly exceeded the 
coil may be heated to a point where the resistance is permanently 
changed, even though the insulation is not charred. It should 
always be remembered that the watt load put on any coil in a 
bridge is equal to the square of the potential applied at its ter- 
minals divided by its resistance, and that, as a rule, this quantity 
should never exceed 1 watt. Unless one should forget and make 
connections which would bring an excessive voltage at the ter- 
minals of a coil, it is always well in order to avoid this danger to 
keep an external resistance in circuit with the battery. This will 
limit, for any connections of the bridge, the flow of current to a 
safe amount. 

Even though the rheostat of a bridge is incapable of being varied 
by very small steps, one can measure resistances with exactness 
by making use of the deflections of the galvanometer after a 
balance has been obtained within an adjustment of the smallest 
step of the rheostat. The procedure is as follows: The current 
furnished by the battery being assumed constant and the deflec- 
tions of the galvanometer proportional to the current through it, 
one takes note of the permanent deflection of the galvanometer 
when the resistance of the rheostat required for a balance is set 
too small, in a final adjustment, by the smallest step in the rheo- 
stat. Call R this resistance and d the deflection. Then increase 
the resistance of the rheostat by one of its smallest steps, say one 
ohm, and observe the deflection then obtained which will be in 
the opposite direction to the one previously obtained. Call this 
deflection d\ The true value of X will then be given by the 



where a and b are the resistances in the ratio arms, and s the 
value in ohms of the smallest step in the rheostat. 

When the resistance to be measured is wholly unknown one 
should proceed, in seeking a balance, in a systematic manner. To 
avoid violent deflections of the galvanometer this may be tempo- 
rarily shunted with a low resistance, which shunt is removed when 
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a balance is nearly obtained. It is well to start with unity ratio 
and with zero resistance, in the rheostat. A quick tap of the key 
will cause a moderate deflection of the' shunted galvanometer in 
one direction. 1000 ohms may now be put in the rheostat and 
the key be again tapped. A deflection in the opposite direction 
will now indicate that the resistance lies between 0 and 1000 ohms. 
500 ohms should now be plugged in the rheostat and, if the deflec- 
tion is like the first one when the key is tapped, the resistance is 
known to lie between 500 and 1000 ohms. 

By proceeding in this manner the resistance is narrowed down, 
with only a few trials, very close to its actual value. One should 
now choose the value of the ratio so that in obtaining a final 
balance the largest possible portion of the rheostat is brought into 
service. The final balancing is made with the shunt removed 
from the galvanometer and the procedure to be followed is pre- 
cisely that adopted for weighing with a delicate balance. With 
a galvanometer in which the coil is visible the preliminary balanc- 
ing is usually effected by directly observing the movements of the 
coil. In the final adjustments only is it necessary to observe the 
movements of the coil by looking thru the telescope, or by ob- 
serving the spot of light on the scale. 

No definite limitations can be laid down for the useful resist- 
ance range of a Wheatstone bridge, as this depends upon the 
range of its rheostat and upon the number and precision of the 
coil-values provided in its ratio arms. Ordinarily, Wheatstone 
bridges should be considered adaptable for the fairly accurate 
measurement of resistances which lie between 1 and 1,000,000 
ohms, though this range is often exceeded in both directions with 
high-class bridges. 

The precision of measurements possible with a Wheatstone 
bridge depends upon a variety of circumstances, such as, the 
value of the resistance being measured, the accuracy of the coils 
in the bridge, the possibility of reversing the ratio arms to elimi- 
nate their error, and the care with which contact resistances are 
allowed for, or guarded against. In routine work, for resistances 
of the same order of magnitude as the total resistance of the 
bridge rheostat, a precision of 0.04 of 1 per cent may be considered 
fairly good, tho the author owns a bridge which can be relied 
upon to measure resistances in the range from 10 to 10,000 ohms 
to an accuracy better than 0.02 of 1 per cent. 
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Since the advent of manganin coils with their practically zero 
temperature coefficients, little regard need be given to the interior 
temperature of the bridge. The temperature of the resistance 
being measured, however, unless this is also of a zero temper- 
ature coefficient material, must be carefully observed. 


CHAPTER VI. 

the measurement of low resistance. 

600 Introductory Statement. — When one is about to make 
an electrical measurement, it is often not possible to choose the 
best method because the apparatus for this is not available. 
For this reason it is desirable to be acquainted with alternative 
methods, and this consideration leads us to describe several 
methods’ for measuring low resistances, tho the one known as the 
“ Kelvin-double-bridge ” method is preeminently the most accu- 
rate and elegant, and, when apparatus suitable for its application 
is to be had, should be chosen in preference to any other. 

• While there is no sharp distinction between medium and low 
resistance we may, for convenience, consider any resistance which 
is less than one ohm as low. Ordinary methods, applicable to 
medium resistances, fail to give precision with low resistances 
either on account of contact resistances which are likely to enter 
the circuit which contains the resistance being measured or be- 
cause a low resistance is often a short conductor, and errors in the 
determination of the exact length measured are apt to enter. 
Both these sources of error are avoided by providing the re- 
sistance measured and the standard with which it is compared 
with potential points. The resistance which is determined is the 
resistance which lies between two potential points, when the lines 
of current flow thru the low resistance have a particular distribu- 
tion. It should be remarked, that, if the resistances of several 
conductors are given, each provided with fixed potential points 
to which connections may be made, these conductors cannot be 
joined in series or in parallel combinations to obtain a known 
resultant resistance. For this reason standards of resistance, 
provided with fixed potential points, are unsuited for obtaining 
other values by series or parallel combinations. 

For the measurement then of low resistance of widely varying 
'range, one needs to be provided with a series of low-resistance 

100 
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precision standards. A set of precision standards which would 
be quite complete would consist of 1, 0.1, 0.01, 0.001, 0.0001 
: ohm, the resistance values being in every case between fixed 

: potential points. The standards would each have, therefore, 

I two-current and two-potential terminals. They are usually 

, mounted in metal cylindrical boxes which can be filled with kero- 

! sene or paraffin oil to permit of an accurate determination of their 

temperatures. They are made usually of manganin wire or sheet, 
which alloy, consisting of nickel, copper and manganese, has a 
low temperature coeflScient which may be taken roughly as 
0.00002 per ohm per degree centigrade. Its thermoelectric force 
against copper is also very small, which is of importance for many 
classes of measurements. 

Ihe catalogues of Otto Wolff of Berlin and of The Leeds and 
I Northrup Company of Philadelphia, Pa., give very full informa- 

. tion upon the best types of low-resistance standards upon the 

market, as well as upon the apparatus especially adapted to the 
^ measurement of low resistance by null methods. 

6oi. Low Resistance Measured with an Ammeter and a 
L Millivoltmeter. — Join the conductor afe, the resistance of which 


g 



Ba 

Fig. 601. 


is to be determined between two points, in series with a rheostat r, 
an ammeter A and one or two cells of storage battery Ba (Fig. 601). 
To the two points p and pi between which the resistance is to be 
determined, join the terminals of a millivoltmeter by means of 
Imife-edges pressed upon the conductor. The length I between 
these knife-edge contacts, which become potential points, should 
be accurately measured. The rheostat r should now be adjusted 
until both the ammeter and the millivoltmeter give suitably high 
readings on their scales. Then calling V the reading of the milli- 
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voltmeter, I the reading of the ammeter, g the resistance of the 
millivoltmeter, and R the resistance to be measured, we have 

^ ( 1 ) 


9^ = — or R = 

g+R l> ^ 


I - 


V 

9 


V 


. V 

If the resistance is a very low resistance the quantity — may 


be neglected without appreciable error. An example may be 
found in the determination of the resistance of one meter of No. 0 
aluminum wire. The resistance of this at 20° C. would be about 
0.00052 ohm. Hence 20 amperes would give a drop of 0.0104 
volt or 10.4 millivolts over the wire itself. We would have by the 


exact formula, if g = 1 ohm, R = 


0.0104 


20 


0.0104 


7 = 0.00052027 ohm. 


By neglecting the last term of the denominator an error of about 
0.05 of 1 per cent only would be committed. In most measure- 
ments of this kind the chief source of error will result from a 
neglect to accurately determine the temperature of the sample, 
the resistance of which, if a pure metal, will vary about 0.4 of 
1 per cent per degree centigrade. It should be remarked that in 
this method the resistance is not compared with another resist- 
ance taken as a standard, but is measured by two instruments 
upon the accuracy of the calibration of which the accuracy of 
the measurement depends. 

If a standard of low resistance, of approximately the same 
magnitude as the resistance to be measured, is available, then the 
more precise method would be to join the two resistances in series 
and (still using the ammeter to test the constancy of the current) 
read with the millivoltmeter the drop, first over the standard and 
then over the sample. The resistances are then in the same ratio 
as the drops of potential, provided the current taken by the milli- 
voltmeter is either negligibly small compared with the main 
current or that the standard resistance is closely the same as the 
resistance being measured, 

6 o 2. To Measure the Resistance of Sections of a Closed Cir- 
cuit; General Method. — The problem is often presented in 
commercial practice of obtaining the resistance of a portion of a 
circuit which is closed upon itself and which may contain a source 
of current, either alternating or direct. If the circuit could he 
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opened even momentarily the problem could be solved by well- 
known methods. But if the circuit cannot be opened, the problem 
is still solvable in more than one way. The following methods have 
been independently devised* by the writer and carefully tested 
out in practical cases, and have been found to give such satis- 
factory results as to warrant a detailed description. 

We shall first consider a general method applicable to measur- 
ing the resistance of a closed conductor or loop, such as the rim 
of a cart-wheel, which may be assumed to have a cross-section 
which varies in an unknown way from one portion of its circum- 
ference to another. Referring to Fig. 602, we have the follow- 
ing dispositions of circuits and instruments. 



Fig. 602 . 


P is a closed metallic circuit of medium or very low resistance 
which cannot he opened. It is required to determine the resistance 
a; of a definite length of this closed circuit, as between two points 
a and b. For this there are required three deflection instruments 
which deflect proportionally to the current thru them. The 
constant of these instruments need not be known but, if not known, 
the value must be the same for all three. In the present applica- 
tion of the method there is required one known resistance R 
provided with potential terminals. This resistance R should be 
chosen, for the best accuracy , of the same order of magnitude as 
the resistance x which is to be determined. A cell of storage 

_ * The original development of methods of measuring the resistance of closed 
circuits and the current in underground mains is due to Dr. Carl Hering. See 
his paper and author's discussion presented at the 20th Annual Convention 
of the American Inst, of Elec. Engs., Boston, Mass., June 28, 1912. 


J 
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battery and a rheostat r to adjust the current from the battery to 
a suitable value are required, also a key K. The deflection instru- 
ments would ordinarily be millivoltmeters, tho three galvanom- 
eters having the same constant could be used. The M.V. No. 
1 is joined to the potential terminals a, b, between which the 
resistance is x. The M. V. No. 2 is joined to the potential ter- 
minals/, d, between which the resistance is y, and the terminals 
of the M.V. No. 3 are joined to the potential terminals g, s, be- 
tween which the resistance is R, which is known. The current 
terminals of R are joined to the points p, g of the loop and in 
circuit with R is the key K. The cell of storage battery Ba, which 
includes in its circuit the rheostat r, is joined to two points, as m 
and n, of the closed metallic circuit. This supplies to the system 
the current required for the measurement. 

The procedure in making a measurement is as follows: 

(a) With the key K open, read at the same moment the V.M. 
No. 1 and call its deflection and the V.M. No. 2 and call its 
deflection d^. 

(b) With the key K closed read simultaneously the three deflec- 
tion instruments. Call the deflection of V.M. No. 1, di, of V.M. 
No. 2, di and of V.M. No. 3, D. Then in case (a) 

? = which call W. Then 

y dr 

X = Ny. (1) 

In case (b), since the deflections D, di, and d^ are proportional 
respectively to E.M.F.’s V, Ei, and E^, we have 

, Ei = Kdi = Cix (2) 

and 

E2 = Kd2=-Cy. (3) 

Here i? is a constant and C is the current thru y, and Ci is the 
current thru x. We also have 

C = Ci + I, 

where I is the current thru R. But 


j_V _KD 
R R 

c = c^ + ^ 


whence, 


In the relations (1), (2), (3), (4), we have the unknown quantities, 
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X, y, C, Cl, and hence, there being but four unknowns and four 
equations, both x and y can be determined. 

We finally derive 

djsl — di n 

^ (5) 


ana . j/ = ~x. 

Equation (5) is obtained as follows; 

From Eqs. (3) and (4) 

Kd2 ^ , KD 
_ = Cx + -^. 

From Eqs. (2) and (7) 

Kdi _Kd2 KD 
X y R ^ 
di d^ D 

or — • = ^ - 

X y R 

Putting in Eq. (8) the value of y from Eq. (1), we obtain 

di dj^ D 

X X R’ 


and from Eq. (9) we find the value of x to be that given in Eq. (5). 

The above method possesses four special merits: The circuit 
of the resistance being measured does not have to be opened; 
the resistance of no contact enters and hence the contacts at 
points Pj g, m, n, and K need not be made with any special care, 
while the points a, 5, /, d, and s are merely potential points 
and contact at these places may be made with a sharp point or 
knife-edge pressed against the conductor; the constant of the 
deflection instruments need not be known, it being only necessary 
that all three instruments have the same constant; two instru- 
ments are read in case (a) simultaneously and three instruments 
are read simultaneously in case (b), and hence the current in the 
loop P may be very variable and accurate results still be obtained. 

This method was tried by the author, using a brass ring a little 
over one meter in circumference and of No. 0 B. & S.wire. The 
ring was placed over an open-core alternating-current electromag- 
net of very great size. By exciting the alternating-current magnet 
induced' alternating currents were sent thru the ring. It was 
found that the readings of the three instruments, and hence the 
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resistance measured, was in no wise affected by the presence of 
the alternating current induced in the ring, hence the method 
applies whether the closed loop is or is not carrying an alternating 
current. 

In the above trial the actual readings observed and the results 
obtained were as follows: 

di = 20.54, di = 25.18, D = 18.51, R = 0.01 ohm. 

The ratio of di to 4', or N, was 0.9940. From these readings 
the value obtained for x was, by Eq. (5), 


25.18 X 0.994 - 20.54 
18.51 


X 0.01 = 0.002425 ohm. 


1 




The ring was afterward cut open and the resistance x was deter- 
mined by an ordinary method and found to be 0.002439 ohm. ; 

Hence, the error in the measurement of the closed ring was 0.57 
of 1 per cent. 

This method has a useful application when applied to the 
determination of the resistance between two points in a bus- 
bar while this is carrying direct current. 

603. To Measure the Resistance Between Two Points on a 
Bus-bar. — The arrangement to employ is represented in Fig. 603. M 



The potential points a, b and c, d may be obtained by drilling 

and tapping small holes in the bus-bar and inserting in these holes ; 

small screws to which the terminals of the millivoltmeters may 

be secured. The terminals of the resistance B may be attached 

to the bus-bar at p and q by means of iron clamps, as the precision 

of the method is not affected by contact resistances at these places. 

The distances between the point a and the clamp p and the point 
b and the clamp q should be at least three times the width of the ^ 
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bus-bar. It is also desirable to have the clamps p and q make 
contact with the bus-bar across its entire width. The purpose 
of these two precautions is to insure that the stream lines of current 
are parallel with the bus-bar at the potential points a and 6. 
For the same reason the potential point c should be as far to the 
right of q as the potential point h is to the left. The distance from 
c to d should be chosen about equal to the distance from a to 6 in 
order to bring the ratio N near unity. 

If there is direct current in the bus-bar, supplied by the genera- 
tor, then there is no necessity of introducing additional current 
from storage cells, as is required when measuring the resistance 
of a section of a loop, as described in par. 602. 

The standard resistance R should be supplied with potential 
points and should be not over ten times the resistance of the bus- 
bar between the clamps p and q. Greater accuracy will be ob- 
tained if this resistance is about equal to the resistance of the 
bus-bar between the clamps. Since the drop of potential over 
the resistance R is read to give the value of the current I which 
flows in the branch circuit, one may substitute an ammeter for 
the resistance R and the millivoltmeter which reads the drop 
over this resistance. In this case, however, the other two de- 
flection instruments must read, not in arbitrary units, but in volts 
or millivolts. 


The procedure is the same as in the case of the ring, described 
above. Giving the symbols the meanings designated in Fig. 603, 
we have, with the key K open, 


X 

y 



( 1 ) 


With the key K closed, we have hy readings taken simultaneously 


by three observers 
and 


El = Cix 

E 2 = Cy. 


(2) 

(3) 


We also have the relation. 


(7 = <7i + Z = Cl +- • 


From Eqs. (1), (2), (3) and (4) we deduce, as in the case of the 
measurement of the resistance of a ring, 


E2N - El 
= , 


(5) 
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or 


- El 


R. 


( 6 ) 


■If Eq. (6) is used, Ei, E 2 and V can be multiplied by the same 
constant a and hence the deflection instruments may be cali- 
brated in arbitrary units, provided the same arbitrary units are 
used for all three instruments. 

604. Measurement of the Current in a Bus-bar. — The pur- 
pose to be fulfilled in finding the resistance between two points 
in a bus-bar is to enable the current in the bus-bar to be measured 
at any time by reading the drop of potential between the points 
with a millivoltmeter. A portion of the bus-bar is made in this 
manner to serve as a shunt for a millivoltmeter, which thus becomes 


OB, 


M.V. 

<!> 


Fig. 60 


an ammeter for reading the current in the bus-bar. As bus-bars 
are made of copper or aluminum which have a large temperature 
coefficient we have to consider to what extent, if any, their change 
in resistance with temperature will affect the precision with which 
the current may be read. Let Fig. 604 represent an arrangement 
to be employed. 

Here, BBi is a section of a bus-bar. We shall suppose that 
the resistance R 20 has been accurately obtained at 20° C. between 
the two points a and b by the above method. The millivolt- 
meter M.V. is joined to the points a and b. 

Let Trp = r 2 o (1 4- olT) (1) 

be the resistance of the millivoltmeter at T° C. above 20° C. when 
r 2 o is its resistance at 20° C. and a is the temperature coefficient 
of its winding. 

Let Rt = Rm (1 + Pt) (2) 

be the resistance between points a and b of the bus-bar at f C. 
above 20° C. when iS 2 o is its resistance at 20° C. and p is the tem- 
perature coefficient of the material of the bus-bar. 

The bus-bar may change in temperature both from changes in 
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the temperature of the room and from the heating due to the 
current which it carries. The millivoltmeter M.V. can only 
change in temperature from changes in the temperature of the 
room. Hence, in general, the temperature of the milliyoltmeter 
will not be the same as the temperature of the bus-bar. 

We wish to determine the nature and magnitude of the errors 
produced by these temperature changes in reading the current. 
If I is the current in the bus-bar, the fall of potential from a to 
h, when the temperature of the bus-bar is t, will be 


II 

(3) 

The current thru the millivoltmeter will be 


II 

II 

0 

(4) 

where D is the deflection of the millivoltmeter and K 
Hence, 

is a constant. 

Et = KDrj>. 

By Eqs, (3) and (5) 

(5) 

I -KD^- (++■ 

Rt R 2 Q (1 + 

(6) 


Since the bus-bar and the winding of the millivoltmeter are 
both of pure metal, as copper or aluminum, the temperature 
coefficients a. and /3 would be practically the same and may be 
taken, approximately, 0.004. Eq. (6) can therefore be written 

_ KDr^o ,, 1 + 0.004 T 
Rm ^l-h 0.004 f 

The error in the measurement of I is now seen to depend directly 
upon the amount by which the last term of Eq. (7) departs from 
unity. In the case of no heating, by the current, of the bus- 
bar above room temperature (as would be very approximately 
realized for a loading of the bus-bar of 50 per cent full load or 
less) t = r, and there is no error, whatever the room temper- 
ature becomes. Now t can never be less than T but may assume 
a value T + 8T where 8T represents the temperature of the bus- 
bar, above the temperature of the air. In this case Eq. (7) be- 


KDr^o ^ 1 + 0.004 T 

R 20 ^ 1 + 0.0047 + 0,004 sr 



comes 


( 8 ) 
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As a rather extreme case we may take T — 10° C. above 20 C., 
and5r = 5°a Then 

1 -(- Q.QO l X 10 _ _ Q I 

1 + 0.004 X ro + 0.004 X 5 1.06 

Thus the true value of the current would be, in this case, about 
2 per cent less than one would read it upon the millivoltmeter. 

The following estimate shows that the fall of potential in a 
bus-bar is large enough to apply the above method for measur- 
ing the current in it. 

The resistance of 100 per cent conductivity copper at 20° C. 
is 67.7 X 10“^ ohm per linear inch per square inch of cross-section. 
It is good practice to allow 1000 amperes per square inch of cross- 
section of copper conductor. Then, with 1000 amperes to the 
square inch of cross-section, the drop of potential per linear inch 

10^ X 67.7 X 10-8 = 0.677 X lO-^ volt, 
or 0.677 millivolt per linear inch. If the full scale reading of the 
millivoltmeter is 20 millivolts, the distance between the potential 
points, a and b (Fig. 604), would need to be 

= 29.5 + inches. 

This length of bus-bar, to be used for the purpose of a shunt, 
could be obtained behind almost any switch board, and it is prob- 
able that a shunt for the millivoltmeter of this character would 
serve quite as well and perhaps be superior to the shunts ordinarily 
used. For, these latter have a very low temperature coefficient 
and changes in the temperature of the room will increase the 
resistance of the millivoltmeter without increasing in like degree 
the resistance of the shunt, and hence there is no automatic com- 
pensation, as in the case discussed above, where the bus-bar itself 
serves as a shunt. 

To make the millivoltmeter read directly in amperes requires, 
of course, that the constant K in Eq. (8) be correctly chosen. 
As we are at liberty to give any value to the resistance r 2 o it will 
always be possible to do this. 

605. Measurement of the Resistance of Underground Mains. 

— An important application of the methods described above for 
measuring the resistance of a portion of a closed circuit is the 
determination of the resistance between two selected potential 
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points upon an underground gas or water main. Underground 
pipes are subject to deterioration from electrolysis, caused by 
“ tramp ” currents which get into the pipe line from neighboring 
electric trolley roads. The electrolysis occurs when current leav^ 
the pipes. It becomes important, at times, to be able to Quickly 
and accurately measure the current which flows in some selected 
section of a pipe line. It is evident that this can be easily accom- 
plished by measuring, with a millivoltmeter, the potential drop 
between two points on a section of pipe, provided the resistance 
between these two points has been previously determined. The 
method given in Pig. 605a, which is a slight modification of those 



described above, enables this resistance to be measured with 
considerable precision while the section of pipe is in place in the 
pipe line. 

The measurement is made with two millivoltmeters and an am- 
meter. One or two cells of storage battery are also required. 
The cells of storage battery, a key K and the ammeter A are 
joined in series and connected at two places, as shown in the dia- 
gram, to a section of pipe. These connections are best made by 
drilling 0.25-inch holes, about half way thru the pipewall, and 
driving brass plugs into them. Heavy copper-wire connections 
may then be soldered to the brass plugs. The other connections, 
which serve as potential points, may be made in a similar manner, 
but smaller holes and plugs will serve. There should be as much 
separation as possible between a potential point and the place of 
connection of a current lead, and these should, preferably, be 
located at the ends of diameters of the pipe which form mth 
each other an angle of 90 degrees. It is well to take one set of 
readings and calculate the resistance with the polarity of the 
storage cell in one direction, and then take a second set with the 
polarity of this cell reversed. By taking the mean of the two 
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resistances, thus obtained, the error is largely eliminated which 
results from the flow lines of current from the storage cell not 
being parallel with the section of pipe between the potential 
points. This is specially the case when there is considerable cur- 
rent flowing in the pipe from other sources than the storage cell. 
This error will be small, however, in any case, if the distance be- 
tween a potential point and the point of connection of a current 
lead is, say, twice the diameter of the pipe and these terminals 
are located as above suggested. 

Calling I the current thru the ammeter and referring to Fig. 605a 
for the meaning of the other symbols we have, as in the cases 


given 


above, with the key K open 


X 

y 



( 1 ) 


and with the key K closed 


and 

from which we find 
Also 


El — CiXj 

E2 = Cy^ 

C = Ci + /, 


E2N - El 



(2) 

(3) 

(4) 

(5) 

( 6 ) 


or 


In applying the method, one is not in the least troubled by the 
sudden variations of the current in the pipe which constantly 
occur, because Ei and E 2 ' are read simultaneously to obtain the 
ratio N and then, again, Eu ammeter A are read 

simultaneously to obtain the other necessary values. Three 
observers, reading at the same moment, obtain correct values, for, 
when the current varies, a variation occurs in all three instruments 
at the same time, the proper relation between the readings of the 
three instruments being always maintained. 

This method was carefully tested by the author upon an actual 
pipe line with excellent results. The essential features of the 
test are recorded below: 
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the measurement of low resistance 


The diameter of the pipe was 15 inches. Two pipe lengths were 
uncovered and the connections to the pipe sections were made 
at distances and in the manner shown in Fig. 605b. 

The method_ embodied the use of two cells of storage battery 
which would yield on short circuit, when joined in parallel, from 
125 to 150 amperes, also one ammeter reading to 200 amperes and 
two millivoltmeters giving a full scale deflection with 20 millivolts. 
In circuit with the ammeter and storage cell a single pole current 
switch K was used. The following readings were taken: 

I Readings to Left= + 

North. _ .j_ 

I ° (^ 2 ) • j Formula Assumes 


I 


Roadlngs to 


- y- 


Current Flows thus 
Ir " 


West ja.958ii j- ^7.916^ *\ Ll.884i-1 i< 7.916' « .^ 1 . 916 ' 




East 


Fig. 606b. 


Ei and E^' were read simultaneously. The current in the pipe 
was sufficient for the purpose. The mean of nine readings of 
El was 7.511 millivolts and the mean of nine readings of E^' w-as 

7.122 millivolts. Hence the value of the ratio of - was 

y 

,, ' 7.511 , 

^ = 7T^ = 

There were then taken seventeen sets of readings of Ei, and 
I with the positive pole of the battery cell joined to No. 7 terminal 
and a like number with the negative pole joined to this terminal. 
The following table exhibits a few sample readings: 


No. 1 current + to No, 7 terminal. 

No. 2 current — to No, 

7 terminal. 

Ex 

M. V. 

M. V, 

/ amperes 

X = ohm 
for 7,916 ft. 

Ex 

M. V. 

M. V. 

I amperes 

X = ohm 
for 7,916 ft- 

-6 8 

1.6 

116 

0.0000731 

7.60 

0.4 

-102 

0.0000703 

- 6.2 

1.8 

no 

0.0000736 

7.80 

0 8 

- 08 

0.0000709 

-8 3 

0.9 

127 

0.0000728 

8.20 

: 1.0 

-101 

0.0000707 


The mean value deduced for x with the current from the storage 
cell positive to terminal No. 7 was 0.00007315 ohm, and with the 
current from the storage cell negative to terminal No. 7 was 
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0.00007077 ohm. The mean of these two results is 0.00007l'.!i'' 
ohm for a length of the pipe of 7.916 feet. There were 40 f(>ci 
of No. 14 wire used, as potential leads, to each millivoltmetcr- 
Calculation showed that to correct for the resistance of these load- 
the final value of x should be multiplied by 1.088. Doing thi* 
and reducing the resistance to a length of one foot of pipe, Ihi 
final value found was 9.91 microhms per foot, at 65° F. 

The test was defective in that the distances between potentiii! 
points and points of attachment of current leads were not chosci‘ 
as great as they should have been and were all made on the top 
side of the pipe. The “ tramp ” currents in the pipe were^ largi 
and very variable at the time of the test. In spite of this tlit 
resistance measurement is probably correct within 1.5 or 2 per cent , 
and should have been better. 

It was found in this test that care had to be exercised to givf 
to the readings of the three instruments the proper algebraic sign?* 
By TnnhiTip; a diagram, like Fig. 605b, before beginning the test, 
errors of this character may be avoided, which otherwise might 
occur and entirely vitiate the results. 

606. Comparison of Low Resistances by the Modified Slide- 
wire Bridge. — The theory of this method has already been 
given, par. 402, to which reference should be made. As Ih*- 
method requires two settings of a sliding contact and a balam-' 
twice obtained, it is inferior to the Kelvin-double-bridge method 
(§ 609). It would be used generally only when the necessity 
resistance units, for building up a Kelvin double bridge, are not 
obtainable. 

607 . Comparisoa of Low Resistances by the Carey-Foster- 
Bridge Method. — The theory and application of the Carf^y- 
Foster bridge has been given in par. 403. 

When a low resistance is provided with potential points ami 
leads, it is not adapted for use as a standard with which to com 
pare another resistance by the Carey-Foster-bridge method, 
method is confined to the measurement of such low resistaru'F-^ 
as are provided with terminals which may be inserted into mercury 
cups or clamped in binding posts. Thus the Carey-Foster method 
is hardly to be considered a method of lo'\^resistance measun*** 
ment. By the use of connecting leads, however, for the standaol 
resistance and the resistance under comparison, which are alilo- 
in size, resistance and temperature coefficient the comparison cats 
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be made without any error being introduced due to lead resist- 
ances. The method is one admirably adapted to determinations 
of temperature coefficients of comparatively short lengths of low- 
resistance wires. In temperature-coefficient determinations the 
absolute values of the resistances are of less importance than the 
variations with temperature of these resistances, and the Carey- 
Foster method will give these with great precision. 

608. Comparison of Low Resistances with a Potentiometer. — 
Two low resistances which are provided with potential terminals 
may be compared with considerable precision by using a poten- 
tiometer. The two resistances are joined in series and current 
is passed thru them from a source of constant E.M.F. as a storage 
cell of large capacity. The fall of potential is read with the 
potentiometer, in quick succession, first over the one resistance 
and then over the other. The resistances are in the same ratio 
as the potential drops, provided the current thru the resistances 
remains constant during the taking of the two readings. 

In using a potentiometer in this way it is unnecessary to make 
use of a standard cell as the absolute values of the drops in potential 
are not required. As a good potentiometer will compare E.M.F.^s 
as low as 0.01 volt, to accuracies of the order of 0.1 of 1 per cent, 
it is not necessary to pass a very large current thru the two low 
resistances under comparison, and hence the comparatively small 
current needed can be maintained very constant for the short time 
required. 

609. The Kelvin Double Bridge; A Network of Nine Con- 
ductors. — The most elegant and the most precise methods for 
comparing any two resistances, which are provided with potential 
points, are those which employ some form of the Kelvin double 
bridge. We shall, therefore, discuss fully the theory, the forms, 
and the applications of this unique arrangement of circuits for the 
measurement of resistances. 

The Kelvin double bridge, due to Lord Kelvin, is a network 
of nine conductors. This network may be conveniently repre- 
sented (P and Q, Fig. 609a) by either of the two following diagrams, 
which are exactly equivalent electrically. The diagrams are 
drawn so that like letters refer to like branches of the network. 

Referring to the diagram (P), we note that the Kelvin net-work 
becomes a Wheatstone net-work, when d equals zero and also when 
d equals infinity. 
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amce d can never be made zero, tho it should be made as small as 
possible. 

Referring to Pig. 609a, A and B are two low resistances (pro- 
vided with potential points at 1, 2, and 1^, 2') which are to be 
compared, the resistance of both A and B being that included 
between potential points. The resistance d, called the ^^yokef’ 
connects A and B. Besides being made as low as possible it is 
arranged to be easily removed as, for example, by withdrawing a 
copper link from two mercury cups. The other four resistances a, 
b and a, (S are relatively high resistances and are called the ratio 
coils. Because there are two pairs of ratio coils the net-work is 
called a “ double bridge.^^ 

■ 6io. Theory of the Kelvin Double Bridge. — The relations 
which must connect the resistances to have the bridge balanced, 
that is, to have no current flowing thru the galvanometer, may be 
found as follows: Referring to diagram (P) of Fig. 609a w^e see 
that, when there is no current in the galvanometer, the current 
in the branch a must be the same as the current in the branch b. 
Call this current ii. Also the current in the branch a must be 
the same as the current in the branch 13, Call this current i. 
Also the current in the branch A will equal the current in the 
branch B. Call this current I, By the law of branched circuits. 



( 1 ) 


Further, the fall of potential from the point 1 to the point 3 must 
be the same as the fall of potential from the point 1 to the point 4. 
Otherwise there would be a difference of potential between points 
3 and 4 and the galvanometer would deflect. Call this fall of 
potential Ea- In like manner, the fall of potential from point 3 
to point 2' will be the same as the fall of potential from point 4 to 
point 2'. Call this fall of potential E&. Now, 

Ea^ IA+ ia == iia, (2) 

and 

E^ = IB + ip^iib, (3) 

Hence taking the ratio of Eqs. (2) and (3) we find 

a I A Aia 
b^ IB+^ 


( 4 ) 
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Substituting in Eq. (4) the value of i given in Eq. (1) we have, 

{a da 
b B (a -i- 13 + d) djS 


Eq. (5) is readily put in the form, 

A _a d /3 /a aX 
B'' b'^B\ + ^ + d[b p/ 


In Eq. (6) call, 
and we have 


k = 




d 

B a -j- /d + d 

^ I 7. 

B b ^ 


(M)- 


(5) 


( 6 ) 


(7) 


The quantity is a correction factor which must be either cal- 


culated and added to the ratio | to give the ratio A to B, or it 

must be made so small that it may be neglected even for work of 
the highest precision. In practice the latter course is followed. 
We have to consider how k may be reduced, and also the magnitude 
of the errors which will be introduced by neglecting k when it is 
not absolutely zero. 

The correction factor k may be considered as the product of 
three parts, 

d d , a a 

B’ a+P + d b p' 


Each of these parts should be made as small as possible. The 
yoke d should be made very small in resistance tho this cannot 
be made absolutely zero. This means that the resistances A and 
B should be joined together by a heavy copper conductor which 
makes as good contact as possible with A and B. The smaller 
the resistance B, the more important it becomes, for keeping the 

ratio ^ small, to make d as small as possible. If B is over 0.01 
ohm, ^ may be made fairly small. 


The part will always be less than unity. As d is 

negligible the value of this part cannot be varied, because the 
relative values of a and /3 are determined by the relative values 
of the resistances A and J5, being compared. Thus, if a is multi- 
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plied by any factor, iS must be multiplied by the same factor, and 
the magnitude of the fraction remains unchanged. 

The third part ^ ^ is the most important one, for by care 

in making adjustments it may be made as small as we please. 


It becomes zero, as does also k, when, accurately. 


CL 

5 “ 


An estimation of the magnitude of the errors resulting from a 
neglect of the correction factor h has been made in a pamphlet 
issued by The Leeds and Northrup Company, of Philadelphia, 
and is here reproduced in substance. 

If a and 6, a and /3 are ^resistances adjusted to be like each other 
to 0.01 of 1 per cent and are arranged so that, according to their 


Oj ol 

nominal values ^ ^ then, the greatest value which 


u Ot 

b~^ can 


have is 0.00020; the probable amount is less than this. This 
value is based on the assumption that the inequalities of 0.01 of 
1 per cent group themselves in such a way as to form the maximum 


error. Assuming ^ = 1 aifcL g = 1 (which is obviously 

more than it ever will be) the complete formula becomes in this 
case ^ ^ + 0.00020, which may be written A = b(^ + 0.00020^ • 


if^ = i, as will be the case when two resistances of equal value 
are under comparison, the maximum error in this case will be 
0.02 of 1 per cent! W | t)e the case when the known 

resistance is ten times as large as the unknown, the maximum error 
will be 0.002 of 1 per cent. If - = 0.1, as will be the case when the 


known resistance is 0.1 of the unknown, the maximum error will 
be 0.2 of 1 per cent. These considerations show that for ordinary 
cases where the connecting resistance can be kept smaller than 
the unknown and the unknown resistance is equal to or smaller 
than the known, that no attention need be paid to the correction 
term provided the ratio coils are like each other to 0.01 of 1 per 
cent. 

There may be cases in which it is not possible to meet all these 
conditions. 




In these cases the following procedure is usually possible. Re- 
ferrin<- a<-ain to Fig. 609a it is evident that if the connector d is 
removedrthe combination forms an ordinary Wheatstone bridge in 

which for a balance we must have ^ galvanom- 

eter does not show a balance it may be brought about by shunting 
a or /3. When | is made exactly equal to ^ then indeed | 

will be very nearly equal to | because A and B will always be very 
low resistances compared with ol and andj furthermore, they are 
in the same ratio as or and /3. Consequently^when ^ is made equal 

to AdL? it may generally be assumed without error that | = ?• 

6ii. Sensibility Which Can be Obtained With the Kelvin 
Double Bridge. — We shall now examine the percentage varia- 
tion in one of the low resistances which can be detected when 


6a 


Fig. 611. 

using a galvanometer purchasable upon the market. An inquiry 
involving a rigid solution of the problem would require a compli- 
cated application of Kirchoff’s laws. But this is imnecessary as a 
very closely approximate solution may be obtained quite simply 
as follows: . 

Represent the bridge as in Fig. 611. First, let the bridge be 
balanced when contact p is at the point 1 on A. Let the current 
in A be I. It will then be 7 — 5/ in d. But bl will be a very 
small quantity as compared with 7, and, further, the value of 
7 will be very little affected by small displacements of the contact 
p upon A. We may, therefore, without sensible error consider 
the current at all times to be 7 in the branches A, d, B, and in the 
battery circuit. Now displace p to point li thus increasing A by 
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a f!Tr>a11 quantity dA. The fall of potential from 1 to 2 was I A 
before the displacement, and this fall of potential was required to 
balance the bridge. The fall of potential from li to 2 is 2.4 +I5A. 
Hence, increasing the fall of potential by the amount 15A is 
equivalent to introducing in circuit with A a small E.M.F. This 
E.M.F. sends a current thru the galvanometer. This current must 
pass thru the two resistances a and a in series with the gal- 
vanometer, and thru the galvanometer resistance g shimted by 
the resistances b, B and j3 in series. 

We may assume that this E.M.F. sends no current thru d or 
the battery because we have considered that I remains constant. 
Also the resistances A and B do not need to be considered as they 
are very small compared with the others. For the current which 
flows thru a, due to the E.M.F. 754., we thus obtain. 


where 



R = aA- oc 


g(b+p) 
g + b + P 


( 1 ) 


The current thru the galvanometer will be 


Co = C 


b + fi 
g + b + ^ 


( 2 ) 


From Eqs. (1) and (2) we find 

^ 754 (6 + g) 

{a + a)ig + b + fi)+g(b+^) 


( 3 ) 


If do = KCo, where do denotes the deflection of the galvanometer 
in scale divisions when the scale is 1000 scale divisions from the 
mirror, and K is the galvanometer constant, we have 

dp 54 (b -H P) 

KI ^ (a + oc) (g + b + + g (b + ^) 

In ordinary practice we would have a = a and & = /3. 

Give these values to a and 13. We then find, in solving Eq. (4) 
for 54, dividing it by 4, and multiplying it by 100 that, 

T = ^ + ?)] ■ 

Eq. (5) expresses the percentage variation in 4 which will produce 
a deflection do in the galvanometer, the battery current being 
7 amperes. The author has verified Eq. (5) experimentally. 



122 


MEASURING ELECTRICAL RESISTANCE [Abt. 611 



We proceed to apply Eq. (5) to calculations of thq percentage 
precision with which certain low resistances may be compared by 
the Kelvin-double-bridge method. First take the following case: 

Let do = 10“^ of a division as the smallest departure from ^ero 
which can be detected with certainty. 

Let A = B = 10“^ ohm. 

Let 7 = 1 ampere. 

Let a = 10^ ohms, then 6 = 10^ ohms. 

Let g = 180 ohms. 

Let iT = 1.21 X 101* 

Substituting these values in Eq. (5) we obtain 


bA 


100 = 


10”! X 102 
1.21 X 108 X 1 X 10-8 
1 


X (200 + 180 X 2) 


X 560 = 0.046 + per cent. 


1.21 X 10^ 

Second, take the case in which A = 10~^ ohm, and B = IO -2 
ohm. Then if a = 10^ ohms, we shall have 6 = lO^ ohms. 

If all the other quantities are the same as in the first case, we 
find 

I X 398 = 0.0328 + per cent. 


A 1.21 X 10^ 


Third, take the case in which A = IQ-^ ohm and B = lO'^ ohm. 
Then if a = 10® ohms, we shall have b = 10® ohms, and if all the 
other quantities remain the same 

A ~ 1.21 X 10® ^ ~ 0.0328 + per cent. 

We thus note from the second and third cases that the precision is 
the same whether we make A = 0.001 ohm and 5 = 0 01 ohm 
or A = 0.01 ohm and B = 0.001 ohm. In the above examples 

/ = 1 ampere. But the per cent displacement ^100 diminishes 

Jx 

tT, °!u ^ belonging to a galvanometer made by 

eoU^f Northrup Co. of Philadelphia, known as their No. 22S0, narrow- 

i, ““ * i*""' ‘-s “o*- 

P = — 121.8 

'PVr~ i^Vm ^ ®’^rsons. 

SLZter Gal- 


f 


I 
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directly as I increases, that is, the possible sensibility in the 
moment .creases as / increases. A resistance as lotv « 
aoi ohm may generally be made to carry a current as htl S 
20 or more amperes without undue heating. Hence bv ulw 
current of 20 amperes the sensibUity in the above ^0^120“ 

would be increased 20 times, that is, 100 ^ would be 0.0023 of 1 

per cent in the first case and 0.00164 of 1 per cent in the other 
two cases. These results show that resistances of the order of 
0.001 ohm may be compared by the Kelvin double bridge with 

u accuracy, as resistances of the order of 

1000 ohms may be compared by the Wheatstone bridge. 

6 i 2. Methods of Applying the Kelvin-Double-Bridge Prin- 


ciple.— From the formula of the Kelvin double bridge A = 2^ 

a ^ 

when 3 = I by construction, it is seen that, if B is the standard 


resistance, a balance may be obtained either by varying B or by 
varying the ratio 2 provided the ratio 2 is varied also in the same 
way. A combination of these two methods for securing a balance 


may likewise be applied. In this case the ratios^ and ~ would be 

given values such as 10, 1, 0.1, etc., and the standard B would then 
be varied in infinitesimal steps to secure an exact balance. 

The method whereby B is maintained fixed and the ratios 

g and - are similarly varied to secure a balance is that adopted by 

the instrument maker, Otto Wolff of Berlin. For accomplishing 
this end a special box of ratio coils is provided. This box has 
four double dials which give the values of a and of a in steps of 
0.1 ohm and two sets of blocks with plugs with which the values 
of b and 13 are set at 25, 50, 100, or 25 + 50, 25 + 100, 50 + 100, 

or 25 -f 50 + 100. The general plan of the connections is giveri 
below in Fig. 612a. 

Here the^ dials uioo, aio, ai, ao.i and aioo, ctio, ai, ofo.i are varied at 
the same time by turning a single handle for each pair of dials. 
The dial ajoo reads in ten steps of 100 ohms each, the dial Uio in 
ten steps of 10 ohms each, the dial ai in ten steps of 1 ohm each 
and the dial cjo.i in ten steps of 0.1 ohm each. 
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124 measuring electrical resistance 

The resistauces b and /3 have their values varied by plugging 
between brass blocks, between which there are resistance coils. 
The value obtained for h and ^ is that of the coils between the 
blocks left unplugged. The points 1 and 2 are joined to t le 
potential pomts of the resistance to be measured and the points 



Fig. 612 a. 


Is and 2s are joined to the potential points of the standard. To 
go with a boXj such as the above, fixed standards of low resistance, 
furnished with potential points, are required. A typical set of 
standards, such as are furnished by Otto Wolff, would be: 
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The method adopted, by leading American instrument makers 
for the application of the Kelvin double bridge is the mixed method! 

In this the ratios ^ and - are set to various values, and the positions 

of two contacts, made, one with a plug and one by means of a 
knife-edge sliding upon a bar of manganin, are varied until a 
balance of the bridge is obtained. 

This method is diagrammatically shown in Fig, 612b. 



A comparison of Fig. 612b and Fig. 609a will make the relation 
of the parts clear. A is a bar of manganin which, in one con- 
struction, has a resistance of 0.001 ohm between the points 0 and 
100 of a vernier scale which is placed alongside the bar. It will 
carry 150 amperes. Upon this bar slides a knife-edge contact. 
The left end of the bar joins to a heavy strip of manganin. At 
points separated by a resistance exactly equal to that of the bar, 
namely 0.001 ohm in the case cited, are brought off 9 potential 
leads to brass blocks. An extra potential lead is brought off from 
the bar. opposite the 0 of the scale. The two contacts I and m 
correspond to the two contacts 1 and 2 of Fig. 609a. The con- 
tact I is made with the block, to which a potential lead is joined, 
by means of a plug. Altogether a resistance of 0.01 ohm, in 
infinitesimal steps, may be obtained between the contacts Z and 
m. B represents the unknown resistance to be measured between 
the potential points n and 0. The two sets of ratio coils, which 
in one construction are mounted together in a separate box, are 
shown at a, b and a, /3. Many different ratios may be obtained by 
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suitably plugging this box. For example, the ratio value given in 


the diagram is 

a a 


100 

10000 * 


Hence, as B ==-Aj 
a 


w*e would obtain a balance, if ^ = 0.00001831, when A = 0.001831, 
which value may be read from the setting of the plug at I and by 
the vernier of the scale set at m. 

Excellent apparatus for the above adaptation of the Kelvin 
double bridge to low-resistance measurements has been placed 
upon the market by The Leeds and Northrup Company of Phila- 
delphia, Pa. In their highest grade apparatus, constructed accord- 
ing to the above plan and used with the set of ratio coils, shown in 
Fig. 612b, resistances may be compared in the range of from 1 to 
10“^ ohm, and, with reduced precision, considerably lower. The 
precision of the measurement is a maximum when the standard 
and resistance under comparison are about equal. In this case 
0.02 of 1 per cent or better may be expected. 

The utilization of the Kelvin-double-bridge principle is not con- 
fined to the employment of apparatus (often of high cost) specially 
constructed for the purpose. One standard of low resistance pro- 
vided with potential terminals must be available. The rest of 
the apparatus may be assembled from boxes of resistance coils, 
such as are found in most well-equipped laboratories. What may 
be accomplished with such facilities is best shown by giving a 
brief description of some measurements, made upon a bar of 
magnesium, as an exercise for students. 

In all that has been said above no mention has been made of 


the importance of maintaining the temperature of the resistance 
being measured at a known value at the time of the measurement. 
When standard resistances made of manganin are to be compared, 
comparatively rough measurements of temperature will suffice; 
but, in the measurement of the resistance of a pure metal, the 
temperature must be very carefully determined, hence the pre- 
cautions taken in this regard in the sample measurement given in 
par. 614. 

613. Plan of Procedure for Making and Recording a Measure- 
ment. — It is important when one comes to plan, execute, and 
record an electrical measurement to follow a systematic procedure. 
As the result of the author's experience he has found the following 
outline to embody the most satisfactory plan to follow in recording 
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an electrical measurement: (Following this plan is an illustration 
of a record of a sample measurement to determine the resisti%|ty 
of magnesium.) 

Date of experiment or measurement and names of observers. 

Object of the experiment or measurement. 

The precision sought. 

The sample to be measured; described. 

The method of measurement; described or reference given to a 
description. 

Theory of method; explain or give book references. Give 
formulae to be used in deduction of results. 

The apparatus ; briefly described. Give instrument numbers, etc. 

The electrical connections used; make complete and clear 
diagrams. 

Procedure. State clearly the way in which the observations 
were made. 

The data obtained. Give data clearly in tabular form; use great 
care not to omit some one fact essential to the deductions. 

Deduction of results-. Make deductions concise and clear and 
plot curves when several observations are taken of more than one 
quantity if one quantity is a function of ancther. 

Reliability and precision of the measurement. Very important 
to state clearly the probable precision attained and the basis 
upon which the probability of the precision is judged to rest. 

614. Sample of a Low-resistance Measurement; Resistivity 
of Magnesium. — The object of the measurement was to deter- 
mine the resistivity and temperature coefhcient of a bar of mag- 
nesium metal, in the temperature range of from 20° C. to 155° C. 

The precision sought was 0.2 of 1 per cent in the final result. 

The sample selected for the measurement was a bar of mag- 
nesium which had been accurately shaped in a milling machine 
to give it a rectangular cross-section. Its dimensions were deter- 
mined with a micrometer caliper and a comparator. 

Length of bar over all = 35.60 cms. 

Length of bar between potential points = 21.883 cms. 

Breadth of bar = 1.4127 cms. 

Thickness of bar = 1.4448 cms. 

Cross-section of bar = 2.041 1 cms.^ 

Weight of entire bar = 78.760 grams. 

Density of bar = 1.7232. 
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The potential points were located by drilling two holes in the 
bar each about 6.8 cms. from an end of the bar. No. 24 brass 
wire pins were driven into these holes and to these the potential 
leads were soldered. 

The current terminals were fastened to each end of the bar by 
means of small brass clamps having jaws like a vise. Heavy 
copper leads were soldered to these brass clamps. As the jaws 
of the clamps gripped the bar upon opposite sides, the current 
entered the bar so that the stream lines of current very soon 
became parallel with the length of the bar and were assumed to be 
almost perfectly so at the potential points. 

A chemical analysis of the sample was made by Mr. H. E. 
Rankin of Princeton University. He found that the magnesium 
was 100 per cent pure within the limits of error of his analysis. 

The method of measurement was the Kelvin-clouble-bridge 
method. For the theory of the method see par. 610. 

The apparatus used consisted of the following: A rnanganin 
standard resistance (very accurate) of 0.00125 ohm which would 
carry 200 amperes without undue heating. For the proportional 
arms, tw’-o 100-ohm coils for the a and a resistances, kept fixed, 
and for the h and ^ resistances two plug-decade resistance boxes 
of 10,000 ohms capacity and variable in steps of 1 ohm. The 
resistance in these boxes was varied to secure a balance. The 
source of current was three small storage cells joined in parallel, 
and a rheostat held the current at between 10 and 20 amperes. 
A key was used in the battery circuit. The galvanometer was a 
Leeds and Northrup H Form Galvanometer of the suspended-coil 
D'Arsonval type. It was undamped upon open circuit. Its 
approximate constants were: Resistance of coil 550 ohms.; com- 
plete period 7 seconds; megohm sensibility 1 scale division de- 
flection on a scale 1000 scale divisions from its mirror with 1 volt 
and 290 megohms in circuit. 

Since it was necessary to regulate and measure accurately the 
temperature of the bar, a tin trough was provided in which the 
bar could be placed and kept underneath oil. Parafiin oil (in- 
stead of kerosene to avoid fire risk) was used. In the bottom of 
the trough was a solenoid of cotton-insulated german-silver wire 
thru which current from the 110-volt mains could be passed for 
the purpose of heating the oil. The temperatures were read with 
two accurate mercury thermometers. 
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The connections employed are given in the diagram below, 
Fig. 614. 

The procedure was first to heat the oil to about 156° C. and 
to vary the ratio coils 6 and /3 until a rough balance was secured. 
The current was then cut off from the heating coil and the oil 
was vigorously stirred with a wooden paddle. When the temper- 
ature was uniform thruout the tank an accurate balance of 
the bridge was obtained by varying b and 13 together. As the 



galvanometer was sensitive to changes. in the resistances 6, /3 of 
less than one ohm and as these resistances could not be varied in 
smaller steps the simple plan was adopted of setting the values of 
6. and 13 so that, for the bridge to balance exactly, the oil must 
cool down a degree or two. Then, at the moment the galvanom- 
eter showed no deflection when the key was closed, a reading 
was taken of the temperature of the oil. This reading of temper- 
ature and the setting of 6, (b = were recorded. The oil was 
then allowed to cool a few degrees further and a new reading was 
taken with a new setting of b and Altogether 37 readings were 
taken while the oil cooled from 154.8° to 21.4° C. As the temper- 
ature of the oil approaches room temperature the cooling proceeds 
very slowly and the last few readings were taken at widely sepa- 
rate intervals. The process might have been hastened by pouring 
into the can artificially cooled oil. 

After the run was finished careful measurements were made of 
the resistances a and a including the lead wires to redetermine 
their resistances. They were found to be each 100 ohms within 
0.02 of 1 per cent and were called exactly 100 ohms. The follow- 
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ing table exhibits the data obtained together with soine obvious 
deductions. 


Observers A, B, C, Nov. 13, 14, and 20. 


Temp, 
degs. C.® 

1 6 = /S ohms 

Resistivity 
ohms X 10-^ 

Conductivity 
mhos X 10® 

Remarks 

154. S 

! 1677 

6.9522 

0.14384 

Cooling started here, 

147.3 

1710 

6.8174 

0.14657 

3.07 p.M. 

139.0 

1740 

6.7004 

0.14924 


135 8 

1760 

6.6243 

0.15096 


132.7 

1780 

6.5499 

0.15268 


126.8 

1810 

6.4413 

0.15525 

3.17 p.M. 

119.9 

1840 . 

6.3362 

0.15782 


118.9 

1850 

6.3020 

0.15868 


115 1 

1870 

6.2346 

0.16040 


109.8 

1900 

6.1361 

0.16247 


106.1 

1920 

6.0723 

0.16468 


102.8 

1940 

6.0097 

0.16640 


99.2 

1960 

5.9483 

0.16812 


. 95.7 

1980 

5.8881 

0.16983 


92.0 

2000 

5.8294 

0.17155 


88.7 

2020 

5.7716 

0.17326 

3.27 p.M. 

85.6 

2040 

5.7150 

0.17498 


82.5 

2060 

5 . 6595 

0.17669 


79.0 

2080 

5.6056 

0.17841 

3.45 p.M. 

76.0 

2100 

5.5518 

0.18013 


73 0 

2120 

5.4994 

0.18184 


70 1 

2140 

5.4480 

0.18355 


67.3 

2160 

5.3851 

0.18569 


64.6 

2180 

5.3480 

0.18699 


61.7 

2200 

5.2994 

0.18870 

4.00 p.M. 

59.0 

2220 

5.2518 

0.19041 


55.5 

2250 

5.1817 

0.19299 


52.6 

2270 

5.1359 

0.19470 

4.20 p.M. 

49.6 

2290 

5.0911 

0.19642 


47.9 

2310 

5.0471 

0.19814 


45.0 

2330 

5.0037 

0.19985 


43.0 

2350 

4.9611 

0.20157 

4.40 p.M, 

40.5 

2370 

4.9192 

0.20328 


38,1 

2390 

4.8781 

0.20500 

5 . 00 p.M. 

27.7 

2479 

4.7030 

0.21263 

6.00 p.'M. 

21 . 4 

2537 

4.5954 

0.21761 

11 A.M. (next day). 

w 21.9 

2532 

4.6046 

0.21718 

2.30 p.M. (next day). 


In column (1) are recorded the temperatures of the oil taken 
each time after the oil had been vigorously stirred. In column (2) 
are given the values of h and /?• In column (3) are given the re- 
sistances in micro-ohms per centimeter-cube. In column (4) are 
pven the reciprocal values of column (3), namely, the conductivity 
in mega-mhos. In column (5) are made some remarks relating 
especially to the time of taking the readings. 

Various deductions might be made from the above data. It 
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IS Of special interest to note that the resistivity increases verv 
nearly directly as the temperature. We are therefore justified iii 
finding the value of the temperature coefficient from the formula 
-ffiy — Rt 

RtT - Rpt ^ ^-004189 


a = 


when we use the temperatures t = 21.4° and T = 154 8° and the 
resistivities corresponding to these temperatures. Applyine thi, 
coefficient we find: ® 


Resistivity of magnesium at 20° C. = 4.509 X ohm. 

The probable precision of the above results cannot be ascer- 
tained from this single determination, for unrecognized systematic 
errors may have entered. As the measurements were made how- 
ever, with much care and all the resistances were known to k ac 
curate to better than 0.05 of 1 per cent the presumption is strong 
that the accuracy of 0.2 of 1 per cent aimed for, has been obtained 
It would, however, be unscientific to claim this precision as havino- 
been certainly obtained. To give the determination a very hio>h 
probability of precision, within a specified per cent, it would L 
necessary to repeat the measurements with the dimensions of the 
specimen changed and with the use of different ratio coils, standard, 
and thermometer, if any of these were under suspicion. As a 
matter of fact, this same sample was measured about a year 
previously at which time it had not been milled down and its 
dimensions were greater. A different standard, ratio coils and 
thermometer were also employed. The value then found, for the 
resistivity at 20° C., was 4.504 X ohm. 

This differs from the above result by about 0.11 of 1 per cent. 
Thus it may be concluded with a high degree of probability that 
the value last obtained is correct within 0.2 of 1 per cent, the pre- 
cision sought. 

To make the exhibition of the results of the measurements 
complete, curves giving the relations of resistivity and conduc- 
tivity to temperature were plotted upon a sheet of cross-section 
paper of large size. 

In any case where a number of observations are made of two 
quantities, where one is a function of the other, the most probable 
relations between the quantities are best exhibited by means of 
a curve. The curves drawn belonging to the above measurement 
are not given here because of lack of space. 



CHAPTER VII. 


THE DETERMINATION OF ELECTRICAL 
CONDUCTIVITY. 

700. Standards of Conductivity; Their Relation. Useful 
Formulae. — The determination of electrical conductivity has 
become commercially important because the money value of con- 
ductors, as conveyers of electrical energy, is directly proportional, 
other things being equal, to the conductivity of their material. 
There is, however, a certain confusion of ideas respecting the 
precise meaning of conductivity, which arises from the use of three 
different standards for this property. It is therefore important 
to preface our description of the methods of determining con- 
ductivity by a statement of the definitions of the standards em- 
ployed and by showing the mathematical relations which connect 
them. 

Conductance and resistance are terms which apply to the elec- 
trical properties of an electrical circuit. 

Conductance = — 

resistance 

Conductivity and resistivity are terms which apply to specific 
electrical properties of a conductor. 


•Conductivity = — ^ — r-^ — 
resistivity 

If p denotes resistivity, namely, the resistance between opposite 
faces of a centimeter-cube of the material, and S denotes the cross- 
section (supposed uniform) of the conductor, and R is the re- 
sistance of a length I, then 

P = -^R. ( 1 ) 

Il6ncG if c is the conductivity, as above defined, 

1 _ ^ 

P RS ( 2 ) 

Now the resistance R cannot be considered constant as it varies 
with the temperature. Hence if i2o is the resistance of the con- 
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ductor at the temperature 0= C. and 8 is a coefficient by which 
Ko must be multiplied to obtain the resistance at some other 
t6in.p ©rat lire t of the conductor wc have 


Rt — RqS 


whence, 


1 ^ I 
pt RqBS 


(3) 


According to Eq. (3) conductivity is a specific property of the 
material and is a function of the temperature. As resistivity is 
expressed in ohms, and as conductivity, according to Eq. (3) is 
the reciprocal of resistivity, it is expressed in the unit called the 
mho, cubic centimeter. (Ohm written backwards.) 

It becomes convenient, however, to treat of the property of a 
conductor, whereby its quality as a conveyer of electrical energy 
is considered, in comparison with the property of another con- 
ductor taken as a standard in this respect. We shall then find, 
that, in the same way as specific gravity is the relation of the 
density of a substance in its actual state to the density of water 
under specified conditions, so conductivity may be considered to 
be the relation of the conductance of one conductor in its actual 
state to that of another conductor of like length and cross-section 
or like length and mass, which has been selected as the standard. 

This point of view leads to two other definitions of conductivity, 
according as the sample selected for the comparison is reduced 
to a conductor of like length and cross-section or to a conductor 
of like length and mass, with the standard. The advantage to be 
gained, in defining conductivity as the ratio of two conductances, 
results from the fact that two conductors, which have the same 
temperature coefficients, may be compared in respect to their con- 
ductances without determining the temperature of either. It is 
then only necessary to be assured first, that the temperature co- 
efficients are sufficiently near alike for making the comparison 
and second, that when the comparison is made both conductors, 
sample and standard, have the same temperature. 

When the conductor selected for a standard is specified in a par- 
ticular way with respect to resistance at a particular temperature, 
length and cross-section, or length and mass, it is defined as having 
unit conductivity without regard to temperature. If then an- 
other conductor be reduced to like dimensions, or like length and 
mass, and be compared with this standard in respect to con- 
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ductance (the temperature of standard and sample being merely 
the same at the time of the comparison) it will be found to have 
a conductance regardless of temperature which is a certain per 
cent of that of the standard. This is called the per cent conduc- 
tivity of the sample. 

Unfortunately two standards of conductivity are in common use 
and this has led to more or less confusion. These two standards 
are called Matthiessen’s standards and were recommended by the 
Standard Wiring Table Committee, Jan. 17, 1893. They are thus 
defined: 

Matthiessen’s standard with respect to diameter is: a copper 
wire of circular and uniform cross-section, 1 meter long and 1 milli- 
meter in diameter, which has a resistance at 0° C. of 0.0203 inter- 
national ohm. 

This definition applies also to a wire of uniform, but not circular 

TT 

cross-section when the cross-section is ^ 

Matthiessen’s standard with respect to mass is : a copper wire 
of uniform cross-section, 1 meter long, which has a mass of 1 gram 
and a resistance at 0°p. of 0.14173 international ohm. 

The connecting link between these two standards is the density 
of copper. For the two standards to be equivalent, that is, to be 
alike in specific resistance when at the same temperature, the 
copper of the meter-gram standard must have a particular density. 
To show this, call A the meter-millimeter standard, and B the 
meter-gram standard, and, 

let I = the length of standard A, 

S = the cross-section of standard A, 

D — the diameter of standard A, 
pa = the resistivity of the copper of standard A, 
d = the density of the copper of standard B, 
pb = the resistivity of the copper of standard B, 

L == the length of standard B, 
s = the cross-section of standard B, 
m = the mass of standard B, 
fa be the resistance at 0° C. of standard A, and 
Tb be the resistance at 0"^ C. of standard B. 

Then we have 

Pa~-T> 


( 4 ) 
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or 

Pa , 

(5) 

and 

II 

(6) 

Since 

m 


we have, also. 

mn 

~Ws' 

(7) 

If the standards A and B are to be alike in 
must have pi = pa, or 

specific resistance we 


mn T D^Va 

L^S u ' 

(8) 

or we must have 

. 4 Imn 

TD^IJh-a 

(9) 


Now in Eq. (9) we have, by the definitions of standards A and B, 

I = L = 100 cms., 
m = Ij 

n = 0.14173 ohm, 

Ta = 0.0203 ohm, 

= 0.1 cm., 


whence. 


TT = 3.1416, 

4 X 100 X 0.14173 
3.1416 X 0.12 100^ y 0 0203 


8.8895 +, 


which equals 8.89 within 0.0056 of 1 per cent. 

It may be noted that the meter-gram standard, when in the 
form of a wire of circular cross-section of density 8.89, is 0.3785 mm. 
in diameter. 


The value of the meter-millimeter standard when at 0° C., when 
expressed in mhos is readily obtained from Eq. (5). Thus, call- 
ing cTo its conductivity in mhos, we have 


1 _ 4Z _ 4X 100 

Pa TT D^Ta 3.1416 X O.P X 0.0203 


= 0.6273 X 106. (10) 


Likewise the conductivity o-q of the meter-gram standard, when 
at 0° C. and of density 8.89, is obtained from Eq. (7) and is 



Pb 


LH 

mn 


100^ X 8.89 
1 X 0.14173 


= 0.6273 X 10«, 



( 11 ) 
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which value equals the other, as it should, when the density is 
taken as 8.89. 

The value of either standard in mhos at other temperatures 
than 0° C. may be found if we know the temperature coefficient 
of the copper of which the standard is made. 

The Standard Wiring Table Committee in defining the Matthies- 
sen's standards did not specify the coefficient which the copper 
standards should have. But calling d = l-\- at, where a is the 
ordinary temperature coefficient of resistance, the value of Matthies- 
sen's standards at any temperature expressed in mhos becomes 

0.6273 X 10« 

0 - = ^ ( 12 ) 

We shall now give some further useful relations between the 
general and the specific properties of conductors. It is first 
required to find an expression for the conductivity of any homo- 
geneous conductor of uniform, circular cross-section when referred 
to Matthiessen's meter-millimeter standard. 

, The ohmic resistance tt of any conductor at temperature 
T and temperature coefficient where this is defined as the 
ratio of the resistance at temperature T to the resistance ro at 
temperature 0° C., is 

tt = U. (13) 

Here L is the length and D the diameter of the conductor, and 
is a constant which will depend- for its value both upon the 
nature of the material and upon the units chosen for the length 
and diameter of the conductor. From Eq. (13) 

ka TrVhf ^ ^ 

where ao now expresses the conductance of the conductor at C. 
Similarly, we would have for . the conductance at 0*^0., of any 
other conductor of circular cross-section, 

" w It dm,' 

Here I is the length and d the diameter of the conductor. Rt is 

the resistance of the length I at t degrees and d = its tempera- 

ture coefficient. Now, by definition, conductivity, is the ratio of 
the conductance of one conductor to the conductance of another 
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conductor taken as the standard, when the comparison is reduced 
to a comparison between conductors of like length and diameter 
at the same temperature. 

Calling c conductivity (the unit of conductivity not as yet 


being defined), we have 

c = 


vq 

Vo 


W DVy 

WrI Ld'’ 


(16) 


If c is to be expressed in terms of Matthiessen’s meter-millimeter 
standard, and is called C„ then we shall have ao of standard value 
and c = C., when, 

0 ' = rp = ro = 0.0203, and D = 1 millimeter and L = 


1 meter. Thus 



(17) 


Eq. (17) enables the conductivity by Matthiessen’s meter-milli- 
meter standard to be calculated from a resistance measurement of 

a wire of circular cross-section, of temperature coefficient, ® 

of diameter d millimeters, of length I meters and of measured 
resistance at t° C. of Rt ohms for I meters. 

The expression for the conductivity of any conductor, when 
referred to Matthiessen’s meter-gram standard, may be derived 
as follows : 

The mass of a length I of any conductor, having a uniform cross- 
section S is in = k'lS, where k' is a constant. The ohmic re- 
sistance at t° C. of any conductor is 

k(,ld 

Rt - g 

where fco is a constant which depends both upon the units of length 
and cross-section chosen and upon the nature of the material, 

and ^ ^ temperature coefficient. Placing the value of 

S found from the former expression, in the latter gives 


If we choose I = 1, m = 1, and t = 0° C., then d - 1, and Rt 

Rq ^ ^^0) TTt, 70 ya 
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is the conductance at 0° C. of a conductor of length I, mass m 
and resistance Rtj at f C. 

Similarly for any other conductor 

- L = ( 20 ) 

^ ~ n' Mr/ ^ ’ 

is the conductance at 0° C. of a conductor of length L, mass M 
and resistance r/ at t° C. 

A conductivity being the ratio of two conductances, we have 
C Mr/ 

C' ~ mRt m' ■ ^ ^ 

Now C is a unit conductance, according to Matthiessen’s meter- 
gram standard, when i = 1 meter, M = 1 gram, r/ = ra = 
0.14173 ohm, and f = 0° C. in which case 6' = 1. Using these 
values for L, M, r/ and 6' in Eq. (21) we thus derive, as the expres- 
sion for the conductivity in terms of the meter-gram standard. 

It should be noted that in Eq. (22) neither diameters nor densities 
appear. If the resistance of m grams of wire of length I meters 
is known at f C., then by Eq. (22) we may calculate its conduc- 
tivity in terms of Matthiessen’s meter-gram standard, provided 

^ ^ is known. 

xto 

To connect expressions (17) and (22) write 

TT dH8 
m — — — ) 

4 

where 8 is the density of the material which is assumed to be in 
the form of a conductor of circular and uniform cross-section 
having a diameter d, and a length 1. 

Putting this value of m in Eq. (22) gives 

C = ^ (2^) 

and taking the ratio of Eq. (23) to Eq. (17) gives 

^ (24) 

Giving in Eq. (24) Tq and tq their values according to Matthiessen’s 
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P 



meter-gram and meter-millimeter standards, which are 0.14173 
and 0.0203 respectively, we have the expression, 


_ 8.80 
C, S 


(25) 


The relation given in Eq. (25) enables the conductivity of a metallic 
conductor, when found by any method and expressed in terms 
of one of Matthiessen’s standards, to be expressed in terms of 
the other, provided the density of the material is known. If the 
material of the conductor has a density the same as the stand- 
ard, namely 8.89, then its conductivity will be expressed by the 
same number whether it be referred to the meter-millimeter or to 
the meter-gram standard- This will be the case for the accuracy 
required in engineering, when expressing the conductivities of 
samples of copper. This being so, a statement of the particular 
standard to which the conductivity of the copper is referred is 
often omitted. When the material, however, is iron or aluminum 
having a density different from that of copper, it is essential to 
state to which standard its conductivity is referred. The author 
believes that there would be a gain in simplicity and an avoidance 
of considerable confusion if one standard, the meter-gram stand- 
ard, were exclusively employed in all engineering practice. 

We shall illustrate by numerical examples the uses of Eqs. (17), 
(22), and (25) and then describe the methods in use for deter- 
mining conductivities. 

Example 1. —Conductivity of Magnesium. 

By Eq. (17) conductivity by the meter-millimeter standard is 


Id 0.0203 
“ dmt 

Referring to the data in par. 614 for magnesium we find Rt 
^ 4.569 X 10”® ohm for the resistance between opposite faces 
of a centimeter cube. Now 0 = 14 -^ 20 = 1 + 0.004189 X 
20 = 1.0838. If A is the cross-section of the sample, which in 
this case is 1 sq. cm. or 100 sq. mm., we have 


Trd^ 

A =100 = —^^ hence 



also I = 0.01 meter. Using these values in the general formula 
above we obtain 

fi _ 0-01 X 1.0838 X 0-Q20 3 X 3.1416 _ q 3732 conductivity, 
400 X 4.569 X 10"® 


' / 
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or, as this quantity is usually stated, 37.82 per cent conductivity 
according to Matthiessen's meter-millimeter standard. By 
Eq. (25), the conductivity by Matthiessen's meter-gram standard 


Since the density found for magnesium is 5 == 1.7232 we find 

Cv, = y^2 ^ conductivity, 

or 195.1 per cent conductivity according to Matthiessen's meter- 
gram standard. Thus for corresponding cross-sections magnesium 
is 0.3782 times as good a conductor as copper and for correspond- 
ing masses it is 1.951 times as good a conductor. 

Example 2. — Conductivity of Aluminum. 

See, for the example, Appendix II, 5, Example 2. 

Example 3. 

See, for the example. Appendix II, 5, Example 3. 

701. The Measurement of Conductivity. — The commercial 
measurement of conductivity, in terms of one of Matthiessen^s 
Standards, involves the comparison of the resistance of a low- 
resistance wire having a large temperature coefficient with the 
resistance of another low-resistance wire having approximately 
the same temperature coefficient. If the standard and sample 
wires are maintained at the same temperature and both have 
nearly the same temperature coefficient, the comparison can be 
made quite accurately without a knowledge of the actual tem- 
perature. The method and apparatus best adapted commercially 
to a rapid and accurate determination of conductivity were both 
invented by Mr. Wm. Hoopes and the apparatus is generally known 
as the “ Hoopes Bridge.’^ 

702. The Hoopes Bridge for Conductivity Determinations; 
Described. — The essential feature of the method consists in an 
adaptation of the Kelvin-double-bridge principle to a bridge fitted 
with a standard conductor and special scales from which the per 
cent conductivity of the sample, inserted in the bridge, is read 
directly, without calculation. This method may be explained 
as follows: 

From the Kelvin-double-bridge arrangement, exhibited in Fig. 

702a, it is evident that when the ratio - = — , we have the resistance 

V Vi 
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X between the potential points c and d given by the relation 

^ = . ( 1 ) 
where P is the resistance included between the potential points a 
and b. In practice ^ is made equal to unity. Both r and p are 

Jr 

chosen equal to 300 ohms, in order that the small resistances at 
the knife-edge contacts used for potential points, shall be very 
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Fig. 702a. 

small in comparison with the resistance of the ratio coils and hence 
negligible. A galvanometer of about 300 ohms resistance and 
200 megohms sensibility is used with the bridge. When the gal- 
vanometer indicates that the bridge is balanced 

X = P. (2) 

Referring to Fig. 702a, suppose that X is a rod of copper having 
a cross-section S, Suppose the scale I to have 100 equal divisions 
of arbitrary length between the points 0 and 100. The resistance 
and its reciprocal, the conductance, of the rod X will depend upon 
the purity and the physical condition in regard to hardness, 
temperature, etc., of the copper of which it is made. 

Now suppose that P is also a rod of copper having a uniform, 
but not necessarily known, cross-section. Suppose the points a 
and 6 are separated until they include a length of the rod P which 
will have the same resistance as the resistance of the rod X of 
cross-section of 100 per cent conductivity, and a length equal 
to 100 divisions of scale I. This being done, the bridge will be 
balanced. Now, if no change is made in P or in the position of 
the contacts a and &, and we substitute for X another rod X' of 
the same cross-section but of less conductivity, it will then be 
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necessar}^, in order to balance the bridge, to move the contact d 
towards the zero mark of scale 7. Suppose the second rod X' 
has twice the resistance of X, or half the conductivity, then d will 
have to be moved for obtaining a balance half way down the 
scale 7, that is, to the 50-division mark. Hence, in this case the 
50-division mark indicates that rod X' has 50 per cent conductivity 
according to a standard based on cross-section. 

Again, suppose we substitute for the rod X a rod Xi, which has 
100 per cent conductivity, but twice the cross-section of rod X. 
In order to obtain a balance it will be necessary now to make the 
distance between a and 6 one-half what it was before. Then set 
h at the middle point of scale H. If now we substitute for Xi a 
rod Xi having the same dimensions, but of lower conductivity 
than Xi, a balance will be obtained by moving d toward the zero 
mark of scale 7, and the reading of the scale will, as in the former 
case, give the per cent conductivity of X/, which has twice the 
cross-section of the original rod X. Thus we may find a series of 
positions on the scale H corresponding to rods to be tested of 
various diameters or cross-sections. 

Having a rod to test of a particular diameter, the slider b is 
set to a division on scale H corresponding to that particular diam- 
eter, then the reading on scale 7 gives directly, a balance being 
obtained, the per cent conductivity of the sample being tested. 
The Kelvin double bridge, fitted with the Hoopes' scales, as above 
described, gives the conductivity in terms of the meter-millimeter 
standard. As this bridge is actually constructed by its makers 
at the present time, the standard scale H, Fig. 702a, is laid off in 
gram weights instead of diameters, and the bridge readings are 
then given on the scale 7 in per cent conductivities based, upon 
Matthiessen^s meter-gram standard. The bridge gives by a direct 
reading the value designated in Eq. (22), par. 700, by the sym- 
bol Cw, multiplied by 100. 

In Fig. 702b are given views of Hoopes^ conductivity bridge out 
of and in its inclosing metal case. In practice it is always used in 
its case, which is made of metal to insure equality of temperature 
thruout its interior. The bridge measures the conductivity of 
wires from No. 0000 B. & S., to No. 18 B. & S. gauge. 

It may be supplied with different standards to take care of 
wires of different sizes and various kinds. One standard covers 
a range of three wire-sizes, B. & S. gauge. The standard wires 
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are made of the same material as the samples to be measured to 
insure an equality between the temperature coefl&cients of standard 
and samples. 




Fig. 702b. 


703. The Hoopes Bridge; Operations Required for Using. — 

The actual operation of making a measurement is so simple that 
it scarcely requires explanation. The sample to be tested is 
placed in a cutting-off machine and cut to the standard length. 
It is then weighed to within an accuracy of 0.05 of 1 per cent, 
and inserted in the bridge under the clamps and drawn out 
straight, but not stretched, by a gripping tool provided for the 
purpose. 

The contact on the standard is placed at a setting corresponding 
to the weight in grams of the sample. The box is then closed 
and a few minutes allowed to elapse to give the sample time to 
acquire the temperature of the standard. The sliding contact is 
then moved back and forth, until a balance is obtained. The 
metal lid covering the glass in front of the box is then raised and 
the scale reading taken. This reading is the required per cent 
conductivity of the sample tested. If many samples are to be 
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tested they may all be cut off at one time, weighed, tagged and 
left in the rack in the box while measurements are being made. 
It will then require but two or three minutes for the particular 
sample under test to acquire the temperature of the standard. 
Ten samples an hour can easily be measured in this way. A larger 
number of samples may be measured per hour after the operator 
has gotten the measurement down to a system. As high as 
150 samples per day may be tested with this bridge.'^ 

704. Precautions to Observe in Using Hoopes Bridge. — 
^The Hoopes bridge gives accurate results only when the temper- 
atures of the standard wire and the sample are the same. A 
difference of 1° C. will affect the results about 0.4 of 1 per cent. 
A difference of temperature may be caused: 

(a) By taking a reading too soon after placing a sample in the 
box, the sample not having had time to acquire the temperature 
of the standard. 

(b) By using too large a current. This will cause an unequal 
heating of the sample and the standard when the two are not of 
the same dimensions. 

(c) By changing standards. When a new sample wire is placed 
in the box it acquires very rapidly the temperature of its sur- 
roundings. When, however, a new standard bar is placed in the 
box it takes a very long time for the mass of rubber upon which 
this bar is mounted to take the same temperature as the rubber 
bar on which the sample is placed. As the standard wire rests upon 
the rubber of the standard bar it will follow it in its temperature 
changes. Hence when checking up two standards by comparing 
one with the other, it is important to make sure that the standard 
bar and the sample bar come to the same temperature. This may 
require that a standard bar newly put in the box be left in position 
a long time before a reading is taken. 

As small a current should always be used as will give the neces- 
sary sensibility. 

For No. 15 standard wire use about 4 amperes. 

For No. 12 standard wire use about 4 to 5 amperes. 

For No. 9 standard wire use about 8 to 10 amperes. 

For No. 6 standard wire use about 11 to 12 amperes. 

For No. 3 standard wire use about 15 amperes. 

For No. 0 standard wire use about 18 to 20 amperes. 

For No. 000 standard wire use about 50 to 100 amperes. 
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The standards are checked between themselves by the makers 
and are presumably correct. If the bridge fails to give accurate 
results the failure probably should be laid not to the standards 
but should be sought in 

(a) unequal temperatures, 

(b) too much current, 

(c) bad contacts, 

(d) inaccurate weighing, 

(e) wrong setting on the standard scale, or 

(f) wrong cutting off of a sample.’’ 

More detailed descriptions of this bridge and its accessories 
have been given by the makers, The Leeds and Northrup Com- 
pany of Philadelphia, Pa., to whom the above description is 
due. 

705. Other Methods of Measuring Conductivity. — As the 
Ploopes’ conductivity bridge, described above, is intended for use 
where a large number of samples are to be measured, and as this 
rather costly piece of apparatus is not always to be had other 
methods are often employed. The method described in par. 614 
under the heading, '' Resistivity of Magnesium,” yields data from 
which the conductivity is readily calculated by the Eqs. (17) and 
(22), par. 700. As Eq. (17) involves Rt, a resistance at a tem- 

7? 

perature t, and 0 = ^ , a coefficient which must be obtained by 
Ro 

measurement when not known, any method which will determine 
these quantities with precision can be used for determining con- 
ductivity. If the conductivity is obtained in terms of Matthies- 
sen’s meter-millimeter standard, then by the relation 

(Eq. 25, § 700), 

the conductivity in terms of Matthiessen’s meter-gram standard 
may be calculated provided the density S of the material is known 
or determined. However, as conductivity determinations are of 
great importance commercially, instrument makers have devised 
special apparatus other than the Hoopes bridge for this purpose, 
which, tho no new principles are involved, are adapted to yield 
good results with speed and precision. 

706. Equipment for Conductivity Determination; The 
Standard Resistance Variable. — The following description of 
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an equipment is taken in part from literature printed by The 
Leeds and Northrup Company as it contains certain useful infor- 
mation of a practical nature. 

The equipment recommended includes a Kelvin double bridge of 
the type described in par. 612, Fig. 612b. In the apparatus-, 
as made by The Leeds and Northrup Company, the ratio coils 
giving ratios 0.1, 1 and 10 are permanently mounted on a base 
board with a variable low-resistance standard. The low-resist- 
ance standard itself has a total resistance of 0.1 ohm which may 
be varied between potential points by infinitesimal steps. Set- 
tings of one potential point in steps of 0.01 ohm are made by means 
of a plug inserted between blocks and a metal bar, and settings 
of the other potential point are made by a knife-edge contact 
which slides over a rod of manganin. This has a resistance of 
0.01 ohm between the 0 and the 100 mark* of a scale which lies 
alongside the rod. 



The entire equipment when fitted up for speed and convenience 
consists of the following: 

The sliding-contact Kelvin double bridge, just described. 

A galvanometer which has a sensibility of from 100 to 200 
megohms, and a complete period of from 3 to 5 seconds and a 
resistance of about 200 to 500 ohms. 

Means for cutting off the sample wires or rods to a standard 
length. (A special cutting-ofi machine is sold for this pur- 
pose.) 

Suitable scales for weighing the samples. 

Special clamps for holding the samples, and which at the same 
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time serve to lead the current in and out of the sample and to 
connect knife-edge potential points to the sample. 

A rheostat switch by which the main circuit may be entirely 
opened or closed thru a resistance which can be diminished 
gradually. 

Two cells of a storage battery of from 20 to 30 amperes-capacity 
each. 


An accurate mercury thermometer reading from 0° C. to 60° C. 
and graduated in tenths of a degree. 

A suitable tank of metal to hold kerosene oil and long enough to 
contain the sample. 

The above equipment should be assembled as shovm in Fig. 706 
(the tank not being shown in the figure). 

707 , Method of Using Variable Resistance Standard for Con- 
ductivity Determinations. — To make a conductivity determina- 
tion one should proceed as follows: The sample wire is cut off 
to some definite length, a length of 38 inches being recommended. 
The wire is first weighed to within an accuracy of 0.05 of 1 per cent. 
It is then fastened in the two clamps so as to bring the two poten- 


tial points a known distance apart. If the two clamps are fas- 
tened rigidly to a marble or wood base the distance between the 
potential points will always be the same and need only be meas- 
ured once. With a wire 38 inches long it may be taken 28 inches. 
For the best precision the wire and clamps should be placed under 
kerosene oil in the tank. The temperature of the oil is now care- 
fully read, while it is being stirred, and at the same time the re- 
sistance of the sample between its potential points is determined. 


Fhis last operation is effected by first adjusting the galvanometer 
reading to the zero of the scale with the main circuit open. This 
circuit is then closed by means of the rheostat key thru a high 
resistance and the bridge is roughly balanced by adjusting the one 
potential point of the bridge to within 0.01 ohm with the plug, 
and the other potential point with the sliding contact. The 
rheostat key is then moved so as to cut out more resistance, 
and a still closer adjustment for a balance of the bridge is made 
with the sliding contact. Finally the current thru the bridge is 
still further increased and an exact adjustment of the bridge is 
made The current, however, should never be made so large as 
to perceptibly beat the wire. If the curreiit is not heating the 
wire perceptibly the bridge will balance with the sliding contact 
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at the same point when the current employed is reduced to half 
the value used in obtaining the setting. The resistance of the 
sample at the temperature f C. is now 

Rt = bridge setting X ratio plugged. 

Suppose the plug contact is set at 0.07 ohm and the sliding contact 
at 0.0058, then the bridge reading is 0.0758 ohm, and if the ratio 
plugged is 0.1 the resistance is Rt = 0.00758 ohm. 

If the sample is copper or aluminum and its temperature co- 
eflScient is known, its conductivity may be calculated from the 
data obtained from the above observations. If its temperature 
coefficient is not known it must be determined by again measur- 
ing the resistance of ’the wire at some other temperature. The 
temperature may be changed by refilling the tank with oil which 
is colder or warmer than the oil used in the first measurement. 
For precision the oil in the second case should differ at least 15° C. 
from the oil in the first case. Let Rt = i2o (1 + od) be the resist- 
ance when the oil is at temperature and let Rt = R^ (1 + ah) 
be its resistance when at temperature h, then eliminating i?o from 
the two relations above, we have 

_ Rti 

RtJj — Rth 

Then as 

^ ^ = 1 + 

JXo 

(see § 700), this quantity is determined. 

708. Method of Calculating Conductivity from Resistance 
Data. — We can now calculate the conductivity in terms of the 
meter-gram standard by Eq. (22), par. 700. This equation may 
be used as it stands, but it may be simplified for purposes of cal- 
culation when the samples used are copper and these are always 
cut off to a given length and the potential points are always set 
the same distance apart. 

It has recently been shown by researches made at the Bureau of 
Standards at Washington that the coefficient 6 for copper increases 
in direct proportion to the conductivity in the range from 0° to 
100 C. For the commercial determination of the conductivity of 
copper, however, we may assume that this coefficient has at 20° C. 
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the value 1.0797.* Putting in Eq. (22), par. 700, this value of 0 
and the value 0.14173 for ro' we have 

0.14173 X 1.07968 


C. = 


mRio 


( 1 ) 


Here Rm = the measured resistance in ohms of the sample between 
the potential points which distance is to be taken in meters. If 
I is this distance, which has been chosen 28 inches, we have Z = 28 
X 0.0254 = 0.7112 meter. If m is the weight in grams of the 
38 inches of sample cut off, then || m is the weight in grains of 
the length I between the potential points. Hence, 

0.7112^ X 0.14173 X 1.0797 X 38 _ 0.10504 
28 miZ 2 o rnRio 

Instead of using Eq. (2) as it stands we may simplify the calcula- 
tion by the use of logarithms. 

Call K == 0.10504, 

then, ^ ^ 

log = log Z - (log m -f log R 2 o)- (3) 

For example: suppose the sample is a No. 10 B. &'S. gauge 
copper wire and we find m = 45.163 grams, and that the resist- 
ance at 22° C. is 0.00238 ohm. We must first calculate the 
resistance for 20° C. This can be done by applying the known 
temperature coefficient for copper, which may be taken 0.003984, 
or we can obtain the required value with sufficient exactness by 
subtracting from the value of the resistance at 22° C. 2 X 0.004 = 
0.008 of this value. Thus R 20 = 0.00238 - 0.00238 X 0.008 = 
0.002361 ohm. (The more exact value is 0.002363 ohm.) 

We then find by Eq. (3) 

Log Cm, = log 0.10504 — (log 45.163 + log 0.002363), 
or 

Log Cm, = 9.0213547 - 10 - (1.6547828 + 7.3734637 -10), 

or Cm, = 0.9842 or Cm, = 98.42 per cent conductivity according 
to Matthiesseii^s meter-gram standard. 

In the equation Cv, = the constant K will assume different 

values when R is taken at different temperatures. When R is 
taken at 20° C., the value of K is that in Eq. (2). Where many 
measurements are to be made a table should be constructed which 

* See later value given in circular No. 31, ^‘Copper Wire Tables,’^ issued 
April 1, 1912 by the Bureau of Standards. 
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will give the values which K assumes when R is taken at different 
temperatures. It will then not be necessary always to reduce 
the resistance to its value at 20° C. 

709. Conductivity Determinations with Fixed Resistance 
Standard and Variable Ratios. — For measuring the resistance 
of the sample a fixed standard low resistance, used in connection 
with variable ratio coils (see § 612) may be employed. The pro- 
cedure w^ould then be exactly the same as in the case described 
above, except that the bridge would be balanced by varying ratio 
coils instead of a low resistance. The fixed standard resistance 
should be, preferably, of approximately the same resistance as 
the sample. 



A set of variable ratio coils, as made by Otto Wolff of Berlin 
and described in par. 612, may be used for conductivity determina- 
tions very advantageously as follows: The method of using the 
ratio coils is planned to avoid the necessity of measuring the tem- 
perature of the sample by employing a standard made of the same 
material as the sample when making the comparison. The method 
is then similar in principle to the Hoopes bridge method described 
in par. 702. 

A standard rod of the same material as the sample to be meas- 
ured is prepared. This is provided with two potential terminals 
(set at or soldered) a fixed distance apart. This standard is con- 
nected with the variable ratio coils and sample to form a Kelvin 
bridge as shown in Fig. 709. 

The sample and standard should be laid close to one another, 
and perhaps be covered so they will assume the same tempera- 
ture. The connection D should be given as low a resistance as 
practicable. The rheostat key Rj, may be used with additional 
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convenience. When a balance of the bridge has been obtained, 
the conductivity by the meter-gram standard is readily calculated 
from the following data and relations. 

Let M = weight of the standard between its potential points. 
Let L = distance between potential points of standard. 

Let Sw = conductivity of the standard. 

Also let m, Z, and Cw be the corresponding quantities for the 


sample to be measured. 

Then by Eq. (22) par. 700, we have 


and 


Su 


II 

(1) 

uero' 

(2) 

MRt' 


If standard and sample are of the same material and are at the 
same temperature we have 

R/ 

Sw Rt 


Now, by the equation of the Kelvin bridge, 


and we have, 


Rt 


a ^ 


“ mL2 


( 3 ) 


It will often be possible to choose I of such a length that the 

7 

product MP = in which case Cu 


: - Su,. Or at least one 
a 


1*1 n b M n 

can make Z = L, in which case 


This method is to be recommended when one possesses a set of 
Otto Wolff variable ratio coils. If the standard is accurate it will 
give very accurate results and the calculations are very simple. 
In conclusion it should be remarked, that any method which will 
measure with accuracy the resistance of a short rod or wire at 
two temperatures will give the necessary data from which the 
conductivity may be deduced. When the density of the material 
is known, the conductivity may be expressed; in mho, cubic centi- 
meter, units, or as a per cent conductivity of either Matthiessen’s 
meter-millimeter or meter-gram standard. For scientific purposes 
the first is to be preferred and for commercial purposes the last. 



CHAPTER VIII. 

THE MEASUREMENT OF HIGH RESISTANCE. 

800. High Resistance Specified and Described. — If a Wheat- 
stone bridge has ratio arms which will give a ratio of 10,000 to 1 
and a rheostat which reads to 10,000 ohms, then a resistance of 
10^ ohms or 100 megohms may be measured, theoretically. But 
the insulation of the bridge would need to be very high and the 
ratio coils very accurately adjusted to assure even moderately 
precise results. When a resistance, therefore, exceeds 10 megohms 
it can be more conveniently and more accurately measured by 
some one of the methods which have been devised specially for 
the purpose. We shall treat all resistances as high resistances 
which exceed 10 megohms and give the methods best adapted for 
their measurement. 

Practically all metallic resistances are excluded from the class 

high resistances,^^ because it is rare to find a single metallic 
resistance unit which exceeds a megohm. 

The methods to be described are adapted to the measurement 
of high resistances which may be considered under two general 
classes: First, resistances which are not associated with an appreci- 
able electrostatic capacity and which obey exactly or approximately 
Ohm’s law. Such high resistances are : the insulation resistance, of 
electrical apparatus, the resistivity of insulating materials, the 
insulation over a surface of insulating miaterial, or any high 
resistance where the efifect of capacity need not be taken into 
account in making the measurement. Under this class, also, may 
be considered the special methods which are required for deter- 
mining the insulation resistance of a wiring system while the power 
is on. 

Second, high resistances which are associated with more or less 
electrostatic capacity, the presence of which causes the resistance 
to act as if it did not obey Ohm’s law, at least in the first few 
moments after the current is made or broken. This class includes 
the resistance of condensers and the insulation resistance of long 
cables. For the determination of such resistances special methods 
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of procedure and specifications must be adopted to obtain con- 
cordant results which shall have a precise significance. 

While the accurate measurement of ordinary resistances is 
generally made by some null or balance method, high resistances, 
on the other hand, are generally measured by some type of de- 
flection method. Two general methods, of which there are many 
modifications in detail, are in use; one in which the high resistance 
is measured in terms of the deflections of a voltmeter, galvanom- 
eter, electrometer or like instrument, and one in which the high 
resistance is determined by the time required for the charge given 
to a condenser to leak partly away thru the resistance being 
measured. A high resistance of a few hundred megohms may 
also be measured by a balance method employing the principle of 
the Wheatstone bridge, when one has a sensitive galvanometer 
and a standard resistance of 0.1 megohm or more. We proceed 
to a description of these various ways of measuring a high resist- 
ance and the precautions which should be observed. 

8oi. Wheatstone-Bridge Method of Measuring a Resistance 
of from 10 to looo Megohms. — For this measurement there will 



be required a standard 0.1 megohm and two accurate adjustable 
rheostats, each of 10,000 ohms total resistance; a D’Arsonval 
galvanometer of high resistance with a sensibility of 10® megohms 
or lO-® ampere; and a source of direct E.M.F. of about 100 volts. 
Make the Wheatstone-bridge connections as shown in Fig. 801. 
Then if either r or n be varied until the galvanometer shows no 
deflection 
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Suppose the standard R is 10^ ohnaS; and r is plugged at its ex- 
treme value 10“^ ohms and ri is plugged at 1 ohm, then 
10 ^ 

X = — 10^ = 10^ ohms, or 1000 megohms 

is the greatest resistance which can be measured with this dis- 
position of resistances. If i? is a megohm then ten times this 
resistance may be measured, provided the galvanometer is suffi- 
ciently sensitive. 

Suppose the galvanometer will deflect one scale division with 
10“® ampere, or one tenth of a scale division with 10“^^^ ampere, 
and we wish to measure x to within 1 part in 1000, when x = 10^ 
ohms and R = 10^ ohms. We have to inquire what E.M.F. E 
must be applied to the bridge at the points a and 6. The 
approximate value of this E.M.F. is easily found as follows: 
First, suppose the bridge is balanced when the unknown resist- 
ance has the value x, then very approximately, the current i 

rp 

which will flow thru a: is, • 

X 

The fall of potential over x with the bridge balanced is 

E = ix, (2) 

and, if x receives an increment &x this fall of potential is 

E 5E = ix + i hx. fS) 

Hence hE = i Sx, or ^ 

E, 


Now SE is the E.M.F. effective to send a current di thru the 
galvanometer and this is, very approximately, Si = ~. Hence 
SE = X Si which value of SE put in Eq. (4) gives 

^ = ^"Vx ( 5 ) 

Since x = 10® ohms, Si = 10-'“ ampere and 5a; = 10“ ohms for 
an accuracy of 1 part in 1000, we obtain 

£? = 10'“ X^ = 100 volts. 

then is the necessary E.M.F. for measuring 
1000 megohms, by the bridge method, to an accuracy of 0.1 of 1 

per cent with a galvanometer which will give one division deflec- 
tion with 10 ^ ampere. 


100 volts. 
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The chief precaution to observe in applying this method is to 
make sure that the galvanometer and the 0.1 megohm are per- 
fectly insulated from earth. This is easily accomplished by 
setting the apparatus upon plates of glass or hard rubber and 
running the connections thru the air, supporting the .wires on 
glass or hard rubber. 

It is well also to include in the battery circuit a resistance of 
not less than 1000 ohms to protect the galvanometer from injury, 
should the resistance being measured break down. 

8 o 2. Use of a Capacity in Coimection with a Wheatstone 
Bridge for High-Resistance Measurements. — This method, 


a 



which is taken from “Measurement of Electrical Resistance,” 
by W. A. Price, is added for the sake of completeness. The 
author thinks, however, there would not be much occasion for its 
employment in view of the better methods which are available. 

The diagram, Fig. 802, is almost self-explanatory. 

Here a condenser C is charged to the difference of potential 
of the points a, b by moving the levers of the key so lever q is 
insulated and lever p makes connection with point 1, and then 
the condenser is discharged thru the galvanometer Ga by moving 
the levers so p is insulated and q makes connection with point 2. 

The resistance r or ri is adjusted until, when the condenser is 
connected for discharge, there is no deflection. When this adjust- 
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ment is effected, a and h must be at tlic^ sani(‘ |H)t{‘ritial aud flie 
ordinary Wheatstone-bridge formula holds, giving 

X = (1) 

The advantage which the method is supposcal to possc^ss is one ^rf 
greater sensitiveness, which results from th<‘ fact- that has 
time to become fully charged by the slow l(;ak of eurnait thru A\ 
and this charge is then able to expend its en(‘rgy sudd(‘iiiy upon 
the galvanometer, producing a deflection far gr{‘at(*r than would 
be obtained by the same degree of unlialaiua^ of th(‘ bridge an<l 
with the galvanometer joined dire(hly to the points a aial h. in 
using the method the condenser C should lie (dioscai of as great 
capacity as possible and the galvanometer shouhl be of very high 
resistance. 

803. Major Cardew’s Electrometer Method of Measuring a 
High Resistance. — In this method, proposed Major Cardew, 



(Fig. 803) the standard R which must be mad(^ variables and thc‘ 
high resistance X to be measured are joined in siaaes afid tiam* 
ends a and 6 are connected to the quadrants of an eh^etromefer, 
The vane is joined to the point of junction c of thc^ two insist.- 
ances. The resistance R is varied until the hhows 

no deflection. Then X = R, In using this mfd.hod it would not 
be necessary to produce an exact balance. Tla^ dedhadion of the 
electrometer is noted when R is too small, and calling R lla^ re- 
sistance and d the deflection we then increase R by an amount oR 
and again note the deflection d' which should be in the*. o])]K)site 
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direction. If for small deflections we assume the deflections to 
be proportional to the potential applied to the vane, we have 

804. The Measurement of High Resistances, Unassociated 
with an Appreciable Capacity; Deflection Methods. — The 
measurement of the specific resistances of insulating materials, 
the insulation resistance of electrical apparatus, etc., is not^ a 
measurement which usually demands high precision. The resis- 
tance of insulating materials is subject to considerable fluctuation 
from temperature changes and other causes an4 hence the less 
precise, but more convenient and sensitive deflection methods 
are to be preferred to the null methods which are so superior in 
the case of medium and low resistances. 

In describing these methods we shall reserve for separate 
paragraphs the methods of measuring the insulation of cables and 
condensers, as the presence of an appreciable capacity must con- 
siderably modify the procedure. 

805. The Galvanometer and Accessory Apparatus for High- 
Resistance Measurement. — The instrument most used and 
best adapted to very high-resistance measurements by a deflec- 
tion method is the galvanometer. In connection with the galva- 
nometer a standard resistance is required. This standard may 
be either a megohm or a one-tenth megohm. Because of the 
expense of the former the latter is now almost universally employed. 
To increase the range of measurement the galvanometer is gen- 
erally used with a high-resistance shunt which is made variable. 
This shunt serves the same purpose in high-resistance measure- 
ments as the variable ratio arms of a Wheatstone bridge in the 
measurement of medium resistances. Special types of highly 
insulated keys and insulating posts and plates complete the 
accessories required. We proceed to give the theory and uses 
of galvanometer shunts. 

806. Galvanometer Shunts. — There are two types of gal- 
vanometer shunts, the ordinary and the universal or A3a'ton shunt. 

In the use of the ordinary shunt the resistance of the galvanom- 
eter must be known. In the diagram. Fig. 806a, let 3 be the 
resistance of the shunt and g the resistance of the galvanometer. 
The ms in current C will divide thru the shunt and galvanometer 
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in the inverse ratio of their resistances. If Cs is the current in 
the shunt and Cg the current in the galvanometer, 





whence, 


L = and Cg + Cs 
^8 y 


— >\AAAAAAAAAAAAsA/' — 

Os is the current thru the galvanometer, 

0 > . 

= ^2) 

Circuit g -f" ^ 

Fig. 806a. current thru the shunt. 

To obtain the value of the main current from the current thru 
the galvanometer, we have from Eq. (1) 

C = ^-^Cg=^MCg. ( 3 ) 


^ I q 

The quantity M = — ^ — is called the multiplying power of the 

shunt, namely, it is the quantity by which the galvanometer 
current must be multiplied to obtain the main current. 

If we wish to make the current in the galvanometer ^ of the 

main current, that is, to reduce the sensibility of the galvanometer 

1 n 

to we must make S = ^ • 

For putting this value of S in Eq. (1) we have 

g 

^ 1 ^ 1 


The introduction of the shunt, however, changes the resistance 
of the circuit. After the galvanometer is shunted its resistance 
will be 

^ "" S~^g ^ M' 

If it is necessary to keep the resistance of the circuit constant, 
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when a shunt is added to the galvanometer, there must be intro- 
duced into the circuit a resistance which is 


r' = 



M-1 

M 


( 6 ) 


It is customary to make shunt boxes so that M may be given 
such values as 1, 10, 100, 1000, and 10,000. We should then have 


Ml = 1 

S 

= 00 

1 

0 

11 

s 

= 9^ 

Mz = 100 

s 


II 

0 

0 

0 

s 

1 

999^ 

Mz = 10,000 

s 

1 

9999' 


Some shunt boxes are provided also with means for adding the 
proper resistance in series with the circuit to maintain the resist- 
ance of the circuit constant when differ- 
ent values are given to the shunt. One 
arrangement used is shown in Fig. 806b. 

Here the shunts are the coils aSi, 

Sz and the compensating resistances the 
coils gi, g 2 , gs, and ^ A plug inserted 
at d puts the circuit directly to the gal- 
vanometer without a shunt. A plug in- 
serted at b and b', for example, shunts 
the galvanometer with the shunt S 2 and 
puts into the circuit the compensating 
resistances gi + g^, and similarly for 
plugs inserted at a, a' or c, c'. A plug 
at e short circuits the galvanometer and puts into the circuit the 
compensating resistance gi + g 2 + gz + which sum equals the 
resistance of the galvanometer alone. 

This type of shunt should be wound with wire of the same tem- 
perature coefficient as the wire with which the galvanometer is 
wound. Practically all galvanometers are wound with copper 




160 


MEASURING ELECTRICAL RESISTANCE [Aet. 807 


wire and this changes in resistance about 4 per cent for every 10° C- 
change in temperature. Unless the coils in the shunt have the 
same temperature coefficient and are maintained at the same tem- 
perature as the coil in the galvanometer (a matter hard to realize 
in practice) unallowable errors may result from the employment 
of this type of shunt. Furthermore every shunt must be adapted 
to the particular galvanometer with which it is to be used. 
These disadvantages are overcome in the universal or Ayrton 
shunt, which is the kind now almost universally in use. The 
theory and use of the Ayrton shunt is as follows: 

8o 7- The Ayrton or Universal Shunt. — Fig. 807a shows the 
disposition of the circuits employed, a, h, c, d, e, are resist- 
ance coils of manganin or other low-temperature-coefficient wire. 
These are joined in series and the galvanometer terminals are 
permanently connected to the terminals of the series. One ter- 
minal of the main circuit is permanently joined at one end, as at 



the point 6, and an arrangement is provided by which the other 
terminal p may be moved to any of the points 1, 2, 3, 4, 5, 6 
R represents the total resistance and E the E.M.F. included ’in ’the 
main circuit. The resistance of the galvanometer alone is g. 

It was shown, Eq. (3), par. 806, that the multiplying power of 

any shunt is ilf = where 5 is the total resistance of the 


s unt and g is the resistance of the galvanometer. We can now 

aTfrthrdiff “ the galvanometer circuit 

and the different resistances which shunt the galvanometer 
when p IS moved from the point 1 to 2 to 3, etc.,"the fX^^J 
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Alt 



Res. in gal. circuit 

Value of shunt, S 

Multiplying power of shunt 

1 

9 

aH-6-hc+d-fe 

g-{-a-\-bi-c-{-d-\-e 
^ a+bi-c-i-d-i-e 

2 

9+a 

6-1-c+d-he 

g+a-i-b+c-^-d+e 

b-{-c+d-he 

3 

gf-f-a-f-6 

c-\~d-^e 

g+a-i-b+c-hd-\-e 

Mz— , j , 

c-{-d-\-e 

4 

g-\-a-}-b+c 

d ~\-6 

g^-fa+6+cH-rf-fe 

iU 4 = , , 

a+e 

3 

g+a-\-h-{-c-\-d 

e 

^-ha-h6+cH-ri+e 
^ 6 

G 

g-\-a-\-b-\-c+d-\-e 

0 

Mg = Infinity. 


It xlow appears from the 4th column of this table that the 
value of the multiplying power of the shunt for any two 
of the contact p is independent of the resistance of the 
^a.lv'fi^xLometer. Thus, calling a + 6 + c + (i + 6 = r 

6 + c + d + 6 


Ml 

e 

Ml 

M,~ 

- j 

r 

Mi 

Ml 

d 6 

Ml 

Mi~ 

r 

Ml 

Ml 

c -{■" d 6 


Mz 

} 

r 



= 1 . 


It: follows that, if the resistances are chosen so 6 = 0.0001 r, 
i — j— ^ = 0.001 r, c + d + e = 0.01 r and h + c + d + e=^ 0.1 r, 
:hie 3 onsibility possessed by the galvanometer (when shunted with 
x-esistance r) will become 0.1, 0.01, 0.001, or 0.0001 as great 
aceox*ding as the contact p rests on point 2, 3, 4, or 5. This 
result: is obtained theoretically with a galvanometer of any resis- 
baiiLee and with any value given to the total resistance r. The 
: 5 [uest:ion then arises: what considerations govern the value which 
should be given to r? It will be observed, if the resistance r 
IS made very high as compared with the resistance of the galva- 
aoxnoter, that, with the contact on point 3 or 4, the galvanometer 
tiixs 1:hLrown in series with it a very considerable resistance which 
w-ill areduce greatly the current C in the main circuit (Fig. 807a) 
arxlo3S the resistance R in this main circuit is also very high. On 
fcho other hand, if the resistance r is made very small, as com- 
with g, the galvanometer being permanently shunted with 
a lo*w resistance has its intrinsic sensibility much reduced. Also, 
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if this is a D’Arsonval galvanometer it will be overdamped 
when r is small, and the coil will move sluggishly. Experience 
and practice show that r should be chosen approximately ten times 
the average resistance of the galvanometers which are to be used 
with the shunt. 

In considering the principle of the Ayrton shunt it should be 
carefully noted, that, while the shunt reduces the sensibility of 
any galvanometer in a definite way it does not in general reduce 
the current thru the galvanometer in the same definite way. Thus, 
if we call C' the main current when p (Fig. 807a) is on point 1, 
the galvanometer current will be 



C' 

Ml' 


If the contact is now moved to some other point as 3, and we call 
the main current which is then flowing 0'^^ the galvanometer 
current will be 


C,"' 


c + d-\-e Q,,, 

P + r 


C" 

M^' 


The ratio of the galvanometer currents in these two cases is 


C/" ^ c + d + e (^^MiC^ 
Go r C Mi C 


Only when the external resistance R is very large, so that the 
effective resistance of the entire circuit remains practically con- 
stant for the different positions of the shunt contact, will the 
current C"" be the same as the current C. In this case only will 
the ratio of the galvanometer currents for any two positions of 
the shunt contact be in the inverse ratio of the multiplying powers 
of the shunt for these two positions. 

If by any device the main current C is maintained exactly 
constant, then the shunt will exactly cut down the galvanometer 
current in the same way it cuts down the sensibility. In measur- 
ing insulation resistances, R is usually very large and the Ayrton 
shunt may be used not only as a device to reduce galvanometer 
sensibility but also to reduce in like manner the galvanometer 
currrat by known and fixed amounts. It is in this latter way and 
for this purpose that the Ayrton shunt is chiefly used and it is 
therefore necessary to investigate the magnitude of the errors 
introduced, under different conditions of use, when it is assumed 
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that the galvanometer current is cut down in the same proportion 
as the galvanometer sensibility. 

Referring to Fig. 807a, the current thru the galvanometer is 

( 1 ) 

where M is the multiplying power of the shunt (which takes 
values Ml, M^, etc., according as p is on point 1, 2, etc.). 

Call Rs the shunted value of the galvanometer resistance and 
R the resistance in the main circuit. Then if E is the E.M.F. 


R the resistance in the main circuit, 
of the source, 


C = _Z_ 

r + rJ 

^ M{R^rS ( 2 ) 

Let the contact be upon a point p such that M = and 
Rs = Ra^ then the galvanometer current will be 

^ f Ex 

“ ~'MpR -\-R,'' 


Now move the contact to a point q such that M = and 
B, = R"] then the galvanometer current will be 

r 'r — 1 f.-. 

M^R+R,"' 

By taking the ratio of Eq. (4) to Eq. (3) we find 
C/'_M,R+R/ 

C/ M,R+Rs"' 

R ^ R ' 

Eq. (5) shows that, in so far as — — - differs from unity the 

ratio of the galvanometer currents for any two positions of the 
shunt differs from the inverse ratio of the multiplying powers of 
the shunt for the two positions. 

Since 

1 + ^ 

R + R/ R 

R + R/' , , Rs"’ 


differs from unity the 


we note that when R is very large the fraction is practically unity, 
that is, the current in the main circuit is practically constant, 
while the current in the galvanometer is changed in the same ratio 
but inversely as the multiplying power of the shunt is changed. 
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The following typical case will serve to show the magnitude of 
the errors which actually result from assuming that the current 

in the galvanometer is altered in the ratio Reference is here 

made to Fig. 807b. 



Fig. 807b. 

By means of the handle H the contact can be moved to positions 
1, 0.1, 0.01, 0.001, 0.0001, 0, Inf. In the case selected the shunt 
is intended for use with galvanometers having from 100 to 500 
ohms resistance. We shdl take 

g = 350 ohms, 
r = 3000 ohms, 

and first assume that the external resistance is 
R — 10^ ohms. 

Then 

a + 5 + c + d + c==r = 3000 ohms and Mi = 

r 

6 + c + d + e = 0.1 r = 300 ohms and M 2 = 10 Mi, 

c + d + e = 0.01 r = 30 ohms and M3 = 100 Mi, 

d + e = 0.001 T = 3 ohms and M4 = 1000 Mi, 

e = 0.0001 r = 0.3 ohm and Ms = 10,000 Mi. 
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The shunted galvanometer resistance then takes the following 
values : 

350 X 3000 




gr 


313 ohms. 


g + r 3350 

D TT _ {q -\- o){h c d -\- e) (350 + 2700) X 300 „„„ „ 

3350 

R in = (g + a + &)(c + d + e) _ (350 + 2700 + 270) X 30 


g + r 


3350 


29.73. 


r> IV — ^S+0’+^+o){d+e) (350+2700+270-1-27) X3 r. <->rv»T 

-ffr 3350 = 2 - 997 , 

p Y (I ~\'~h c d?) 6 (350 “h 2700 "4" 270 -}- 27 -j- 2,7) X 0.3 

3- gr+r 3350 

= 0.3. 

If we now put these numerical values in expressions of the form 
given in Eq. (5), we obtain the following values for the current 
in the galvanometer with the shunt in positions 1, 2, 3, 4, 5: 


For position 

Galvanometer current 

1 


2 

rr Tt 10^+313 

" 10 10“-(-303 

3 

p m_ ,, 10*-t-313 

" 100"^ 105-f-30 

4 

p- TV lO^-t-313 


" 1000^ 105-1-3 

5 

Cv= ^105-^313 


® 10000 105-1-0.3 


In this case it is seen that the last terms differ very little from 
unity. Thus the largest departure is for the position 5, where 


105 + 313 
105 0.3 


1.00313. 


With an external resistance as great as 100,000 ohms and a shunt 
of total resistance 3000 ohms it is legitimate to assume, for most 
work, that the shunt cuts down the galvanometer current in the 
same way as it cuts down the galvanometer sensibility, that is, 
inversely as the multiplying power of the shunt. If, on the other 
hand, R is made as low as 1000 ohms the error for position 5 of 
the shunt would be as much as 31.3 per cent. 
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We can now find from 'the galvanometer deflection, with the 
shunt set in any position, the value of the main current C as 
follows: By the principle embodied in Eq. (1), par. 807, the cur- 
rent thru the galvanometer is equal to the main current divided 
by the multiplying power of the shunt, or, in general, 

8o8. Galvanometer Constant, Obtained by Using an Ayrton 
Shunt. — To determine the constant of the galvanometer using 
an Ayrton shunt to which the galvanometer is permanently 
attached (as in Fig. 807b) we may proceed as follows : 

Let C' = M iCg be the main current with the shunt in position 1, 
C" = M 2 Cg"he the main current with the shunt in position 2, 
C'" — MzCg" be the main current with the shunt in position 
3, with similar expressions for the other shunt positions. 

If the galvanometer current is Cg' = Ki di for the shunt in 
position 1, where Ki is a constant and di the galvanom^er deflec- 
tion, we have 

C' = MiKi di = = Kdi, 

where K is another constant. Similarly 

C" = M,K^ d,= 10 MiK, d,=10 ( 2 ^ K^d2= 10 K d,, 

(7"' = 100Z4 etc. 

Also, 

^ ? nrfr_ ^ . 

R + R/’ ^ ~R + R,''’ ^ ~ R + R/"^^^- 

where 7^/, etc., are the shunted galvanometer resistances 

with the contact on positions 1, 2, 3, etc. We therefore obtain 

—I—- Kd 
R + R/ 

IT ^ 1 


or Z = 0.1 
Or, in general. 


R + Rs 


R + R/ di 
or = 0.01 


K = N 


R + Rs d 


Where N refers to the numbers 1, 0.1, 0.01, etc., stamped upon the 
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shunt for the shunt position used, Rs is the shunted galvanometer 
resistance for that position and d is the galvanometer deflection. 
In determining the constant K it is customary to take R so large, 
usually 10^ ohms, that Rs is negligible in comparison. For insula- 
tion testing this approximation may be permitted and we have, 
with sufficient precision for many purposes, 

( 2 ) 


K = 


Rd 


809 . Insulation Measurements with a Galvanometer and an 
Ayrton Shunt. — When the insulation resistance to be measured 



has a comparatively small capacity and dielectric, absorption the 
procedure is very simple and is carried out in practice as follows: 

A galvanometer (usually a D^Arsonval instrument), a standard 
one-hundred-thousand-ohm box, an Ayrton shunt, and the resist- 
ance to be measured are joined as in Fig. 809. 

In a convenient type of construction, the battery key h is 
combined with the Ayrton shunt for compactness and also for 
convenience in manipulation. The handle a controls the key b 
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and is mounted so that it projects up thru the handle which 
operates the shunt. By depressing a, the contact h is closed. 
This is arranged so that it can be locked in the closed position. 
If the shunt and the D’Arsonval galvanometer are properly 
related the latter will be just aperiodic. 

The shunt may be held in one hand while its handle and key is 
manipulated with the other hand. Both the shunt and one- 
hundred-thousand-ohm box should be highly insulated and are 
for this purpose, often constructed entirely of hard rubber. 

To make a measurement of insulation resistance, of a short 
length of cable for example, the procedure would be as follows: A 
battery of 50 or 100 dry cells is used. These should be first joined 
directly to the one-hundred-thousand-ohm box instead of to the 
cable as indicated in the figure. The constant of the galvanometer 
may now be obtained. This is not the same constant as that given 
by Eq. (2) in par. 808, which is the true galvanometer constant. 

It is an arbitrary constant defined by the relation 

Here G is the constant sought, N the shunt setting 0.1, 0.01, 0.001, 
or 0.0001. The 0.1 is the one hundred thousand ohms expressed 
in megohms, and Z> is the galvanometer deflection which is 
obtained with the particular battery used for the measurement. 
Thus we have 

n- ^ 

^ ION' W 

In obtaining this constant, the shunt is first set at zero. The 
battery circuit is then closed by depressing the battery key b 
and the shunt is moved, first to N 0.0001, and the deflection 
noted. If this is less than 25 small scale-divisions, the shunt is 
moved to iV = 0.001, and, if still less than 25 scale-divisions, to 
^ deflection, which should not be less than 

25 divisions, is noted and called D. The shunt setting also being 
noted, the constant is given by expression (1) above. 

The constant G having been thus determined the insulation 
resistance may now be measured by the following procedure: 
First connect the battery to the cable or resistance to be measured, 
as shown in Fig. 809. Reset the shunt to position zero. The one- 
hundred-thousand-ohm box, or 0.1 megohm, may be left in circuit 
or it may be short-circuited. In the former case the resistance 
measured will include' this and will be 0.1 megohm too large. 
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Close the battery key 6. If the cable has any considerable capac- 
ity and dielectric absorption, sufficient time must be allowed for 
the cable to become fully charged. No definite time for this can 
be specified and this matter will receive further treatment later 
on. But assuming electrification is complete, move the shunt 
successively to positions 0.0001, 0.001, 0.01, etc., until the deflec- 
tion obtained is as large as possible and yet remains upon the 
galvanometer scale. Note this deflection calling it d, and also 
the shunt position used and call it Ni, Then in the same way that 
we obtained 

N N-i 

D = G ^ we find d = G-j-j 


where I is the insulation resistance sought expressed in megohms, 
or 


GNi 

d 


( 2 ) 


The above procedure assumes that the insulation resistance of 
the lead wires and the one-hundred-thousand-ohm box is infinite. 
This may not be the case, however, and the matter must be tested 
by disconnecting the wire from the core of the cable and noting if 
there is any deflection, the shunt setting remaining the same: 
If there is a small deflection di it must be subtracted from d, and 
then the final expression for the true insulation resistance becomes 


GNi 

^ d-di 


(3) 


It is the insulation resistance of the entire cable. If its total 
length is L feet, then its insulation resistance per mile will be 


GNiL 

" id - di) 5280 


(4) 


The following example will illustrate the use of formulas (1) and (4) : 

The galvanometer deflection, in obtaining its constant, was 
D = 83 millimeter-divisions. The shunt setting was N = O.OOOL 
Hence the constant was 


(? = 


83 

10 X 0.0001 


83,000. 


This galvanometer was then used to determine the insulation 
resistance per mile of a cable 3200 feet long. The deflection due 
to the cable and lead wires was d = 53 divisions, and the shunt 
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position used was iVi = 1. The deflection due to the lead wirc^s 
alone was di = S divisions. Hence by Eq. (4) 

j ^ 83,000 X 1 ^ jl^QQ 0 nxegohms per mile. 

(53 - 3) X 5280 

810. Measurement of High Resistances by Leakage Methods. 
— When a high resistance is practically free from capiidty it 
may be quite accurately and easily measured by ol)serviiig tlio 
time which is required for a certain portion of the (diarge in a 
condenser to leak thru the high resistance. If thci high r(‘sistane(‘ 
is associated with an appreciable capacity, as is the cas(^ witli tin* 
insulation resistance of a cal)le, the methods of lc‘akag(‘ may still 
be applied but require certain modifications. The leakagi^ rmfvhods 
which follow apply when the capacity associated with tlie rt^sist- 
ance is negligible. 

811. Theory of Leakage of Condensers. — ^ Assume, as a first 
approximation, that the resistance from one terminal to tlie other 
of the condenser itself is infinite. 

Call C the capacity of the condenser. First, let th(‘ eond(‘nser 
be charged to a potential Fi. Second, join the terminals of the 
condenser with a high resistance R and maintain this (JomicfMion 
for a time T until the potential of the condenser falls to a value! 
Fi. Then disconnect the resistance and measure! tliC! potential 
Fi. The following relations will now hold: 

q = Cv, 

where q is the quantity of electricity in the condenser at any 
instant when its potential is v. 

_ r' 

dt dt 

is the current which leaves the condenser when the potent, ini 
changes with the time. With the resistance R as the only resist- 
ance in circuit with the condenser this current must also e(iual, by 

Ohm’s law, . Hence, 


or rdt = -RCr^ 

*yo Jvi V 

from which we obtain, by integration, 

T = -RC(log,V2^1og,VxX 
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or r = (3) 

In Eq. (3) C is in farads, R in ohms and T in seconds. Since Fi 
and V 2 occur as a ratio they may be taken in any units. Express- 
ing C in microfarads and changing to common logarithms, we have 

T = 2.3026 X 10-« RCf logioF’ (4) 

V 2 


Eq. (4) is a useful relation between time, resistance and capacity, 
which enables any one of these three quantities to be calculated 
when the other two have been determined. 

If we express the resistance in megohms and call it E™, we have, 
within 0.018 of 1 per cent. 



T 

C/ 2.303 logiop 

y 2 


(5) 


8 i 2. High Resistance Measured hy Leakage; Method I. — 

In this, the simplest application of the method of leakage, the 
apparatus required is a bal- Ga 

listic D’Arsonval galvanometer, 
of moderate sensibility and 
proportional scale, a mica con- 
denser (preferably of 1 micro- 
farad and adjustable in steps of 
0.05 microfarad) and suitable 
highly insulated keys. The 
connections may be made as in 
Fig. 812a. 

In the figure, Rm is the resist- 
ance in megohms to be meas- 
ured, Cf the mica condenser 
and Ga the ballistic galvanom- 
eter. The E.M.F. of the bat- 

tery Ba should be chosen such that with the galvanometer and 
condenser C/, which are used, a deflection to near the end of 
the galvanometer scale will be obtained when the condenser is 
charged and then immediately discharged thru the galvanometer. 



To measure the resistance Rm the key Kx is first closed and 
then opened, and immediately thereafter the key is closed 
which discharges the condenser Cf, charged to the full potential 
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of the battery, thru the ballistic galvanometer. The deflection 
di is carefully noted. If the galvanometer is proportional in its 
readings to the quantity of the electricity discharged thru it, we 
shall have the deflection of the galvanometer, 

d, = KQ, = KCfVi = kVi, 

where Qi is the quantity of electricity discharged, K and k are 
constants, and V i is the potential of the battery. 

The key K 2 is left open and the key Ki is again closed. Ki is 
now opened for a known time T seconds. While Ki and K 2 are 
open the condenser C/ is losing its charge by leakage thru the 
high resistance Rm- At the end of T seconds K 2 is closed and the 
electricity which remains in the condenser is discharged thru the 
galvanometer giving a deflection = KQ 2 = KCfV^ = hV 2 - 

The resistance in megohms is then given, as in Eq. (5), par. 
811, by the relation 

T 

Rm = ( 1 ) 

C/2.31og:o§^ 

The result expressed by Eq. (1) assumes that the insulation re- 
sistance of the condenser itself is perfect. If the condenser leaks, 
as will generally be the case, a separate experiment must be made 
to determine its insulation resistance. To do this, disconnect the 
resistance Rm at a, and proceed in exactly the same manner as 
above. Let Rm' be the resistance of the condenser in megohms 
which is found, and call Rm" the resistance of the condenser and 
specimen when in parallel. Then 


from 'which 


R, 


1 =A + J, 


Rm = 


R'mR'm 
R' -R'n 


( 2 ) 


It is to be noted, that the choice of the time T and the capacity 
Cf in Eq. (1) is arbitrary, and the question arises. How should 
these quantities be selected in order that the precision of the 
measurement shall be as great as possible? 

We may consider that the conditions of the measurement are 
made as favorable to precision as possible, when matters are so 
arranged that the proportionate error in the time being measured 
is equal to the proportionate error in the deflection being read. 
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Now the throw deflection, after the leakage has taken place, is 
proportional to the E.M.F. to which the condenser is then charged, 
namely to Fa- We may write, then, as the condition for maximmn 
precision, 

sr _ 6Vi 

T Fa ■ (3) 

The negative sign is here used because as the time increases, the 
potential decreases. If we express the time, as in par. 811, by 
the relation ’ 

T=-RC loge Fa + RC log, Fi 
and call Vi constant, we obtain 

^rp ‘ 51^2 

From Eqs. (3) and (4) we thus obtain 

T = RC. (5) 

Putting T = RCm Eq. (3), par. 811, we obtain 

1 T T7 yi 

1 = log,^, or Fa = — • 

K 2 6 


1 1 T7 

1 = log,^, or F 2 = — • 


Since the throw deflections may generally be taken as proportional 
to the potentials 7i and 72 we have, if di and are these deflec- 
tions, . 

, di di 

d2 - -7 - (6) 


" e 2.7 

(For functions of e see Appendix II, 1.) 

Further, if, in Eq. (3), par. 811, we write 72 = ■^, we have 

T = RC loge e, or, as loge e = 1, 

T = RC. 


Thus, if we make the second deflection - of the first, we have 

e 

T 

R = -^ and the calculation is simplified. If time is expressed in 

seconds, resistance in megohms and capacity in microfarads, we 
have 

T = RmCs. (7) 

Eq. (7) implies that, for highest precision, the time in seconds 
that the condenser is permitted to leak has been so chosen 
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that it is equal to the product of the r(*slstun(‘(‘ hriiig d 

expressed in megohms, times tlie capacity u;s{*d, (‘xprosed in 
microfarads. To use relation (7) we siiould iirst cJioosi^ f '/ of 
convenient value and then by a prelimiiiary trial find roughly tic* 
value of i?m- After this the measureincait shotild In* ropeaf»'d 
allowing the condenser to leak a time T — If this timo i' 

inconveniently long or short then the capacity f / muy Im* redin*# d 
or increased when the time of leak, for l>est pn‘(u.sion, will ohaipi;*' 
in the’ same proportion. 

In ordinary practice it is not very esK<»ntiaI to (‘losoly regard 
the above rule for highest precision, and tla* (‘ondilions for 
cision will be sufficiently met if the eoruhaisr^r is allowed to leak 
a time such that is about one-half or one-third (A Ih- If the 

1 1 

second deflection (h is‘ made ^== 2 7 ’ 

deflection rii, the best conditions will be exacdiy reali^aicL 



The above procedure and arrangement of circtiilH for the moiiH* 
urement of resistance by leakage may be modified in dtdails iu a 
variety of ways. For example, for tlie keys Kt and A,, one may 
substitute a Rymer-Jones key when the connect ifUis would be m 
shown in Fig. 812b. 

In this arrangement the first operation in to liirow ihc Imndli 
of the Ryiner-Jones key k to tlie riglit no as to ciiarge flic con- 
denser to the difference of potential of the buttery Ha. Ah hoou um 
it is charged, the left-hand handle of the key w thrown to tlu* left , 
when the condenser begins to leak thru t.he'r(‘HiHl,!ince 'A'hen 
this has continued for T seconds, the right-luind handle is tlirown 
to the left which discharges the remaining (‘lectricity thru 1h(‘ gal- 
vanometer. The high resistance is now calculated in the way 
given above. 
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813 . High Resistance Measured by Leakage; Method II. — 
An electrometer of the quadrant type may be substituted for a 
galTanometer. In this case the connections may be made as in 
Fig. 813. 

If the electrometer does not give deflections proportional to 
the potential applied to its quadrants it is necessary to make a 
preliminary calibration of its scale, plotting in a curve potentials 
against deflections. In this arrangement the needle is main- 
tained charged by the dry pile or other source of high potential h. 



The specimen is connected in parallel with the mica con- 
denser Cf the opposite sides of which are joined to the two pairs of 
quadrants of the electrometer. By means of the battery Ba the 
condenser and the electrometer quadrants are charged to the 
same potential Fi. The battery Ba is then disconnected and 
the time accurately noted for the potential to fall from Fi to V 2 , 
the values of Vi and F 2 being obtained from the observed deflec- 
tions which will give the potentials from the previously obtained 
curve. 

AFith the excellent galvanometers, having nearly proportional 
scales, which are now available, one would hardly select for this 
test an electrometer in preference to a galvanometer. 

In the above class of measurements it generally happens that 
the specimen Rm being measured has not only resistance but 
more or less capacity. This would be the case if the sample were 
a few meters of rubber-covered wire of which the insulation resist- 
ance- per unit of length of the covering is to be determined. 

Vhen such is the case, for precision, the capacity of the sample 
must be determined by a preliminary experiment. As this 
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capacity will be in shunt to the condenser C/, used in the test, it 
must be added to the capacity of (7/ in estimating its value. This 
capacity of the sample may usually be determined with sufficient 
exactness by charging it to a high potential and immediately 
thereafter discharging it thru a ballistic galvanometer. Tlie 
throw deflection obtained when compared witli tlie tlirow deflec- 
tion which may be obtained by discharging a known capacity 
thru the galvanometer, will give the value of the unknown capacity. 

If the capacity of the sample resistance is very considca-a-ble 
it will then not be necessary to use any auxiliary corukaisc^r, it 
being only necessary to note the time of leak of the cha-rge of tlie 
capacity associated with the high resistance under measurement. 
Such a case arises in the measurement by leakage of the insulation 
resistance of a submarine cable. 

814. Insulation Resistance of a Celluloid Condenser Obtained 
by the Method of Leakage. — We now give a description of an 
actual determination, by the method of leakage, of tlie insulation 
resistance of a celluloid condenser. It will serve to illustrate 
what has been said above respecting the determination of high 
resistance by leakage and will bring out some of tlie peculiarities 
of celluloid and the difficulty of precisely defining what constitutes 
the true ohmic resistance of a material of this nature. 

The determination was made, under the author’s direction, by 
Mr. W. Eves and Mr. R. T. Roche, in January, 1912. 

The object of the measurement was to determine the specific 
resistance of pure translucent celluloid at one temperature. 

The precision sought was not very liigh because it was assumed 
that a compound material of this nature, of which the (Juanical 
constitution was unknown, is not of such a definite clijiraciter 
as to justify the expenditure of time which would be required to 
obtain a highly accurate determination. It was decided that a 
determination of the specific resistance in which the maximum 
error should not exceed 10 per cent would meet the reqiiirements. 

The sample selected consisted of sheets of translucent celluloid 
furnished by the Eastman Kodak Company and presumalily of 
the same quality as that used for Kodak films. These slmets 
were 0.0050 cm thick. The sheets were made up with tin foil 
into a tightly compressed condenser. The tin foil was 0.0020 cm 
thick and the effective capacity area of each sheet of tin foil was 
54.1 sq. cms. The over-all thickness of the condenser was 0.9 cm. 
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Consequently there were 127 sheets of foil and 128 sheets of 
celluloid. 

The method of measurement was that of leakage. As the con- 
denser (the specific insulation of which was to be determined) had 
sufficient capacity itself for the test it was unnecessary to use 
another condenser in parallel with it while the leak occurred; 
hence the condenser Cf in Fig. 812a, now represents the capacity 
of the celluloid condenser itself, while the resistance Rm repre- 
sents the resistance thru the celluloid sheets of the condenser. 

The celluloid condenser was connected in the circuits repre- 
sented in Fig. 814. 



Here Cf is the condenser of celluloid. Rn, is the internal resistance 
of its sheets in parallel. Ga is a D'Arsonval galvanometer. V is 
a standard voltmeter. Ba is a storage battery of a few cells, and 
r is a slide rheostat for adjusting the voltage applied to the con- 
denser by moving the slider p. is a highly insulated key which 
in position 1 charges the condenser to the potential indicated by 
F, in the middle position insulates it, and in position 2 discharges 
it thru the galvanometer. 

The condenser was charged for a known time T' seconds. It 
was then instantly discharged by throwing K from 1 to 2 and 
the deflection di noted. The condenser was then recharged for 
the same charging time, and insulated for such a time T seconds 
that, on discharging, the deflection ^2 indicated that only about 
37 per cent of the original quantity of charge remained. This 
operation was repeated for times of charge varying from 1 to 5 
seconds. The values of the insulation resistance of the condenser 
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were then, obtained iiec'oniiiig to the theory |»iveii in jior, 812^ I hi 
formula used Ixhng 

T 


nu’goliins. 


(.// 2.#i iogiij 


In order to obtaiti the ea|.Kieit>‘ of Ihe eelhiloid eoiiih'iioT, hu 
use in tlie above fu,rmulu.j a ?^tnndard iiiiea eomifajoT of kunwu 
capacity C« — 0.4'l M.F, was Ms(*d. 1 lib eoaden.^r ua,- eii:ir^i't| 
and then ininied,iat(‘ly ilisehargi'd thru the IbAr-onial ealvanfuu- 
eter giving a defhvtion 'Ilie ealliiloifl eondeiO'er 

charged to tJui sa.m(t potential for a tiiiie f M-.riiiids aiid 
ately discha,rg(‘rl tiini the same galva.nomo|pr giving a flfl!eef ion 
dc. Th(^ capaiathi.s laang in the sa.ine ratio a> llie iwu didleiiions, 

the capacity of the celluloid condenser wa>. i\ C'h, ttliicb U 

fi„, 

the value of tla^ capacity usei.l in f lie aliove foriiitihu 
The data obtained jire given in the following table: 


rv 


iim 

fiAPgtihmn 


lii 

(i 2 - ^ ,V) 

//j 1110 


iVofc. — Charging voltage V 0 1 1 volt. Tiaii|,o 
Beale COO nun fnun mirror, 
microeouiornhH 

^ " galwdlcfieetion in nun" " ^ mmUmi. 


A separate test wan made U> determine Ihe proporl ioiialit y of t he 
galvationmter deOecdiiais and l.hest* ^vere found to be jiroporliona! 
to the quantity of {‘I(»ctricity dischiirged to l«dfer than I per eenf. 

The deduction of the reniidtH given the relation which was found 
to exist between the speeific iiiMuIafimi resistance of crdhiloiii at 
16.5 C. and the time that the insuhition h submitted to tin? im*. 
pressed difference of potential 




Abt. 814] THE MEASUREMENT OF HIGH RESISTANCE 179 


It appears that the resistance of celluloid is not constant but 
g:radually increases more or less assymtotically with the time that 
a. given E.M.F. is applied to it, within the limits of time, from 1 
to 5 seconds, used in the measurement. 

The data for the resistivity are deduced from the dimensions 
of the condenser and the above observations as follows : 

js =4 p = resistance of 1 sheet of celluloid of effective area S. 

and thickness 1. 

JFd I 

- — = ij' = _ p = resistance of n sheets of celluloid joined in 
n nS 

parallel, where R' is the resistance measured and given in megohms 

7lS 

in the table above. Hence, p = — fih There were 127 sheets 

of tin foil which served as electrodes to 126 sheets of celluloid. 
>S =54.1 sq. cms and I = 0.005 cm. Taking the values of R' 
from the 5th column of the above table, expressed in ohms, for 

1, 2, 3, 4 and 5 seconds charge we obtain, as the specific resist- 

ance of celluloid, 

Pi = 2.69 X 10^^ ohms, P 4 = 5.84 X 10^^ ohms, 

P 2 = 5.06 X 10^2 ohms, P 5 = 6.12 X lO^^ ohms. 

P 3 = 5.48 X 10^2 ohms, 

The specific resistance is seen to vary as the time of the applica- 
tion of the E.M.F. in the manner indicated. 

The reliability and precision of the above results cannot be 
estimated with any great exactness because only one set of meas- 
urements was made and only one method was used. In this case, 
however, it is very probable that all the standards used were 
a^ccurate and it is certain that the observations were made with 
care, and the calculations were checked by two computations. 
The method is, however, open to objections and both the quantity 
measured and the capacity value used in the formula are in- 
definite. Thus, since the resistance of the dielectric of the con- 
denser was found to vary with the time of applied potential, Is one 
to take, the time of charge or the time of charge plus the time 
allowed for the leakage as the true time that the dielectric is 
submitted to a potential? Probably an unknown intermediate 
value for the time of applied potential would be more correct 
tlian either. 

This determination has been given here in full, as it serves to 
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illustrate the method of measurement by leakage, to indicate the 
procedure recommended by the author in recording a physical 
measurement, and because it serves to show the difficulties some- 
times involved in obtaining a precise result in an actual case, tho 
the method and formula would lead one to expect that a high 
precision is easily obtainable. 

815. High Resistance Measured by Leakage ; Method III. — 

The following method of leakage for measuring either short in- 
tervals of time of electric contact,* or high resistance is a special 
application, devised and used by the author, of Lord Kelvin’s 
null method of mixtures: 

The method consists in charging two condensers with potentials 
of opposite sign, then permitting one of the condensers to leak for 
a known interval thru the high resistance to be measured, then 
mixing the charge which remains with the charge in the other 
condenser and discharging what still remains thru a galvanometer. 
The interval of leak may be adjusted until a zero deflection of the 
galvanometer is secured. From the data so obtained the value of 
the high resistance is deduced. 

For explaining the practical carrying out of this method reference 
is made to Fig. 815a. 

Here R is the high resistance to be measured. Ci and are 
two, preferably equal, mica condensers of from 0.2 to 0.5 micro- 
farads each. T\ and are two resistances, the former being vari- 
able. They would ordinarily lie between 1000 and 10,000 ohms. 
8 is a rocking switch which when thrown to the left makes contacts 
in the mercury cups 1 and 2, and when thrown to the right 
makes contacts in the mercury cups 3 and 4. The mercury 
stands higher in cup 4 than in cup 3 so contact will occur in 4 
shghtly earlier than in 3. Ba is a source of E.M.F., and Ga 
a D’Arsonval or other type of galvanometer. K is a highly insu- 
lated single contact key (not essential to the method) . 

If we assume Ci = and R is without appreciable capacity 
the measurement would then be made as follows: Let ri equal 
approximately 2.7 r^. With K open or closed throw S to the left 
givmg Cl smd charges which will have the ratio 2.7 to 1 . Return 
S to the insulate position and with K closed note the time T 


* Consult, ‘‘On the Duration of Electrical Contact Between Impacting 


181 


Art. 815] THE MEASUREMENT OF HIGH RESISTANCE 

during which Ci will be losing its charge thru R. At the end of 
the interval T throw switch 8 to the right. This will mix the 
charge that remains in Ci with the charge in Ca and an instant 
thereafter discharge what remains thru the galvanometer. If the 
interval T is so chosen that the potential of Ci sinVg to the 
potential of Ca the galvanometer will show no deflection when 8 



is thrown to the right. The galvanometer will, however, probably 
deflect either to the right or to the left with the interval T which is 
first chosen. The amount and direction of the deflection will give 
information to enable a value of T, for a zero deflection, to be 
chosen closer upon a second trial. Three, or at most four trials 
should be sufficient to find the value of T to give a zero deflection. 
Thus, the change in the deflection will be very nearly proportional 
to the change in the time of leak, or 

di — d% "= K. {T \ — T 2 ). 

Hence, 


di-0 = K(Ti- T). 


From these two relations we find 


diT2 — ^ 2^1 
di — ^2 


as the true value for the time of leak which will make the deflec- 
tion zero. This relation may be verified by a third trial. 
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When this adjustment of the time is completed the value of the 
resistance being measured is, in megohms, when Ci is in micro- 
farads, 

Rm ( 2 ) 

2.303 Cilogio-^ 

If the resistance R has a capacity Cr, as indicated by dotted lines 
in Fig. 815a, it will be necessary to deternaine this capacity. It 
is not, however, necessary to determine its value separately but 
only in conjunction with the capacity Ci. 

Let Cp = Cl + Cr. With K closed throw S to the left and after 
some definite interval throw S quickly to the right. Repeat, 
adjusting the resistances ri and ra until there is no deflection of 
the galvanometer. Then, by the theory of the method of mix- 
tures, if ri' and r 2 ' are the values of ri and r 2 which give a balance, 
we have 


We may now proceed to determine the resistance R as above but 
the value of Rm will now be given by the relation 

^ CrY ( 2 ) 

2.303 C2logio^ 

02^2 

The series of values and the connections of a variable standard 
mica condenser are usually such that one box of capacities may 
be made to serve for the two condensers Ci and C%. 


J.Q5U.05U.2 U.2 U.5 


r05 .05 .2 


P 


Fig. 815b. 


A usual subdivision of a one-microfarad standard condenser 
and the manner of using it in a circuit like that of Fig. 815a is 
given in I and II, Fig. 815b, where the lettering of the two dia- 
grams corresponds. This last method of measuring a high resist- 
ance by leakage has advantages over the others described as 
follows: 

The method is a zero method and hence independent of the 
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proportionality of a galvanometer. A ballistic galvanometer is 
not required, as any type of galvanometer of moderate sensibility 
will serve as the indicating instrument. The sensibility of the 
method may be made anything desired by simply increasing or 
decreasing the E.M.F. of the source Ba (Fig. 815 a). The final 
value of Rm is given in terms of quantities all of which can be very 

C 

precisely determined. Thus j— is given as the ratio of two resist- 

02 

Ti 

ances, and likewise the ratio — can be far more precisely determined 

r2 

than the ratio of two deflections. Lastly, if the two mica con- 
densers Cl and C2 are precisely alike and mounted in the same 
box any diminution of the charge of one due to its own leakage can 
be assumed as practically the same as the diminution of the charge 
of the other due to its own leakage, hence the insulation resistance 
of the two condensers does not require consideration. But if 
there is a difference in the insulation resistance of each it is readily 
determined. 

The method permits the easy determination of the capacity Cp 
without any change in the circuits. It may be objected that the 
method requires several adjustments of the interval of leak to 
secure a balance and hence an undue expenditure of time. In 
practice this objection hardly holds because an exact balance is 
not required as the precise time that would be required for an 
exact balance may be obtained by a simple calculation from the 
small deflection which finally remains after two time-adjustments 
have been made. 

The above method was applied to the measurement of the specific 
resistance at room temperature of some samples of red fiber. 
The samples were in sheets 0.35 cm thick. In the middle and 
upon opposite sides of a sheet, square pieces of tin foil (much 
smaller than the sheets) were fastened. In one case the tin-foil 
sheets were fastened down with thin glue and in the second case 
they were simply pressed down with weights. The tin-foil sheets 
were 6.28 cms X 10 cms. The results were 

^ 23 7 X iQz tnegohms between opposite faces of a centimeter 
cube when the tin foil was glued dovm, and 
p^ ^ 620 X 20^ megohms when the tin foil was merely pressed on 
the fiber. (Compare Appendix IV, 5 .) 

To make these determinations the following values were used for 
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the quantities (their meaning being given in Fig. 815a): 

ri = 3672 ohms, Vi = 3000 ohms. 

Cl = Ci = 0.5 microfarad. 

WHh the electrodes glued on, the time of leak for a balance 
within - 4 scale-divisions was 8 seconds, and with the electrodes 
pressed on, it was 300 seconds for a balance within +10 scale- 
divisions. With corrections in the time made for the small de- 
flections obtained, the above values for the resistivity of fiber, 
expressed in megohms, were obtained. The ratio of about 45 to 1 
between the resistivity obtained with electrodes pressed upon the 
fiber and electrodes glued upon the fiber shows how the apparent 
resistivity of a substance like fiber is affected by apparently slight 
changes in the conditions under which the test is conducted. 



CHAPTER IX. 

INSULATION RESISTANCE OF CABLES. 


900. Introductory Note. — In the manufacture and installa- 
tion of long cables, especially those of the submarine type, the 
insulation resistance per mile or per kilometer of the cables is 
tested. This, however, is only one of several tests which are made 
upon such cables. The phenomena observed in testing the insula- 
tion resistance are complicated and not well understood and a full 
treatment of the subject would not only be too extended for this 
work but it belongs rather to the subject of fault location and the 
study of the electrical properties of dielectrics. We shall, there- 
fore confine our treatment of insulation-resistance measurements 
of long cables to a brief outline of the standard methods employed 
and merely state the phenomena observed, requesting the reader 
to refer to special publications upon the subject for a fuller treat- 
ment, and for the explanations of the phenomena, which have 

been attempted. 

901 . Formula for Calculating 
the Insulation Resistance of a 
Cable. — If the specific resist- 
ance p of the insulation of a 
cable is known, the insulation 
resistance per kilometer of the 
cable may be calculated as fol- 
lows: 

In Fig. 901, which represents 
the cross-section of an insulated 
cable, let n = radius of metal 
core, r 2 = radius of outside sur- 
face of insulation, r = radial 



infinitely thin annulus of msulation and Z t gt 


cable. 
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Then the reshstiinec of tin* ;uinuius i,- 

11 , 

■ ■I.rt' 

Integrating between th(‘ liinifs r.» and ri we !in\ e 
P P . 


i%dr 

dJn r 


i wi fl 


Expressing in (annmon h)ga.ritliins n.nd vinulmmm tiie 
we obtain 

li ^ - login - f:|j 

i / 1 

Exampk. — Kfimnw p - I.') X 10'*. ’I’aki- / i kihinic!.-!- 
10' cins, ri = O.i;} cm uii<l r■^. O.-'t.’l cm. TIicm- coictaiO^ 

apply, approximately, to a No. 10 [5. * .•<. wire uiih 

rubber /g incii iliick. 


Ti.nv, n - X 4.r. X 10" , 0..,., , , , . 

ihtnA — • l.OIO HP ciltm.H jwr 

kilometer or, approximately, I0(«) iiiejfohms per kili.iiieter 
902. Theorem upon the General Relation Between Capacity 
and Resistance. 

(1) 10 om u unit ehar^f^ (d eleefrieify' in u iiit^ilimm nf eoii.Htaiit 

specific in(lu(!tiv(^ eapaf’ity A, liiie.H of eleetriihfulie force i,HKUe, 

This is well estaUished but may lie ea.dly prove.! ■(.‘i follows: If 
two point charge, s e and c' are ioeafed a! a disfanee r from .'aeh 
other in space:, the specific indmdive ea}iaeify of whieh is A , Ihen 
the force in dynes between the,se elt.argfvs is, l>y the law off 'oiilomb 


Now by definition the force at any point in space Is equal to fi„. 
rate of fall of the potential in the direction of tin- line .,f force at, 
that point. If we take the potfadial f<i deereii,se as the tlisfaiiee 
n measured along the line of force increases, we have 

•A rs / ^ 

<iti Kr^ 

Or if ds IS an element of surface taken normal tr» the limn of f«irce 
at any point in the spa(*e, 

Li.,. dv . n' . 
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If we one of the charges surrounded by a sphere of radius 

r and we integrate over the surface of this sphere, the area of 
whicli is 4 7rr“, we have 

Lcit tlie cluirge e = e' = 1, then 

E(|. (5) states that the total induction, namely, the total number of 
lines of force which issue from a unit charge in space of specific 

4 TT • 4 TTC 

inductive capacity A^, If the charge is e then,-^ lines of 

forc(i issue from it. 

(2) If <r is the surface density of electricity upon any surface, 
namely, the nuinljer of electrostatic units of charge per unit area, 
then for the unit of area we have the electric force or induction, 

iTTCr ... 

‘' — Tn—K- ® 

This states that the electric force or fall of potential from 
the surface in the direction of the field is ^ times the surface 

density of the electricity. 

From Ffi. (6) we obtain 

K dv 

4t dn ^ ^ 

(3) Now let Fig. 902 represent an element of space. Let a 

curremt of eh^ctricity enter the ele- 

nwuit at the face dxdy, and nor- ^ 

mal to this face. If Id is the I ' 

current domsity, then the current A 

wliich enters the face of the ele- , v 

luiiiit will b(! 

di^hdxdy. (8) / ^ 

, , Fig. 902. 

Suppose the difference of potential _ 

betwcieu the two ends of the element is v - vi, and that dn is the 

length of the element. Then, 

,. V-Vi 

~ dR ’ 


Fig. 902. 
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where dR is the resistance in ohms of the element parallel to dn. 


hence, 


di = Id dx dy 


^ dnp dnp dn 

where - =K', the conductivity of the medium (assumed constant). 
If we compare Eq. (7) with Eq. (9) we see that ~ in the electro- 

4 TT 

static case corresponds with K' in the electromagnetic case. 
Thus any formula for lines of electrostatic induction becomes a 
formula for lines of current flow when we make 4 7 r <7 = /^ and 
change K into K', Or one can say, by comparing Eq (7) and 
Eq. (9), that 

Pid = ^ ( 10 ) 

Eq. (10) leads to the important conclusion that, any' formula which 
gives the electrostatic induction thru a surface will express the value 
of the current density multiplied hy the specific resistance of the 
medium when the 7nedium of specific inductive capacity K is replaced 
hy a medium of specific resistance p. 

(4) As an example of the above take the general case of the 
relation between electrostatic capacity and ohmic resistance. In 
general the capacity of any two electrodes will be the total charge 
upon the surface of one of them divided by the difference of poten- 
tial between them. Or if a is the surface density at any point of 
one electrode and ds is an element of the surface of one electrode, 
their electrostatic capacity is 


Now multiply both sides of (U) by iS, jpd we haye 


' If- 

St J J p 


V — Vi 


V — Vi 
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the conductance from one electrode to the other. In making 
this statement we conceive the medium of which the specific 
inductive capacity is K to be replaced by a medium of which the 
specific resistance is p, or we conceive the same medium to have 

this specific resistance. If we write ^ where B is the resist- 
ance between the two electrodes, then 

4 TT Csi 1 j:>ri pK /10N 


Eq. (13) shows that in every circuit where the electrostatic lines 
‘ and the lines of current flow pass thru the same medium the 
product of the resistance and the capacity of the circuit is constant 


and equal to 


pK 


A very simple case will make this physically clear. Suppose 
we have two parallel plates, each of area A, and separated by a 
distance d. Suppose that between these plates there is a slab of 
dielectric (much larger than the plates) and that the specific 
inductive capacity of this slab is and its specific resistance is p. 
Then the resistance between the plates is 



(14) 


The capacity of the plates is 


a, = 


AK 

4:7rd^ 


(15) 


and we have 

A 4xd 4x‘ 

Namely, we cannot increase the electrostatic 
capacity of the plates by increasing the area 
without decreasing the resistance between 
them by a like amount, nor can we diminish 
the distance between them, thereby increasing 
their capacity, without equally diminishing 
the resistance between them. 

903. Application of Theorem to the Meas- 
urement of a High Resistance by Leakage. 

"T • 1 *1 1 Fic* QO^ 

— Let it be required to measure the resist- 
ance of any condenser, as C, Fig. 903, by the method of leakage. 



Fig. 903. 
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and assume first that the only capacity used is that of the 
condenser itself. By Eq. (3)., par. 811, the time of leak is 

r = i2(7iog.L. (1) 

Now we have shown, Eq. (6), par. 812, that for the best results, 
the capacity, which has been charged to the potential Fi, should 

be allowed to leak until this potential has fallen to Hence 

e ’ 

in this case, 

T = RC logc e or, as loge e = 1, 

T = RC. (2) 

Since the product RC will remain constant however we change the 
thickness or area of the dielectric, it follows that the time of leak 

required for the potential to fall to I of its value is the same for a 

condenser of any form, size or number of plates, provided the 
quality of the dielectric remains the same. We may express the 
value of this time as follows: In Eq. (2) C is expressed in farads 
and R in ohms. If we express C in electrostatic units, we have 

T = (o\ 

9 X 10“ ■ 


But by Eq. (13), par. 902, 


RC,t = ' 


hence, 


^ = 0.885 X lO-piT. 


An ordinary case would be one in which p = 4.5 X 10^^ and 
K = 5, which values placed in Eq. (3) give 

T = 199 seconds or about 3| minutes. 

The conclusion to draw from this result is, that (in measuring the 
insulation resistance of a cable where the capacity of the cable 
is the only capacity which leaks) it will require the same time for 

the charge to leak away so i of the original charge remains what- 
ever dimensions are given to the cable either in length or in cross- 
section. By using a high charging potential the charge will give 
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i 


1 



a sensitive galvanometer a full-scale deflection, even tho the 
cable is very short. Hence, there will be no gain in this case in 
using a long length of cable over a short one. 

We may, however, use an auxiliary capacity Ca as indicated 
in dotted line in Fig. 903. Then the total capacity which leaks 
will be 

Ct = C. + C.t = C. + ~’ 


the capacity in this relation being expressed in electrostatic units. 
By Eq. (3) we shall then have. 


RCa pK 

9 X 10“ '^47r9 X 10“’ 



Tt = RC„,f 10-« -b pK 0.885 X 10-*® 


( 6 ) 


where (7™/ is the capacity of the auxiliary condenser expressed in 
microfarads. 

Eq. (6) shows that, if C„ij is taken large the time of leak is in- 
creased, but as C„f may be an accurate high-resistance mica con- 
denser the capacity of which can be accurately determined, while 
the capacity of the resistance under measurement may not be 
detenninable with exactness, it may be very advantageous for pre- 
cision to use an auxiliary condenser. Furthermore, it will not in 
this case be necessary to submit the resistance under measurement 
to the high potential which might otherwise be required to secure 
the necessary galvanometer deflections. 

904. Insulation Resistance of a Long Cable by Deflection 
Methods. — When the insulation resistance of a long cable, such 
as a section of a submarine cable, is to be tested, it is more cus- 
tomary to use a direct deflection method than anj^ other. A 
systematic plan of procedure is usually followed, which may be 


described as follows: ^ ^ 

The apparatus used generally consists of a sensitive plvanom- 
eter of high resistance, a galvanometer shunt, a short-circuit key 
for the galvanometer, and a Rymer- Jones key, aEo a standard 
high resistance for calibrating the galvanometer. The resistan^s 
commonly measured in practice may range from 1 to 40,0(JU 
mesohms. The value of the resistance is interpreted m tenns 0 


galvanometer deflections. 

In making the test three operations are performed. 


I 
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1st. The negative pole of the battery is joined to the cable 
core, the galvanometer being in circuit after the first rush of 
current is over. The positive pole of the battery is put to earth. 
The cable being in a tank of water, its outside sheath is earthed. 

2d. The cable is allowed to discharge itself for a certain time, 
being disconnected from the battery. The deflections produced 
by the discharge current, after the first rush of current is over, 
are noted. 

3d. The positive pole of the battery is joined to the cable core 
and the negative pole to the earth, and after the first rush of cur- 
rent is over the galvanometer deflections are again noted. 

In these three operations a record of the time, as well as the 
galvanometer deflections, is carefully kept. 


Ga 



For carrying out these three operations the apparatus may be 
connected as given in Fig. 904a. K is the Rymer- Jones key, and 
it is to be noted that the levers of the key cannot be placed in any 
position which will short-circuit the battery. S is the galvanom- 
eter shunt, which may or may not be required, depending upon 
the relation which the galvanometer sensibility bears to the resist- 
ance being measured and to the E.M.F. of the battery employed. 
k is the short-circuit key. The cable C is usually coiled up in a 
tank of water. 

At the point where the wire from the galvanometer is attached 
to the cable core, care must be exercised to arrange .matters, as 
far as possible, so no current will leak from the core over the out- 
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side surface of the insulation to the water in the tank. A leakage 
path of this kind will be a resistance in parallel with the resistance 
being measured and its unrecognized existence may lead to en- 
tirely incorrect results. Two methods are employed to prevent 
this leak. The first is to carefully pare the insulation at the end 
of the cable into a conical shape and then, being careful not to 
touch, moisten or otherwise contaminate the surface, plunge the 
end of the cable into hot paraflfin wax. This will give the surface 
a high insulation. The other method is to employ a guard wire. 
This wire is shown in Fig. 904a in dotted line. Two or three turns 
of a fine wire are taken about the conical end of the insulation and 
then carried to the terminal of the galvanometer which is not 
attached to the cable core. 

When the cable core is being charged negatively or positively 
there will be no leak over the surface of the insulation which will 
pass thru the galvanometer, because the conical surface of the 
insulation is maintained by the guard wire at practically the same 
potential as the core. In the second test, where the cable is 
allowed to discharge itself for a certain time, being diseomiected 
from the battery, the guard wire -will only serve to increase the 
rate of leak and hence is of doubtful advantage for this part of 
the test. 

It is seen from the connections that with the levers 1 and 2 on a 
and h, respectively, the core of the cable is put to the positive pole 
and the tank to the negative pole of the battery. Putting le\ ers 
1 and 2 on 6 and a, respectively, puts the negative pole to the core 
and the positive pole to the tank. Putting both levers on h 
connects the cable core and tank thru the galvanometer without 
the battery being in circuit. 

In the first operation, testing with negative current, the short- 
circuit key is kept closed while levers 1 and 2 are throvm to h and 
a until the first rush of current is over, this rush of current being 
due to the rapid charging of the capacity of the cable. 

This rush of current is usually over, even in very long cables, 
in a few seconds. After about five seconds, the short circuit 
key is opened. The galvanometer will now deflect to a maximum 
deflection, more or less rapidly, depending upon its natural > 

and when it has obtained this maximum deflection, which will at 
once begin to decline, a record should be made of the deflection 
and the time, counting the time zero when the negative po e o 
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the batter}^ is put to the core. The deflection of the galvanom- 
eter will steadily decrease, rapidly at first and less rapidly as the 
time advances, gradually reaching a minimum deflection after 
several minutes. It reaches its minimum or asymptotic value in 
perhaps 30 minutes. The test may be continued with advantage 
for this period, reading the deflections every minute. 

The second operation is now begun. The key h is first closed 
and the levers of K are thrown to h. A few seconds thereafter k 
is opened again and the deflections of the galvanometer are now 
noted as in the first operation, again counting the time zero when 
the levers of K are changed. These deflections will be large at first 
and then gradually die away as in the first operation. This is 
due to the fact that the electricity, which has been stored in the 
dielectric, is given out, part of it with a rush, as a condenser dis- 
charges itself, while, thereafter, the remainder discharges slowly 
and at a decreasing rate. 

This second part of the test may be continued for five minutes, 
the deflections being read every minute. 

The third operation is performed exactly like the first except 
that the positive pole of the battery is put to the cable core. 
When the short-circuit key is opened it will be noted that the 
direction of the deflection is opposite to that obtained when 
charging the cable negatively and the same as that obtained upon 
discharging the cable. This part of the test may be continued for 
five minutes, the deflections being recorded every minute. It is 
called testing with a positive current and concludes the observa- 
tions. The following curves. Fig. 904b, drawn from data given 
in “ Kempe’s Handbook of Electrical Testing,^^ will exhibit the 
general character of the phenomena. 

Curve A exhibits the decline of the deflection with the time, 
the electrification being negative, in the interval 1 minute to 15 
minutes. The course of the curve in the interval 0 to 1 minute is 
not known. Beyond 15 minutes it may be studied and is found 
to assume an asymptotic value, as suggested by the dotted line. 

Curve B exhibits the deflections, where the core and sheath of 
the cable are joined, or the cable is “ earthed,’’ in the interval 
1 minute to 5 minutes. The course of the curve between 0 and 
1 minute is not known. The deflection after the fifth minute is 
known to continue to decline gradually to a zero value, as sug- 
gested by the dotted line. In some instances it may take many 
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hours for the cable to become quite neutral; that is, for the 
deflection to hecome sensibly zero. In a cable of 10 or 15 miles 
length the deflection practically reaches zero in the course of 30 
minutes. 

Curve C exhibits the deflections, which gradually decline -with 
the time, when the core of the cable is put to the positive pole of 
the battery, immediately upon the removal of the earth con- 
nection. The course of this curve is like that of curve A, and the 
same remark holds, that between 0 and 1 minute the curve is not 
accurately known, at least not from galvanometric observations. 



Fig. 904b. 


In cables without defects or “faults” in their insulation the 
course of the curves will be regular and of the general character 
shown in Fig. 904b. Unless both ends of the cable core are 
joined to the galvanometer, as indicated in Fig. 904a, irregularities 
in the curves may be produced by inductive effects which would 
result, on shipboard, by the rolling of the ship, or, in factories, by 
induction from neighboring currents. With both ends of the core 
joined to the galvanometer these effects are avoided. Defective 
insulation of the lead wires may also produce irregularities in the 
curves, so one must not too hastily conclude that a cable is defec- 
tive when the curves are seen to be irregular. 
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The quality of the insulation may be judged from the curves 
which in a perfect cable exhibit the following relations: If the 
current in the earth-reading (curve B) at the end of the first 
minute be added to the current at the end of the negative electri- 
fication (curve A) the sum should equal the current for the nega- 
tive electrification at the end of 1 minute. Or in the case shown' 
by the curves, 59 + 142 = 201, which is not very different from 
205. 

Again, if the last negative electrification-reading be added to 
the recorded earth-reading at any period, the sum should equal 
the negative electrification-reading at the end of the same period. 
Thus the last electrification-reading is 142, the earth-reading at 
the end of the fourth minute is 25, and the negative electrifica- 
tion-reading at the end of the fourth minute is 164. We have 
25 + 142 = 167, which is approximately the correct sum. 

Again, if from the deflection at the end of the first minute of 
positive electrification (curve C) we take the last earth-reading, 
it should equal the deflection at the end of the first minute of 
negative electrification. Thus, 227 — 22 = 205. 

The accuracy of these relations, the general smoothness of the 
curves, and the rate at which the deflections decline give 
the necessary information, which enables those accustomed to the 
requirements to judge of the perfection of the insulation of the 
cable. 

The tests necessary for merely determining the specific resist- 
ance of the dielectric of the cable are not, of course, as elaborate 
as those given above, and in ordinary practice,^ when land cables 
or marine cables of moderate length are tested, only the first 
operation of testing with negative electrification is undertaken. 
The constant of the galvanometer and the method of calculating 
the specific resistance have already been fully considered. It 
should be noted here, however, that as the resistance of the insula- 
tion apparently, or really, increases with the time of electrification, 
one should always give, in stating the value of the resistance or 
the resistivity of the insulation, the time of electrification used 
in obtaining the value given. It is also found that the resistivity 
is greatly affected by changes of temperature and care should 
therefore be used to state the temperature which corresponds to 
the value given. Thus, in stating the resistivity of gutta percha, 
we should say: resistivity = 4.5 X 10^^ at temperature 20° C. 
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and was obtained by deflection method with electrification of 
1 minute. 

905. Factory Testing Set for Insulation Measurements. — 

Wherever insulation measurements are to be made frequently, as 
in factories where cables are manufactured, it is necessary, or at 
least very desirable, to provide a full equipment designed expressly 
for the purpose.' Such an equipment, called a factory cable-testing 
set made by The Leeds and Northrup Company of ‘Philadel- 
phia, Pa., has been upon the market for several years. This set 
is illustrated in Fig. 905a. Fig. 905b gives a top view of the set 
which shows the connections. 

The galvanometer, and lamp and scale are not shown in the 
illustration. The chief features of this set are: All the instru- 
ments, except the galvanometer, and lamp and scale, are mounted 
upon a hard rubber plate to give high insulation between earth and 
the instruments. The wire connections are carried from^^the tops 
of hard rubber posts, petticoat-insulated. Except where the wires 
rest upon the posts, they are air-insulated. The switches and 
keys are arranged for convenient manipulation. 

The instruments of the outfit consist of a D'Arsonval galva- 
nometer of high resistance and about 1200 megohms sensibility; 
a lamp .and scale, the latter 1 meter long; a standard resistance of 
0.1 megohm mounted in a cylindrical case; an Ayrton universal 
shunt which gives multiplying powers of 1, 10, 100, 1000, 10,000 
and infinity. There is a highly insulated double-pole, double- 
throw switch, and a key which has a lock-down device by which 
it may be permanently closed. The methods of using this set 
for insulation measurements do not differ in principle from those 
already described, while detailed instructions for its use will be 
furnished by the makers of the set. 




CHAPTER X. 

RESISTANCE AS DETERMINED WITH ALTERNATING 

CURRENT. 


looo. Remarks upon Resistance when Determined with Alter- 
nating Current. — We call attention to the sense in which the 
term resistance is used in this work. It is a quantity which, in 
general, may be determined by direct currents and is defined as 
the fall of potential in any portion of a circuit, divided by the 
direct current which flows in that portion of the circuit. In 
metallic conductors. Ohm’s law is obeyed, when regard is had to 


the temperature of the conductor. 

When, however, the current in a circuit is not steady , or alter- 
nates, there will be a fall of potential in any portion of the circuit 
which is the product of a certain quantity Rac and that compo- 
nent of the current which is in phase with the electromotive force, 
or more properly the fall of potential. The quantity Rac is often 
a different quantity than that which is defined as ohmic resistance. 
It represents, in addition to a true ohmic resistance, anything 
which causes energy losses of whatever character occuring in the 
portion of the circuit considered. These energy losses may be 
due to hysteresis of iron in the circuit, to an electric absorption of 
dielectrics to power wasted by currents and electrostatic poten- 
S in currents external to the circnij mduced in 

neighSng ciLits, to electric radiation, and to other causes no 
t^S classed with ohmic resistance. In one sense this quantity 
R is a resistance, but it varies greatly with changes m fre- 
quency, current deU, etc., and is not_ to be 
constant quantity or as intended to 

vmwpomt ^ niethods of measuring resistance, 

give a useful methods of measuring alternat- 

should include, also, however, so extensive 
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method,* devised by the author, which will, in general, enable an 
alternating-current resistance to be determined with sufficient 
precision to meet commercial requirements. We proceed to a 
description of the method. 

looi. To Measure an Alternating-Current Resistance; Appa- 
ratus Required. — For carrying out this method in a precise 
manner the apparatus required is a frequency meter to measure 
the frequency of the current used (which must be known, as the 
quantity being measured will vary with frequency), an alternating- 
current ammeter to give roughly the value of the current (for the 
alternating-current resistance will also, in general, depend upon the 
value of the current), a three-point double-throw switch for quickly 
changing connections, resistances, and an electrodynamometer. 
This last piece of apparatus should have sufficient capacity in its 
current coils to carry the full current without heating. Its hang- 
ing or potential coils should be two in number and so arranged as 
to form a system which is perfectly astatic in respect to the earth^s 
field. The constant of the instrument will then be the same for 
direct and alternating currents. All good electrodynamometers 
are constructed in this way. Either the Rowland deflection type 
or Siemens' type constructed to be astatic, may be used. The 
method to be described was tested, using a Rowland deflection- 
type electrodynamometer. This instrument is illustrated in 
Fig. 1001, and is in part described as follows in The Leeds and 
Northrup Company 1911 Catalogue, No. 74: 

“The electrodynamometer proper consists of two pairs of 
fixed coils and a swinging coil. One pair of fixed coils on the out- 
side of the case is adapted to carrying currents as great as 50 
amperes; one pair on the inside of the case is suitable for currents 
of 0.1 ampere. The swinging coil is adapted to currents as great 
as 0.1 ampere. The position of the fixed coils is such that the 
swinging coil turns in a field of force, which is nearly uniform 
for the angle thru which the coil moves. The dynamometer has 
attached to it a scale and telescope which are placed at a fixed 
distance from the mirror attached to the swinging coil. The 
scale and telescope rest on an arm which can be swung up out 
of the way when the instrument is not in use. The scale is not 

* This method was first described by the author in a paper presented before 
the American Institute of Electrical Engineers at the Boston Meeting, June 24- 
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provided with a lateral adjustment. The coil is brought to zero by 
turning a micrometer screw which rotates the suspension tube. 
Thus, when the instrument is adjusted to read zero with no current 
flowing, the coil is always in the same position in the field. This 
reQuirement must be filled in order that the constants of the instru- 
ment, after being once determined, shall not alter. The hanging- 
coil system has two coils connected to form an astatic combination 
so that the instrument will not be affected in its defiection by the 
earth’s field when used with direct currents.” 



Fig. 1001. 


1003 Description of Circuits and Theory of Method. -In 

T 1 TT Tiff 1002 GG are the fixed coils and hh the hanging, 

astotic wsteS of to electrodynamometer. The hanging system 
astatic .y ^ ^.^ere is joined in series with this a 

has an ohmi ^ p/ _j_ o, = the entire resist- 


non-inductive resistance p 


Tn the instrument, illustrated 

mce ot the hmgmg-co,! 

in Fig. 1001, the resfetoce « “ f "’nenr^. When is 
indncfnee, which without 

moderately »d n«n-m^ve ' ? 

:;““^sTphrwiti“^yen when the lte,u.ncy . 
high. We shall so consider it m all that follows. 
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contains iron. It is assumed tiud 
this coil has a certain ohmic resistance E,, as measured by dircd 

in "cuLn^ f resistance B as measured by an alternat- 

tht uZ . wave form, and frequency. It in 

m T the impedance or inductance of 

is ant T will enable us to determine. The resistance r 
IS any resistance capable of carrying the full current. It mav be 
a cod inductively wound but it must not contain iron or have suth a 

SlbTTS alternating den 

will be different from its resistance on direct current due to hvstei- 
es.s st.n effect or other cause. By a sliCng co„t«f p, „e^s 
mu^ be proyided for tapping upon this resistance at mv point 

reVl VallT+'nr 't“ “ 

in«-coi, circuit. Ts ria^ht 




Fig. 1002. 

wh^L general expression for the power 

which the wattmeter measures when the connections are^those 
shown m I, Fig. 1002. Call 1 the current in the fixed coils of the 
dynamometer, i the current in the hanging-coil circuit, <j> the phase 

d^^iio ‘r 0=^^ s 

D = Kli cos <j>j 

where K is the instrumental constant of the dynamometer. This 
onstant in the case of a deflection instrument of the Rowland tvne 
TO change slightly with the magnitude of the deflection. Th^em 

ends r-'d coil which 

Pla2 dhe ’i^^ a current in the hanging-coil circuit when the 
plane of the movable system is not vertical to the plane of the 
fixed coils. This inductive action may vary in a "comphcated 
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way, so Eq. (1) cannot be taken as strictly true. If, however, the 
system is deflected by means of the torsion head, when there is 
no current thru the instrument, so that when current is introduced 
the system is brought back to the position where its plane is 
vertical to the plane of the fixed coils, then the inductive action is 
null and the relation given by Eq. (1) may be considered to hold 
very exactly. In the use of the dynamometer which follows, the 
system should be deflected by means of the torsion head, when 
there is no current flowing, to such an extent that, on introducing 
current, the instrument reads roughly at the zero of the scale. 
With this precaution observed the theoretical relations will be 
found to hold very exactly. 

If we call V the impressed E.M.F. between the points a and 
6, I, then the current thru the hanging-coil circuit will be 


V 

a + p' p 


( 2 ) 


As stated above the current i will be approximately in phase with 
the E.M.F., Vj because the inductance of the hanging coils is 
very minute. 

By Eqs. (1) and (2) we have 

D=-IVcos<l>. (3) 


But IV cos (p is the entire power Wt. This power is the sum of 
two parts, W the power cohsumed in A between the points a and 
b and W' the power consumed in the hanging-coil circuit. The 
value of this latter is 



72 

TT' = — • 

(4) 


p 


Thus we have 

D =-Wt, 

(5) 


P 


or 

D =:^/Tr + L\ 

(6) 


P \ P/ 


From Eq. (6) 

W = -^D-—> 

K p 

(7) 


Wt 


K 


D. 


and from Eq. (5) 


( 8 ) 
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— is generally a small quantity, p is known very precisely and 
p 

V can be obtained with a voltmeter, hence Eq. (7) enables the 
true pow’er spent in A to be accurately obtained. It is Eq. (8), 
however, which we wish to use in measuring the alternate-current 
resistance of A. 


With the connections as shown in I, the torsion head is turned, 
so that with the current (steady as possible) which is flowing the 
deflection reads near the zero of the scale. The total power then 
being registered is given by Eq. (8). 

The comiections are now quickly changed to those shown in 
11. The main current will not be altered by this change in con- 
nections, for the resistance p is simply made to change places 
with an equal resistance. The total power which is registered, 
however, will now be 


when D' is the deflection which the dynamometer now gives. The 
contact p is moved along the resistance r until the deflection 
U is made equal to the deflection D, then Wt will be equal to Wt. 
Since the main current I is the same for the connections I and II 


we have 


Wt = PE' = Pr', 


( 10 ) 


or 


R' = /. 


( 11 ) 


Here the quantity R' is not the alternating-current resistance of 
the coil A but it is the alternating-current resistance of this coil 
when shunted with the non-inductive resistance p. Similarly r' 
is the alternating-current resistance of r when shunted with the 
non-inductive resistance p. 


We can write 




pR 

p -\r R 


K' and / = ~ h, 
p r 


The alternating-current resistance of two parallel circuits when 
one or both of the branches contain reactance is not given by the 
same expression, as applies when the branch circuits are without 
reactance, hence the ordinary expression for branch circuits 

without reactance, namely must be multiplied by some 

factor K , the value of which we now have to determine: also the 
factor fc. 
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It is shown in Alternating Currents by Bedell and Crehore, 
pages 238 to 241, how the alternating-current resistance, or, as 
they call it, the equivalent resistance of any number of parallel 
circuits having self-induction and carrying alternating current, 
may be expressed. It is there shown that, in general. 


where 


A - 1 I 




p __ I ^2 , — 'V ^ 

in which expressions Ei, i? 2 , etc., are ohmic resistances and Xi^ 
X 2 , etc., are reactances of the several branches. 

We can now find expressions which will give the values of X' 
and L Here we have 

^ P^B-^ + x^ 

X 

and fico = 

We cannot, because of the necessity of brevity, give here the 
purely algebraic processes required for obtaining the final expres- 
sion and so we shall present only the final results, which are as 
follows: 

T^/ -f t 

1 + [{B + p)^ + x^] B’ 


Call the fractional expressions a and ai respectively, then 
K' = 1 + a and fc = 1 + ai- 
This gives, because of Eq. 11, 

It will be shown that, in general, when a sensitive electrodjnia- 
mometer is used, a and ai are very small quantities which in most 
cases can be neglected. 
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We have the following cases: 

1st. a and ai are negligible. Then 

E = r. (12> 

2nd. a and ai are not negligible but are very nearly equal. 
Then, again, 

R = r. 

In these two cases the alternating-current resistance sought 
may be taken as numerically equal to the resistance r. 

3d. a-L = 0, but a is not negligible. In this case 


R 



(13) 


4th. a and ax are not negligible and are unequal, but p is very 
large. Then again we can take R = r. 

Consideration of a single example under case 3d will suffice 
to show the magnitude of the error which may be introduced by 
omitting the correction. The example chosen is from an actual 
measurement. With the electrodynamometer available, only 
0.1 ampere could be passed through the fixed coil and hence, the 
potential drop over the coil A and over the resistance r being small, 
the resistance p had necessarily to be taken very small to give the 
requisite sensibility. If the dynamometer coils could have carried 
several amperes (as is ordinarily the case), p would have been 
much larger and the error would be much less. In the example 
ai = 0 and 

p(2tWL)2 

[{R + p)^ + (27riVT)2] R 
= 300 (2 X 3.14 X 60 X 0.036)2 

[(11 X 300)2 -f (2 X 3.14 X 60 x‘t)'.036)’2]Ti ’ 

or a = 0.052, nearly. 

Hence, 




0.948 r. 


5^2 per cent, R being assumed too large. This conclusion was 

of theloilT^S^r? 'I' resistance 

of the A Its mductance, which was capable of variation, was 



Art. 1003] RESISTANCE WITH ALTERNATING CURRENT 207* 

varied from 0.003 to 0.036 henry, and in the first case, using the 
uncorrected formula, B = lO.OL ohms, and in the second case 
using the same formula, R = 11.62 ohms, or 6 per cent too large., 
which is in fairly close agreement with the calculated result of 
5.2 per cent. 

If the fixed coils of the dynamometer had been made to carry- 
10 amperes instead of 0.1 ampere, p could have been 100 times as 
large, in which case the correction factor would reduce to about 
0.05 of 1 per cent. 

The above adjustments having been made, direct current can. 
be made to replace the alternating current and in the same way- 
we find the direct-current resistance of A, It will be 

Bdc. = Ti. 

Hence, 

R _ T 

Bdo r 1 

is the ratio of the alternating-current to the direct-current resist- 
ance of the circuit A. This ratio may take a value of 2 or more. 
It should be clearly understood just what is meant by the 
quantity jR, which this method measures. It is a. quantity w-hich, 
expressed in ohms and multiplied by the square root of the mean 
square value of the alternating current thru the circuit, expressed, 
in amperes, will give the square root of the mean square value of 
that component of the impressed E.M.F. expressed in volts, wbieti 
is in phase with the current. Or it is the quantity which, w-bein 
multiplied by the mean square value of the current, will give the 
power in watts which is being dissipated in the circuit. In drawl- 
ing the triangle of E.M.F.’s of an inductive circuit one sometimes 
represents the component of the E.M.F. which is in phase witli 
the current by the product of the current and the direct-currentt 
resistance Rdc- This procedure may lead to considerable error 
in circuits in which there are other losses than the I-^Ric losses. 
In such circuits the alternating-current resistance fS should always 

be used. _ , 

1003. Directions for Using, and Test of Method. For mak:- 
ing the above measurement the apparatus is assembled and con- 
nected as shown in Fig. 1003. ^ ^ _ 

D is the electrodynamometer with its hanging system h, Tne 
heavy fixed coils or the light wire fixed coils are used according to 


(14) 

(lo) 
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the magnitude of the current which is selected for the measure- 
ment. In the Rowland instrument the light wire fixed coils will 
carry 0.1 ampere and the heavy wire coils will carry 50 amperes. 



C is the alternating-current ammeter and F the frequency meter. 
R is a rheostat to control the main current, s is a switch to shift 
from direct current to alternating current and vice versa. S is 
the three-point double-throw switch which in position 1 makes 
the connections shown in I, Fig. 1002 and which in position 2 
makes the connections shown in II, Fig. 1002. r is best obtained 
from a slide-wire rheostat of considerable current capacity. It does 
not need to be non-inductive, but must contain no iron. If its 
reactance is just equal to that of the coil being measured a — ai 
and R = r exactly. 

After the settings for p have been found, the connections are 
broken at (3) and (4) and the direct-current resistance value of r 
is measured with a Wheatstone bridge or by any other convenient 


The resistances p and p' may be obtained best from plug or dial 
decade resistance boxes. These may be high, 10,000 ohms or - 
so, depending entirely upon the current used, the magnitude of 
tie resistance being measured and upon the sensibility of the 


xae torsion liea(l may be turned so that the no-current-deflectio 
»ro of tte S” * 



1 
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It will be found, if A consists of an ironless variable standard 
of inductance, that the variable standard may be set to any 
inductance value without greatly altering the deflection. The 
change in the deflection will be less as p is made larger. 

This method will be found useful in measuring the alternating- 
current resistance of steel-cored copper or aluminum cables which 
differ considerably from their direct-current resistance. 

The following test was made of this method. 

This test was made in a manner to show how large a correction 
would be required when p is chosen only 300 ohms and L is varied 
between 0.003 and 0.036 henry. 

The resistance measured was that of a Hartmann and Braun 
variable standard of inductance, which should, of course, show 
the same value on direct and on alternating current and at what- 
ever value its inductance is set. 

(a) L = 0.003 henry. 

With alternating current in circuit, 

Dt = 244 (no current), 

D = D' = 0 (current flowing), 

= r 10.94 ohms, 

I = 0.08 ampere, 

JV = 60.2 cycles, 
p = 300 ohms. 

(b) = 0.036 henry. 

With alternating current in circuit, 

Bt = 253 (no current), 

2) = J5' = 0 (current flowing), 

= r = 11.62 ohms, 

J = 0.08 ampere, 

AT = 60.2 cycles, 
p = 300 ohms. 

With direct current in circuit, 

Bt = 244 (no current), 

D = D' = 0 (current flowing), 

Edc=^r 10.94 ohms, 

Ido = 0.08 ampere, 
p = 300 ohms. 


CHAPTER XL 


RESISTANCE MEASUREMENTS WHEN THE RESIST- 
ANCE INCLUDES AN ELECTROMOTIVE FORCE. 


1100. Material Included Under this Title. — We pass now to 
a consideration of the methods employed for the measurement of 
resistance, when an electromotive force is included in the portion 
of the circuit the resistance of which is to be measured. 

The methods to be considered are those employed for measuring 
the insulation resistance of lighting or power circuits while the 
power is on, the internal resistance of batteries, the resistance of 
the earth between electrodes where the disturbing effects of earth 
currents must be considered, and the resistance of electrolytes 
subject to an E.M.F. of polarization. Resistance measurements 
of the above character require special consideration at some 
length. 

1101. Measurement of Insulation of an Electric Wiring Sys- 
tem while the Power is On. — It is not infrequently required 
to measure the insulation between the gas pipes and each bus-bar 
of an interior wiring system, as that of a city office building, at a 
time and under circumstances when it is impracticable to shut off 
the power. 

Two methods are given for making this measurement.* 

1102 . Voltmeter Method for Insulation Measurement while 
ffie Power is On. Let Fig. 1102 represent any wiring system 
in which Xi and X 2 represent the insulation resistances between 
the bus-bars Si and S 2 , and the earth (the gas or water mains 
being considered to have the potential of the earth). 

The diagrams, I, II, HI, of Fig. 207, show circuits equivalent 
to the circuits represented by Fig. 1102. In these diagrams y 
represents the unknown resistance of all the lamps, motors, etc. 
which are connected across the line. 

If the bus-bars are supplied with direct current a Weston 


‘These methods were first described by the author, in the Blectrical 
and Engineer, May 21, 1904, vol. xliii, pages 966-7. 
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direct-current voltmeter should be used. If the current is alter- 
nating then an alternating-current voltmeter of the electro- 
dynamometer type will be required. The resistances Xi and X 2 
are determined by knowing R, the resistance of the voltmeter, 
and by taking three voltmeter readings di, and D which cor- 
respond to three voltages Ti, F 2 , and E indicated in Fig. 1102. 





1st. Obtain the deflection D which corresponds to the voltage 
E between the bus-bars. 

2d. Connect the voltmeter between the bus-bar Bi and the gas 
or water pipe and obtain the deflection di which corresponds to 
the voltage V 1 . 

3d. Connect the voltmeter between the bus-bar B 2 and the 
gas or water pipe and obtain the deflection which corresponds 
to the voltage F 2 . The last two readings should follow the first 
as quickly as possible so that there will be less chance of the line 
voltage changing in the intervals between the readings. 

If the readings in either of the two latter cases are only a frac- 
tion of a scale-division, then the insulation resistance is too high 
to be measured by this method and one must 'resort to the next 
method to be described. Having taken the above three readings. 


we obtain 


and 


Xi = 


Xo 


R (D — di — ^ 2 ) 
^2 

R (L) — di — (^ 2 ) 

_ .. 


( 1 ) 


( 2 ) 


The proof of the relations (1) and (2) has been given in par. 207, 
and a discussion is given of the theoretical accuracy obtainable in 
par. 104. 

The current I which leaks to the ground will be 


1 = 


E 

Xi+X2‘ 


( 3 ) 
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In a particular case, the insulation resistance of the wiring system 
of a large office building was determined. A Weston direct- 
current, 150-volt voltmeter was used and the following readings 
and resistances were obtained: 

R = 12,220 ohms. 

E = 113 volts or Z) = 113 scale-divisions. 

= 1 volt or di = 1 scale-division. 

Fa = 4 volts or da = 4 scale-divisions. 

_ 12,220 (113 -l-J) , 

^ 12,220(113-1 -4) _ j 

This example shows that where the sum of the resistances Xi and 
X 2 is not over a million ohms, the voltmeter method is sufficiently 
accurate for the purpose of deciding if insulation specifications 
have been met. 

If one side of the line is grounded, that is, if X2 = 0, we have, 
72 = 0, and E = Vi + V 2 Vi and the method fails to give Xi. 

Any instrument, as a galvanometer, in which the deflections 
are proportional to the current thru it and which has sufficient 
resistance in series with it so that it will at no time deflect off its 
scale, may be substituted for a voltmeter. 

1103. Galvanometer Method for Insulation-Measurement 
while Power is On. — This method may be used when greater 
accuracy is required or when the insulation resistance to earth, 
of at least one side of the line, is over a megohm. 

The wiring system is represented in I, Fig. 1103, and II, Fig. 
1103 gives equivalent circuits. 

The method is carried out by connecting across the bus-bars a 
moderately high resistance. A point p is found on this resist- 
ance where the potential due to the generator is the same as that 
of the earth. Then, with the aid of a sensitive galvanometer and 
an external source of E.M.F., the resistances to earth ri and 
are measured in the following manner: k is a loey and S an Ayrton 
universal shunt. This latter may be omitted if the source of 
E.M.F. can be varied in a known manner. 

It is evident from II that a balance will be obtained when ™ ^ , 

the key k being in its upper position. If k is now depressed, the 
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resistance R encountered by the current generated by the source 
e will be 


R = gi-{- 



b + r2 a + ri 


( 1 ) 


where gi is the resistance of the galvanometer; but in comparison 
with ri and rz, a and h can be neglected, also g-i., then 


R = 


n + n 


( 2 ) 




By construction, 

— = T = N, a known ratio. 
r2 0 

From the last two relations we deduce 

R(N + 1) 

and 

n = RiN + 1 ). 


(3) 

(4) 


Taking d as the deflection of the galvanometer and K as the 
galvanometer constant, the current thru the galvanometer is 
e d eK 


R 


or R 


d 


(5) 


K should be defined as the resistance in circuit with the galvanom- 
eter (including its own resistance), such that it will give, with 
one volt, a deflection of one scale-division at the distance at which 
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the scale is placed from the mirror during the test, usually' 
as one meter. 

Then we will have 


and 





eK (N + 1) 
n = — i-j-J — i- 
a 


Taking K equal to 10* as an average value for an ordinar3^ 
sonval galvanometer and e = 100 volts, iV = 2, and d = lOC 
divisions, we have 

100 X 10* (2 + 1) 

^2 2 X 100 ~ ^ ohms, or 150 megohn 

100 X 10* (2 + 1) 

Jqq = 300 X 10® ohms, or 300 megohn 


This example shows that a galvanometer of very mo 
sensibility will measure in this way a very high insulation 
ance. If, on the other hand, the insulation is low, small b 
power may be used or the deflection of the galvanometer < 
cut down to 0.1, 0.01, 0.001, 0.0001 by the Ayrton shunt- 
only difficulty likely to be experienced in applying the 
method is that, while making the test, the relative values 
and ra keep changing, due to motors or lights being thro’’ 
or off the line. In this event it is only possible to obtain a s 
average value for the resistance to earth of each side of the I 
1104. Determination of the Internal Resistance of Batter 
The resistance of an electrolytic cell or battery is by no ncK 
constant quantity, even approximately. It will change wi- 
temperature, the age of the cell, the current which the 
giving and with the total ampere-hours of current it has yi 
It is a quantity which varies greatly with the past hist< 
the cell. 

' The determination of the internal resistance of a cell on si 
open circuit requires special methods and the information, 
over, when obtained has little value because of the variabil 
the quantity measured. If a cell is closed thru an external : 
ance R and there exists in the circuit an electromotive fo 
the current I which flows will be 

j- E 

R+X’ 
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where X is called the internal resistance of the cell. If E' is the 
fall of potential over the external resistance alone, then 


whence, 


K - ^ =T 

B~E + X 

B{E- W) 
- E' 


( 2 ) 

(3) 


We cannot here call X anything more than a quantity which must 
be added to R to satisfy Eq. (1). It is not an ohmic resistance, 
as it does not obey Ohm’s law, for in general X changes when the 
current changes. 

Nevertheless the current output of a cell, under given circum- 
stances, will depend largely upon this quantity, and it is necessary 
therefore to be able to determine its value when the cell is sub- 
jected to particular conditions. 

A determination of the quantity X, to have value and definite- 
ness, really involves the making of a test of the cell in respect to 
several of its characteristics. These are its open circuit E.M.F. 
when the cell is fresh and after it has delivered a certain quantity 
of electricity, its E.M.F. when closed thru a given resistance, its 
rate of polarization, its rate of recovery from polarization, etc. 
A description, therefore, of methods of measuring the internal 
resistance of a battery should begin by showing how a full record 
of the action of a battery may be obtained. This record is best 
exhibited in the form of curves. A procedure for obtaining the 
data for such curves in an accurate and convenient manner will 
now be explained. It is a well-known 
method and may be called the condenser 
method of testing batteries. 

1105. Battery Tests by Condenser 
Method. — In the diagram. Fig. 1105a, 

G is a ballistic galvanometer or other like 
instrument in which the throw deflections 
are proportional to the quantity of elec- 
tricity discharged thru it. £ is a cell to 
be tested, B a known resistance the fall ^oSa. 

of potential over which is to be rneas- 

ured, K' a key to put this resistance in circuit with the cell B, and 
K is a charge and discharge key for charging the condenser C and 
discharging it thru the galvanometer. 
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The condenser, which should be a mica condenser of about one 
microfarad, is first charged, K' .being open, by means of a standard 
cell. A Weston cadmium standard cell is recommended. This 
has an E.M.F. of 1.0183 volts and a zero temperature coefficient 
between 15° and 35° C. The condenser is then discharged thru 
the galvanometer and the throw deflection read either with a 
telescope and scale or lamp and scale. 

The standard cell is now replaced by the battery to be tested. 
With K' open, the condenser is charged and discharged as before. 
Then K' is closed and after an interval of one minute the condenser 
is again charged and discharged. K' is maintained closed, prefer- 
ably for 60 minutes, except that at intervals of two minutes it is 
opened just long enough to charge and discharge the condenser, 
at which intervals readings are taken which give the E.M.F. of the 
cell upon open circuit. The condenser is also charged and dis- 
charged, K' being closed, at intervals of two minutes which alter- 
nate with the open-circuit readings. 

Thus, at time 0 open-circuit reading is taken, Z' being open; 
at end of 1st minute closed-circuit reading is taken, K' closed; at 
end of 2d minute open-circuit reading is taken, K' momentarily 
opened; at end of 3d minute closed-circuit reading is taken, K' 
closed; at end of 4th minute open-circuit reading is taken, K' 
momentarily opened, and so on until at least 60 minutes have 
elapsed. At the end of 60 minutes K' is opened permanently and 
open-circuit readings are taken at intervals of two minutes. In 
this way data are obtained for plotting the recovery curve. 

The deflection corresponding to the E.M.F. of the standard cell 
having been obtained, the other E.M.F.’s can be calculated from 
the deflections by simple proportion. Thus, if E, is the E.m!f. 
of the standard cell and d, the corresponding deflection, then any 
other E.M.F., which gives a deflection 4 is 


djQ 

resistance of the cell at any moment during the 
bO-mmute test is now obtained as follows: Call the E.M.F. of 
the open-circuit reading at any moment E; that of the closed- 
circuit reading at the same moment (which is the drop of potential 
over the resistances R) E,. Then if X designates the internal 
resistance sought, the following relations hold. There is a total 
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E.M.F., E, and a fall of potential over the external resistance Si. 
Therefore, there must be a fall of potential S — Si over the 
internal resistance Z ; hence, 

Z:S ::S-Si:S 

or 

After the polarization curve given by the different E.M.F. s called 
S, and the terminal potential difference curve given by the E.M.F. s 
called Si are plotted, then the data for solving the equations 
giving the points for the internal resistance curves can be read 
directly from the ordinates of these curves. The current flowing 
at any time is simply 

7 =^. ( 2 ) 

For a full study of a battery it should be run completely out, tho 
after the first hour it would be necessary only to take readings at 
intervals very much longer than two minutes. % jo^g a 
number of cells in series .(to always have sufficient E.M.F.) and 
running them completely down thru a voltameter the total 
number of coulombs which a cell is capable of givmg could be 
computed. Many types of cells should also be given an age-test 
by dving them a short run and then setting them aside for 
several months to test if any destructive local action occurs. 

In Fig 1105b are reproduced curves, taken by the author, upon 
a Barrett silver-chloride cell, like those supplied for portable test- 
ing batteries. It will be noted that the internal resistance of this 
type of cell rapidly falls as the silver chloride of poor conductivity 
becomes reduced to spongy silver of high conduetivi j. 
nolarization is small, the current output increases for the first 
hour and the recovery is rapid, reaching U50 volts. These c^rac- 
teristics, notwithstanding the low E.M.F., have made this type of 
cell very popular as a small battery for testing purposes. 

Vry cL oi standard size, as the “ Mesco,” have become an 
important commercial factor, and plans for testing and rating 
Zn require special consideration. However, the tej^s which 
should be made present no problems in 
not been fully discussed and the reader who 
mation upon this subject is referred to a ^ 

of the American Electrochemical Society entitled. Standard 
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Methods Recommended for Testing of Dry Cells.’' Tins reiiort 
appeared in the proceedings of the society, vol. XXI, pjige 275, 
1912, and is signed by C. F. Burgess, Chairman; J, W. Brown, 
F. H. Loveridge, C. H. Sharp, Committee on Dry Cell Teds. 
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Fia. 1105b. 


iio6. Mance’s Method of Measuring the Internal Resistance 
of a Battery. The principle of thi,s nKithod i.s siiniliir to the oim; 
given in par. 404 for measuring the resistaiKie of a galviuionietcr, 
and, like it, the method makes use of the “ second property ” of 
the Wheatstone bridge. 


0 . O 



The connections to use are shown in Fig. 1106, I or II. With 
galvanometers of ordinary sensibility, the current from a battery 
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placed in the bridge arm Oh would deflect the galvanometer 
violently off its scale. To avoid this a resistance r is used in 
series, and a resistance s in shunt with the galvanometer, r and s 
being so chosen that at no time the galvanometer deflects off its 
scale. It is also necessary for good results, if the connections I 
are used, to place a resistance W which is approximately equal 
to the resistance of the slide wire ah in series with the key K. If 
this resistance is not used the wire becomes shunted with practi- 
cally no resistance. The positions of the galvanometer, together 
with the resistances r and s and the key K may be interchanged 
as shown in II. In this case the resistance W is not needed. 
The contact p is moved to a position such that the galvanometer 
deflection remains unaltered whether the key K is open or closed. 
When this position is found we have, if I is the length of the slide 
wire and c the distance of p from a, 



( 1 ) 


where R is the fixed resistance in the arm aO and X the resistance 
of the battery sought. 

In applying this method with a slide-wire bridge, it should be 
noted that, unless the resistance of the slide wire ah is made 
very high (by winding in a helix as described in par. 401), the 
battery is yielding considerable current which, in some types 
of cells, would probably affect the internal resistance, making 
it different than it would be if the cell were yielding a less 
current. 

In Mance’s method, just given, as well as in Kelvin’s method 
for measuring the resistance of a galvanometer, greater precision 
may be obtained by using two equal extension coils, as shown 
by 7 ii and Fig. 401a (§ 401). In this case calling 7i the value 
of each extension coil, in terms of equivalent length of bridge wure, 
we should use the formula for Mance’s method, 


Also we should Use the same formula (§ 404) for Kelvin’s method, 
in A^hich we replace X, the resistance of the battery, by g, the 
resistance of the galvanometer. 
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1107, Voltmeter and Ammeter Methods of 
Internal Resistance of a Battery. 

Method I. With K' open (Fig. 1107a) close K and- 
open circuit E.M.F. of the battery Ba. With K' clo^^^ ^ 
the drop of potential over i?. Then the current is 


whence 


El E 


_E -El 
E 


This method assumes, first, that the voltmeter takes 
rent that, with K' open and K closed, the cell may 
to be upon open circuit, and second, that the polari^^"^^^^ 
cell is so trifling that when K' is closed the E.M.F- 
remains unchanged. Neither assumption is justified t: 
of many types of cells that polarize readily and is prc>fc>^t)l: 
wholly justified with any type of cell. However, ^ 

estimate of the condition of dry batteries, etc., it is a sQ>tis 
test. The voltmeter should have a full scale reading of 
2 to 5 volts for accuracy and the resistance R should ] 
equal to the internal resistance X of the cell. The tofa^l i 
resistance of a battery of cells joined in series may be xxxeas 
the same way, a voltmeter with a scale reading higher bei] 
required. 


V 



Fig. 1107a. Fig. 1107b. 


Method II. The measurement may be made using ^ vol 
and an ammeter. 

The cell Ba (Fig. 1107b), a resistance R, the amme-fcer A 
key K are joined in series. A low reading voltmeter Y 
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nected to the cell terminals. With K open, read E, the open 
circuit E.M.F. Close K and read Ei and the current I. Then, 

E _E-Ei, 

X + R X ’ 

bence, X = ( 1 ^ 


This result, in which two E.M.F.’s and a current are measured, 
assumes also that the voltage. is not altered by polarization of 
the cell. 

iio8. A Word on Polarities. — In Fig. 1108 let a line which 
carries a direct current i have introduced in it, in series, a direct- 
current ammeter A and a cell B, This is assumed to have an 
unalterable E.M.F., e, and a zero internal resistance. Also insert 
an ohmic resistance Z. Connect a direct-current voltmeter V 
at the points 1 and 2 to measure the fall of potential between 
the points 1 and 2 or 2 and 1. Let a be the positive terminal 
and b the negative terminal of the voltmeter. Let the positive 
terminal of the cell be joined to the resistance X. 


•B 

1 • . 3 !i 2 

AAAAAAAr 

-H I X 


e 






JLine 


Fig. 1108. 


The magnitude and direction- of the current i in the line will 
depend both upon the E.M.F., e, of the cell B and upon other 
E.M.F.’s which are in the rest of the circuit. Let the line current 
i when flowing in the direction from 2 to 1 be called positive, 
and negative when flowing in the opposite direction. When the 
potential (with respect to the earth) at 1 is greater than the 
potential at 2, call the reading d of the voltmeter positive, and 
when the potential at 2 is greater than the potential at 1, call 
the reading ei of the voltmeter negative. First, assume that the 
current i flows from 2 to 1. Then the fall of potential from 3 
to 2 is such as to tend to send a current thru the voltmeter from 
a to 6 and the fall of potential from 3 to 1 is such as to tend 
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to send a current thru the voltmeter from b to a. Hence, the 
voltmeter will read 

ei = 6 — iX, (1) 

from which we deduce 


Second, assume that the current i flows from 1 to 2. Then the 
fall of potential from 3 to 2 is such as to tend to send a current 
thru the voltmeter from a to b, as before, but now the potential 
rises from 3 to 1 and the potential fall thru X will be such as to 
tend to send a current thru the voltmeter from a to b. Hence, 
the voltmeter will read 

Cl = e + iX. (3) 

We shall know, however, that the current in the second case is 
opposite' to the current in the first case because the terminals 
of the ammeter will have to be reversed to obtain a reading. 
Therefore, if we follow the convention of calling the current 
positive when flowing from 2 to 1, and negative when flowing 
from 1 to 2 (or against the polarity of the cell), then we should 
write, Eq. (3), 

Cl = e — iX, as in the first case. 

In Eq. (1) if i = 0, Cl = e as it should, also ei will remain positive 
as long as iX is less than e. If iX becomes greater than e then e, 
will be negative, which fact will be known from the necessity of 
changing 'the voltmeter terminals in order to obtain a reading. 

The above principles must be kept in mind when applying the 
following volt and ammeter methods of measurement: We shall 
adopt the convention that the current in the line is to be regarded 
positive if it has the direction it would have if the E.M.F. in the 
circuit being tested were the only E.M.F. acting and the volt- 
meter reading will be regarded as positive if it reads with its 
positive terminal joined to the positive terminal of the circuit 
which contains an E.M.F. and is under test. 

iiop. Voltmeter and Ammeter Method ; Principle of Polarities 
Illustrated. — In Fig. 1109a, e is a source of E.M.F. which has a 
resistance represented by X. F is a voltmeter. E is an auxiliary 
cell, as a storage-battery cell. A is an ammeter. With the key 
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K closed and the polarities of the two sources of E.M.F. as shown, 
we have 

ei = e- iX, (1) 

where e is the E.M.F. that the voltmeter reads when K is open, 
and Cl the E.M.F. that it reads when K is closed. Also i is the 
current which the ammeter reads, regard being given to the sign 
of %• From Eq. (1) we thus obtain 

Z = (2) 


X + 
-AAAAAA/W 


■ 0 - 


<0 




I 


Fig. 1109a. 


The polarity of E is now reversed, as indicated in the figure by 
the dotted lines, and the value of X is then found to be 

= (3) 

The first and second values of the resistance will probably not 
agree on account of polarization of the cell being tested. The 
mean value, however, of X and Xi should be taken as representing 
the most probable value of the resistance. 


A A A A/\ 


1 

1 

3i 

H- 

'VVVVVV — 




VYvyvvv — 

— 0- 





I n 

Fig. 1109b. 


This method was tried with the following observations and 
results. Connections and polarities were made first as in I, and 
second as in II, Fig. 1109b. 

For polarities as in I, 

i == 4“ 0.1287, e = + 2.16, = — 2.64. 
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Hence, 


- (- 2.64) 
0.1287 


= 37.24 ohms. 


For polarities as in II, 

ii = — 0.0635, e =-j- 2.16, ^2 — 4“ 4.50. 
Hence, 9 i ft — 4. m . 


- 0.0635 


= 36.85 ohms. 


The mean of X and Xi is 37.05 ohms. 

‘In this experiment X was a metallic resistance and Bi a small 
storage cell. The resistance X was measured upon a bridge, after 
the test, and found to equal 37.25 ohms. Hence, the error in the 
measurement by method II was a little over one half of 1 per 
cent, a fair result, considering that the instruments used were a 
commercial voltmeter and ammeter. 

mo. Total Resistance of a Network between Two Points 
when the Branches of the Network Contain Unknown E.M.F.^s. 
— This method was devised by the author. In Fig. 1110a let 


2^1 Vz ^2 


AV\r-|[— VW\r-]| • % 

Vz ^4 


Fig. 1110a. 

2/1) 2/2, 2/3, •• • Vn be any combination of resistances joined 
together in a network in any manner whatever. Let ei, ea, e^, 
. . . e„ be E.M.F.’s associated with the branches of the network 
having any values and polarities. The problem presented is to 
determine the resistance between the points a and h. The quan- 
tity It to be measured should be the same as the quantity which 
would be pbtained if ei, e^, ez, etc., were all zero and R is defined 


Let P be any resistance and A an ammeter which will measure 
I. Let be a switch or key which will make connection with 
either the point 1 or the point 2. 



Art. 1110 ] 


RESISTANCE MEASUREMENTS 


225 


First put k to point 1 and read the current Ji on the ammeter 
A and the voltage V i on the voltmeter V. Then put k to 2 and 
read the current /2 on the ammeter and the voltage F 2 on the volt- 
meter. In the first case, if we call Ei the resultant E.M.F. at 
the points a and b of all the E.M.F/s, Ci, 62 , € 3 , etc., then, as shown 
in connection with Fig. 1108, 


Fi = ~ JiB, 

and in the second case 

72 = El- I JR. 

From Eqs. ( 2 ) and (3) 

7 ? 


( 2 ) 

( 3 ) 

( 4 ) 


In applying this method careful attention must be given to the 
convention of signs as explained in par. 1108. 

The only assumption made here, which bears upon the precision 
of this method, is that the resultant E.M.F. at the points a and 
b is not altered by polarization of the sources of E.M.F.’s, ei, 
62 ; « 3 ; etc., when the main current is changed from h to J 2 . 

In practice this method gives good results under certain cir- 
cumstances that often arise. It is adapted to the measurement 
of the resistance between two conductors, as between a gas and 
water pipe main buried in the earth, when the resistance path in 
the earth is subject to many local and unknown E.M.F.’s which 
correspond to the E.M.F.’s, 61 , 62 , 63 , etc., of Fig. 1110 a. 



The following trial of the method was made by the author: 
Circuits were made up as indicated in Fig. 1110b. Ei was a 
small storage-battery cell and E was also a source of E.M.F. 
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from a storage battery. P was a resistance to vary the cur- 
rent in the line, n and n were metallic resistances. It was 
required to determine, by this method, the resistance between the 
points a and b. The following table exhibits the readings and 
the results obtained: 

Here, Vi and h are the voltage and current with Z on 1, or 
E in circuit, and V 2 and I 2 are the voltage and current with K 
on 2, or E out of circuit. 


Vi 


h 

h 

Ohms 
a to 6 

Notes 

-7.48 

0.000 

0.9160 

0.0000 

8.17 

El made zero. 

-7.50 

0.100 

0.9734 

0.0553 

8.28 


-7.50 

. 0.100 

0.9751 

0.0504 

8.22 

P =0 

P =5.4 ohms. 

3.87 

0.365 

-0.3660 

0.0623 

8.18 

E =0.75X original E. 

3.86 

0.360 

-0.3650 

0.0623 

8.19 

El = 2x original El. 

4.23 

0.150 

-0.4597 

0.0395 

8.16 

P =3 ohms. 

4.24 

0.150 

-0.4620 

0.0395 

8.15 

El reduced. 

-3.93 

0.150 

0.5375 

0.0394 

8.19 

Polarity of E reversed. 

-3.93 

0.150 

0.5376 

0.0388 

8.18 





8.19 

Mean. 





8.178 

True value. 






1 1 11. Alternating-current Methods of Measuring the Re- 
sistance of a Battery. — While several other direct-current 
methods of measuring the internal resistance of a battery are 
described in the older treatises, they will not be mentioned here, 
as they are all very much inferior to alternating-current methods 
and more troublesome. Of the alternating-current methods of 
value, two are bridge methods and one an electrodynamometer 
method, in which the value of the resistance is given as equal to 
a known metallic resistance. 

1 1 12. Bridge Method. Telephone Detector. — This method 
is similar to the method of Kohlrausch, described in connection 
with Fig. 1120c, for measuring the resistance of an electrolyte (see 
also par. 1124). The arrangement provided is intended for the 
measurement of the internal resistance of a battery when this is 
yielding a known current. As the resistance of any battery, 
and especially one which polarizes readily, varies with the current 
which it ^ves, it is practically useless to obtain its internal 
resistance if the current to which this resistance corresponds is 
not known. 
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The arrangement shown in the diagram will enable the internal 
resistance to be obtained and the current which the battery gives 
to be measured or calculated. 

The source of the measuring current, which is rapidly alternat- 
ing, is a small induction coil I which is operated by one or two 
cells of battery B. The bridge is an ordinary slide-wire bridge 
which will be found very suitable for the measurement. The 
detector to indicate when the bridge is balanced is a telephone. 
It is convenient if this is provided with a head band. 



Connections are made as indicated in Fig. 1112. There is 
shown in the diagram in dotted line a condenser C in the main 
circuit and a condenser Ci in the telephone circuit. The object in 
using these (which may be cheap paper condensers of one micro- 
farad capacity) is to confine the direct current produced by the 
cell being measured, to the circuit c S% Si around the bridge. 
If this is done it becomes very easy to calculate the current which 
the cell is giving, if its E.M.F. has been determined by means of 
a voltmeter. The condensers will not interfere with the passage 
of alternating current sufficient for the measurement. If the con- 
densers are omitted the current from the cell may still be deter- 
mined by inserting a low-reading ammeter or millimeter at q. 

The bridge is balanced for a minimum sound or no sound in 
the telephone by moving the contact p upon the slide wire Si, S% 
As the scale of a slide-wire or meter bridge is usually divided into 
1000 divisions, we have for the internal resistance of the cell, the 


expression 


XT ^ r> 

^ ~ 1000 - a ’ 


where a is the reading from the end of the scale nearest the cell 
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and R is the fixed resistance in the bridge. This latter should be 
quite non-inductive and preferably of about the same magnitude 

as the resistance of the cell. For values of ^qqq _ ^ Appen- 
dix I, 1. The current from the cell (when the condensers are 
used) is now simply 

X + R + l’ 

where I is the resistance of the bridge wire. 

It may be required to determine the value of X when the cell 
is in circuit with a lower resistance than the arms of the bridge. 
The cell may be made to yield a larger current by joining to its 
terminals a known resistance r (shown in the diagram in dotted 
line). If the bridge is now balanced we have 

rX o, P 

r+X-lOOO-a ^ ^ ^ 

Y = ^ 4 ) 

(1000 — a) r — Ra 

The current may be measured with an ammeter or milliammeter 
inserted at g, or, if E is measured with a voltmeter and the. con- 
densers are used, it may be calculated from the formula 

. _ E {R -\-r -\rl) 

X{R-^r + l)+r{B-\-iy ' 


For the information given by this measurement to have the highest 
value, the temperature of the cell, the current which it gives, and 
its corresponding resistance should all be recorded. The author 
made a careful test of this method which developed points of 
interest. 

A meter bridge with a slide wire of 14 ohms resistance was 
selected for the test. The alternating current was supplied by a 
very small induction coil about 7 cms long and 2.5 cms in diam- 
eter. It was first run by one and later by two small cells of storage 
battery. Its vibrator gave a high-pitched note but not loud. 
The condensers used were a 1 microfarad and a 0.5 microfarad mica 
condenser, the latter being in the current circuit and the former in 
the telephone circuit. The telephone was supplied with an ivory 
plug attached to a cord which could be used with advantage to 
stop up one ear to keep out the sound of the coil. 



Art. 1112] 


RESISTANCE MEASUREMENTS 


229 


The method was first tried, using for the R and the X resistances 
two lO-ohm non-inductive manganin coils. It was found under 
these circumstances that the sound in the telephone was sufficiently 
loud, and that a point could be found upon the slide wire which 
gave complete silence. The loudness of the sound was scarcely 
affected by cutting out of circuit the two condensers. The setting 
could be made to within 0.5 of a millimeter. The bridge balanced 
at a = 501, showing that, as the coils were equal, the wire was 
practically of equal resistance either side of its middle point. 

A new Columbia dry cell was now tested, first without a shunt 
and later with a shunt of 1 ohm. The resistance R was made 
0.123 ohm. It was found now that it was impossible to obtain 
silence in the telephone and that it was difficult to set the sliding 
contact closer than 2 or 3, and sometimes 7 or 8 millimeters. The 
continuance of the sound in the telephone was attributed to the 
electrostatic capacity of the cell, and this was shown to be the case 
by putting an equal number of cells, joined in series, in the two 
arms of the bridge when a balance giving complete silence could be 
obtained, as in the case of metallic resistances. It should be 
remembered that to accurately balance a bridge with alternating 
current it is necessary that the time constant of its adjacent 
arms shall be the same. The smaller the cell and the higher its 
resistance the more accurately and easily can it be measured by 
this method. A set of six dry cells, some very old, were joined in 
series and with polarities mutually opposed, and it was found easy 
to balance the bridge accurately because by the arrangement in 
series the resistance was increased more than the capacity. Thus, 
when one has several cells it is easier to measure the resistance 
of a number joined in series than to measure the resistance of one. 
Some of the results obtained are recorded below : 


Columbia dry cell (standard size) 

Initial E.M.F. E = 1.47 volts 

12-0.123 ohm (1) 

Settings, a 

373 

372 

372 

372.3 Mean 

0.0729 ohm, calculated resistance 
of cell. 

12-0.223 ohm (2) 

Settings, a 

239 

238 

238 

237 

235 

237.2 Mean 

0 . 0693 ohm, calculated resistance 
of cell. 
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Mean resistance obtained by (1) and (2) is X = 0.0711. De- 
parture from mean is 2.5 per cent. The current flowing was 
0.1 ampere. Same cell as above shunted with 1 ohm, or r = 1. 

Settings, a, R = 0.123 ohm. 

377 

370 

380 

rX 

376.6 mean. This gives ^ ^ = 0.0740 ohm, 

or X = 0.0799 ohm. The current was 1.4 amperes. 

An old Mesco dry cell was also measured. Its resistance was 
found to be about 5 ohms, but this resistance rose during the 
measurement. 

From these measurements it is to be concluded, 

1st. That with cells of moderate size a close setting for a balance 
with complete silence in the telephone is impossible. 

2d. That the resistance of a dry cell is an extremely variable 
quantity. 

3d. That the method is well adapted to metallic resistances, 
small cells of high resistance or to a number of cells in series, 
but is not accurate to more than from 3 to 5 per cent for low 
resistance, single cells. 

1113. Bridge Method; Electrodynamometer Detector. — This 
method may be applied in precisely the same way as the method 
for measuring the resistance of an electrolyte described in con- 
nection with Fig. 1120d, except that a condenser of considerable 
capacity should be in circuit with the fixed coil of the electro- 
dynamometer. No current from the battery can then flow thru 
both the fixed and movable coil of the electrodynamometer and 
so influence its deflection. If this instrument is of the suspended 
coil type (as designed by the late Prof. Henry A. Rowland and 
described in par. 1001) it will have ample sensibility when used 
in this way. Thus on a circuit of 60 cycles and 100 volts the 
current thru the fixed coil of the dynamometer will be very 
approximately 

= SttXFC = 6.28 X 60 X 100 X C = 3768 C amperes, 

where C is the capacity in farads in the circuit. If C is 2.5 X 10"”® 
the current will be 0.0942 ampere, which is sufficient. The direct 
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current from the cell is determined most simply by measuring it 
with an ammeter or milliammeter in circuit with it. 

1 1 14. Electrodynamometer Substitution Method (Author\s 
Method). — This method has a much wider range of usefulness 
than for the particular measurement here described. Its applica- 
tion to the measurement of the effective resistance of a circuit 
containing iron when carrying alternating current has been already 
described in Chapter X, and therefore its application to the deter- 
mination of the internal resistance of a battery may be indicated 
very briefly. 

The electrodynamometer should be of the Rowland type. The 
cell under test and accessory apparatus are connected as in I, II 
and IIIj Fig. 1114. 





Fig. 1114. 


Referring to diagram I it will be noted that the three-point 
double-throw switch S when in position 1, shown in full line, 
makes the connections indicated more simply in diagram II, and 
when in position 2, shown in dotted line, makes the connections 
indicated more simply in diagram III. 
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The introduction of the condenser C in the main circuit is to 
prevent any direct current from the battery passing thru the 
fixed coil of the dynamometer. The alternating-current mains 
of 110 volts may be used as the source of E.M.F. 

Now it is evident by inspecting diagrams II and III that the 
resistance of the cell Ba is equal to r, provided the point p has been 
adjusted upon the resistance r until the deflection of the electro- 
djmamometer is the same when, with the switch the connec- 
tions are changed from II to III and vice versa. This equivalance 
of the resistance of the cell Ba and the resistance r will hold 
accurately provided the resistance p' is made equal to the total 
resistance p of the hanging coil circuit. The further assumption 
must also be made that the electrostatic capacity of the battery 
is small. A considerable capacity reactance in the battery would 
necessitate a small correction of the same general character as 
that discussed in par. 1002. It is thought, however, that the 
magnitude of this correction would in general be so small that it 
could be entirely disregarded. When the measurement can be 
made upon a number of cells of the same size and kind at the same 
time the effect of reactance can be reduced to any desired extent 
by joining a number of cells in series, for the resistance measured 
■will increase directly with the number of cells joined in series while 
the capacity will decrease. 

A trial of this method was made by the author. It gave excel- 
lent results and a brief description of the test follows : 

Four Daniell cells were made up in glass jars with porous cups. 
"These were joined in series and not opposing. The internal resist- 
ance was measured, using the method and connections shown in Fig. 
1114. The electrodynamometer was of the Rowland type. Both 
its fixed coils and hanging coil system had a carrying capacity of 
0.1 ampere. The source of current was 120 volts A.C. and the 
frequency, at the time of the test, was 59.9 cycles per second. 
The condenser C was a mica condenser of 1.75 microfarads. 
The current flowing in the main circuit was 0.077 ampere. The 
dynamometer deflection was 218 divisions. To make this de- 
flection the same with the connections first as in III, and then as 
in II, it was necessary to make r = 7.64 ohms; hence, the resis't- 
ance of the four cells in series was 7.64 ohms, making the aver- 
age resistance of each cell 1.91 ohms. This method gave good 
results without any difficulty arising and the sensibility was 
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found to be ample. At the time of the test the resistance thru 
which the battery could flow was 300 ohms, this being the value 
given to p. The method gave in another trial with these same 
cells so connected that their E.M.F/s opposed, under which cir- 
cumstances the cells yielded practically no current, the value 1.81 
ohms as the mean resistance for each cell. 

1 1 15. Galvanometer Deflection Methods for Obtaining the 
Resistance of a Battery. — Though the following methods are 
well known they are not much used, for the primary battery has 
assumed a subordinate position as a source of electric current. 
However, for the sake of completeness in the treatment of this sub- 
ject we shall describe them briefly. 

Many types of modern cells, especially storage-battery cells, 
have an extremely low internal resistance, and in any of the 
methods for measuring this resistance it is very advantageous, 
when one has a number of similar cells, to join as many of them as 
possible in series opposing their E.M.F.’s. In this way the resist- 
ances of the cells are added in series, the electrostatic capacity is 
reduced and the resultant E.M.F. is small, which permits of 
smaller resistances in the circuits being used. Even when there 
is an even number of cells, the resultant E.M.F. is usually suf- 
ficient to furnish enough current for the measurement if an' 
ordinary D'Arsonval galvanometer is the measuring instrument. 
It must be remembered that the internal resistance measured 
includes the connecting wires to the cells and the contact re- 
sistance under the binding posts. These resistances must be 
taken into account and allowed for whenever great accuracy is 
desired. 

1 1 16. Diminished Deflection Method. — The battery, of 
which the resistance X is to be deter- 
mined (Fig. 1116), is joined in series 
with a resistance and a galvanometer. 

Ordinarily the galvanometer must be 
shunted with a low-resistance shunt, 
but where a low-sensibility galva- 
nometer is used, as a tangent gal- 
vanometer, and the battery has a 
comparatively high resistance, the 
shunt may be omitted. Calling g the 
resistance of the galvanometer, and s the resistance of its shunt. 


I Ti and r2 


1^ 

W\AMAAAA 

S 

Fig. 1116. 
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E the E.M.F. of the battery, and the resistance used, the value 
of the current which flows is 


fi 


E 


X + ri + 


g + s 


= Kdi. 


( 1 ) 


Here di is the deflection of the galvanometer a,nd E is a constant. 
The value of the resistance is now changed from ri to r% and the 
current which then flows is 




E 


+ r2 -f 


gg 

g + s 


Kdi. 


( 2 ) 


If the galvanometer is a tangent galvanometer, then we must 
write, instead of Kdi and Kd^, = K tan di and h = K tan 6^, 
where 6i and 62 are angular deflections. 

Eqs. (1) and (2) make the assumption- (never strictly true) that 
the E.IVI.F. of the cell remains unchanged when the current is 
changed from %i to -From the two relations above, we easily derive 

d2-dx ~i+~s' 

’If 72 is chosen so that d2=^, Eq. (3) becomes 

+ ( 4 ) 

It should be recalled that ri is the resistance that gives the 
deflection di, and ra is the larger resistance which halves it. 

It sometimes happens that a calibrated galvanometer is used to 
read the E.M.F. of a thermocouple. Now the resistance of a 
thermocouple will change with its depth of immersion in the hot 
place, and ivith the length of the lead wires used. The above 
method could be conveniently employed to determine the resist- 
ance of the thermocouple circuit from binding post to binding 
post of the galvanometer. In this case the galvanometer would 
have no shunt and its resistance g would be known. Also the 
resistance rj would be zero and thus, if a resistance is inserted 
quicMy m the thermocouple circuit before the temperature of the 
hot junction has time to change we would find, by Eq. (3), 

d2 
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Or if Vi is so chosen as to halve the deflection, di, 

Xc = r 2 - g. (6) 

The above measurement is made under the best conditions when 

Ti H — is less than X. 


1117. Kelvin’s Method. — The ob- E 

ject of this modification of the re- 1 

duced deflection method is to maintain 
the deflection of the galvanometer 

unchanged and then it makes no dif- ^AA/WWWW^ 

ference what the law of the deflection 
of the galvanometer may be. With 

the circuits arranged as in Fig. 1117 \J^y 

we have, for the current thru the gal- 1117 , 

vanometer, 

X {s + g + t) + s {g + r) ^ ^ 

The value of the shunt is now changed to si and r is changed to n, 
so the same current as before goes thru the galvanometer. Then, 

• / 0 \ 

X {s I + g Ti) Si (g Ti) 


From Eqs. (1) and (2) 


ssi (ri- r) 
Si(r + g)~~s (ri ■ 


If in the second case the shunt Si is made infinity then Eq. (3) 
becomes 

X - (4) 

g + r 

The method, like the former, assumes that the E.M.F. of the 
battery remains unaltered when the current which it delivers is 
changed. 

For this method to be applied practically, the galvanometer 
must be very insensitive or shunted, or two cells of nearly equal 
E.M.F. must be joined in series with their polarities opposed. 
If the galvanometer is shunted, then in place of g we must use the 
shunted resistance of the galvanometer. 
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iii8. Siemens’ Method. — The arrangement of circuits for 
applying this method is shown diagrammatically in Fig. 1118. 
Here the circuit a c 6 is a slide wire of uniform resistance upon 
which a contact c may be moved. Ba is the battery of which the 



internal resistance is to be determined and Ga is a galvanometer 
which has its sensibility reduced by any means which does not 
include a series resistance. It may be shunted, in which case the 
value assigned to its resistance must be that of its shunted resist- 
ance. 

Let X = the internal resistance of Ba, to be found, 

g = the resistance of the galvanometer (or, if shunted, its 
shunted resistance), 
p = resistance from point c to point 6, 
q = resistance from point c to point a, 

R = resistance from point c to point o, 

E — E.M.F. of battery, 

I = current from battery, and 
i — current thru galvanometer circuit. 

For brevity, write Q = g + X and P = p + g. 

Then Q + P = X, a constant. 

By inspection of the diagram it will be seen that if c is moved to 
h the current thru the galvanometer will be greater than if c is at 
some intermediate point between a and 6. Also if c is moved to 
a the current thru the galvanometer will again be greater than if 
c is at some intermediate point between a and 6. Hence, gener- 
ally , there is some point c between a and h where the current thru 
the galvanometer is a minimum. It is this point, which, when 
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found by trial, will give the value of the resistance sought, 
the contact at any point c on the slide wire, we have 

With 


E(P + R) 

PR + Q{P + Ry 

(1) 

and 

R j 

P + R^’ 

(2) 

or 

ER 

^ PR + QiP + R)’ 

(3) 

or, as 

Q^K-P, 



ER 

^ PK-P^ + KR 

(4) 

It is required to 

move c until i is a minimum or until = 

is a 

maximum. 



Thus we have 



and this expression is a maximum when 



II 

(5) 

or when 

Q + P = 2P, or Q = P 



I That is, when 

q-\-X = 'p+g, or X = g + p-q. (6) 

Thus the value of X is found by moving the contact c upon the 
slide wire until the deflection of the galvanometer is reduced to a 
Tnm^mnm . As all the resistances are known we can calculate 
the current which the battery is yielding, provided we know its 
i E.M.F. 

Thus, Eq. (1) becomes 

I . E(v+g + R) 

1 {p + g) R + iq + X) (p + g + R)’ 

T — E (p + g + R) ( 7 ) 

^ ~ (p + g)(2R+p + g) 

Analysis shows (see Kempe, “ Handbook of Electrical Testing, 
p. 161) that the measurement is made under the best condi- 
tions when p -[- 2 is not less than the greater of the two quan- 
i titles R+X Sind R + g. Also R should be less than the greater 
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of the two quantities X and g, and the galvanometer resistance 
should preferably not exceed X. 

1 1 19 . Resistance of Electrolytes. — The resistance of electro- 
Ijdes, as sulphuric acid, salt solutions, etc., could be measured 
with a Wheatstone bridge in the usual way if it were not for the 
fact that, as soon as a measuring current passes thru the electro- 
lyte the electrodes polarize and an E.M.F. is developed which 
opposes the E.M.F. which sends current thru the electrolyte. 
To understand this clearly consider the diagram, Fig. 1119. 


2 



Let C be an electrolytic cell in one arm of a Wheatstone bridge. 
Let a, b, c, d be resistances, and i and h be currents. If the 
resistances a, b and d are always so chosen that the bridge is 
balanced, we shall have the potential drop Fa from 1 to 2 equal 
the potential drop Fs from 1 to 4. Also the potential drop Vc 
from 2 to 3 will equal the potential drop Fd from 4 to 3. Or 
ai = bii, and Vo = dii, whence 


ai 

Vo 


bii 

dii 


7 U/ 

c = T ai. 

0 


( 1 ) 


Now the potential Vc will be equal to the current i times the 
resistance c of the cell, less the opposing E.M.F., E, of polariza- 
tion of the cell. 


or 


Vc = ic — E. 


( 2 ) 
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It may be assumed that for a very small current i which has 
flowed for a short time t the E.M.F. of polarization is propor- 
tional to the quantity of electricity that has passed thru the cell, 
or, what is the same thing, 

E = Kit (3) 

Hence, 

Vc — ic — Kit (4) 

Putting this value of Vc in Eq. (1) we obtain 

c = ^ + Kt. (5) 

This last relation shows that the resistance c of an electrolyte, 
which would be measured by a balanced Wheatstone bridge, will 
seem to increase with the time that the current i is kept flowing 
thru the electrolyte, and that it will always be higher than the 
true resistance of the electrolyte. For this reason the use of the 
Wheatstone bridge with direct current is not suited to the measure- 
ment of the resistance of an electrolyte. If, however, an alter- 
nating current be substituted for a direct current and a detector, 
responsive to alternating current, be substituted for the galvanom- 
eter, the principle of the Wheatstone bridge may be used with 
convenience and accuracy. This is because the E.M.F. of polari- 
zation, produced by the current in one direction and which would 
lead to a balancing of the bridge giving too high a value of the 
resistance, will, upon the reversal of the current, either be neutral- 
ized or, if not neutralized, will lead to a balancing of the bridge 
giving too low a value of the resistance. Thus the setting actu- 
ally obtained for a balance is the same, whether polarization is 
neutralized or not, as would be required were there no polarization. 

Thus, to merely measure the resistance of an electrolyte, with- 
out attempting to determine its specific resistance, it is only 
necessary to place the electrolyte in a vessel provided with two 
electrodes of thin gold or platinum and connect this vessel into 
one arm of a Wheatstone bridge. The other arms are resistances 
which are highly non-inductive. The bridge is balanced for alter- 
nating current. A telephone is a suitable detector and a small in- 
duction coil with a secondary winding furnishes from its secondary 
a very suitable source of alternating current. The alternating cur- 
rent obtained from a small induction coil is filled with harmonics 
and gives a clearer and sharper sound in the telephone, conse- 
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quently amore accurate balance, than an alternating current from 
ordinary sources which is approximately sinusoidal. It is usually 
required however, to obtain the resistivity as well as the resist- 
ance of ’an electrolyte, and to determine this at a very exactly 
known temperature. The apparatus and method of working de- 
vised by Kohlrausch are, with slight modifications, best adapted for 
this determination and may be described as follows; 

1120. The Method of Kohlrausch for Measuring the Resis- 
tivity of an Electrolyte. 

I. Direct determination of resistivity, telephone employed 
as detector. 

The vessel to contain the electrolyte must be so shaped and 
the electrodes so located that the length and cross-section of the 
electrolyte measured can be ascertained with precision. For 
this purpose nothing is better than a cylindrical glass tube of, 
as nearly as possible, uniform bore. This may, for example, be a 
glass tube 20 cms long and 1 cm internal diameter. It may be 
open at both ends. In the bottom end is fitted an electrode of 
gold or platinum which completely fills and is parallel to a right 
cross-section of the tube, but may with advantage have some 
very small holes thru it to allow liquid to rise in the tube when 
this is partly submerged in a vessel of liquid. The other elec- 
trode is of the same material and should be arranged to be mov- 
able along the length of the tube by means of a rod of metal 
(preferably gold plated). The rod or the tube should have a scale 
cut upon it so that the distance between the two electrodes may 
be read from the scale. Diagrammatically the arrangement would 
be as suggested in Fig. 1120a. If this tube is insulated in an elec- 
trolyte so that the upper electrode, but not the upper end of the 
tube, is submerged, the current will only have the one path, within 
the tube, from one electrode to the other. 

The accurate calibration of this tube for cross-section and dis- 
tance between the two electrodes, for any setting of the upper 
electrode, must be made with care. Thus a plug may be turned to 
fit accurately into each end of the tube if this is round, and these 
plugs may have their diameters determined with a micrometer 
caliper. This will give the cross-section where the plugs are fitted. 
The distance between the electrodes may be determined with a 
cathetometer, or the volume of the tube, for a given length, may be 
determined by filling it with mercury and weighing this. From 
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temperature may then be read with any type of accurate thermom- 
eter placed close to, but outside of, the measuring tube. 

To make a measurement the two electrode-termmals are con- 
nected in one arm of a Wheatstone bridge, which is preferably of 
the slide-wire type. A special form of slide-wire bridge with a 
lon<^ slide wire wound spirally upon a marble cylinder has been 
upon the market for several years. A type of bridge of this kind, 
in which the marble cylinder is stationary and the contact made 
movable, was designed by the author and is shown in Fig. 1120b. 



Fig. 1120b. 


The cylinder upon which the bridge wire is wound is 15 cms in 
diameter. There are ten turns of wire, giving a total length of 
wire of 4:70 cms. The contact point consists of a minute piece of 
hardened steel mounted in a short rod of manganin (the same 
material as the slide wire, so as to avoid thermal E.M.F/s where 
the apparatus is used for other purposes with direct currents). 
This steel piece slides upon the wire without abrading it. It is 
not visible in the illustration, being inside the protecting hood. 
The hood revolves upon a threaded spindle, the pitch of the thread 
being equal to the pitch of the groove in the marble block on which 
the manganin wire is wound. The resistance of this wire is 
approximately 5 ohms. The position of the contact is read by 
means of the vertical glass scale shown in the illustration. Com- 
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plete turns are read upon the horizontal lines of the glass scale and 
fractions of a turn are read from the scale upon the lower rim of 
t e The latter scale is divided into 100 scale divisions 

each of about 0 6 cm. These are divided into halves, so that h S 
easily ^ssible to estimate to thousandths of one complete revolu- 
tion. The wire is made very uniform in resistance. 



Fig. 1120c. 


The connections to use are diagrammatically shown in Fio-. 
1120c. It is generally better to join the secondary of the induction 
coil K to the sliding contact p and the point between the cell 
C and the rheostat r, and join the telephone P to the other two 
points 1, 2 of the bridge, than vice versa. A balance can generally 
be easily obtained with almost complete silence in the telephone. 

The resistance R of the electrolyte is then R=^r. But as the 

scale of the slide wire is divided into 1000 divisions, a + b = 
1000 or & = 1000 — a, whence 


^=Too^^- 


As the fraction .-7:77- 

1000 — a 


occurs frequently in bridge measurements 


a table is given for all values of a from 1 to 1000 (see Appendix 1, 1) . 
It is desirable, for precision, to choose r as nearly as possible 
equal to the resistance of the electrolyte being measured, and 
then, for a balance, p will come near the middle of the slide 
wire. This will give greater accuracy to the measurement than 
if it came near either end. The resistance r should be, as far as 
possible, non-inductive and free from electrostatic capacity. The 
specific resistance at a particular temperature is obtained by 




1 
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di,«Ag fte vAlue ot S. found for a given temperature, by the 

“rfr^ietbu of the special Kohlrausoh bridge 
„ X T 1 . FiV 1120b very good results may be obtained by 

to not better than 0.1 to 0.2 of 1 per cent the circular 
slide wire shown in Fig. 401b, may be used with advantage^ A 
the scale connected with this slide wire is laid off to read the 
resistance directly in per cent of the standard resistance all cal- 
culation is avoided by its use. 

II Electrodynamometer employed as detector: 

In place of a small induction coil for the current source and a 
telephone for a detector one may use alternating current and a 
sensitive electrodynamometer as the detector, ^he proper way 
this instrument in circuit is shown in Fig. 1 



The reason for placing the fixed coil G of the electrodynamom^ 
eter in the main circuit is to increase the sensibility of the appa- 
ratus, which would be very small if the fixed and swinging coils 
were joined in series and the electrodynamometer then connected 
in the bridge in the usual way. In this method the alternating 
current may be taken directly from the mains and its value reduced 
by a suitable resistance r. The method is otherwise carried out 
in the same manner as when a telephone and small induction 
coil are used. 

The type of deflection electrodynamometer recommended is the 
one described in par. 1001. 

1121. Determination of Relative Resistivities of Electrolytes* 

— For this purpose the methods of making the measure- 
ments are not different from those just given. A different 




Akt. 1121] 


RESISTANCE MEASUREMENTS 


form of cell lor lioldiriK the electrolyte is, however, to be 

Huppose tlie containing cell to have any shape and that it is 
fillecl \vith an, electrolyte ot known specific resistance pt at temper- 
ature C. II is the effective cross-section of the cell and I its 

length then lit = p, is the resistance of the electrolyte at tem- 
perature t° (J. L(!t the resistance be accurately determined at 

the t(anj)(‘raf ure f (h 

If the; cell is now filled with an electrolyte of unknown specific 
resistunca; 7 and the resistance of this electrolyte is measured at 
temperature b” C., we have, as before. 


'W luaicc;, taking the ratio of the two resistances so obtained we 
have ’ 

Rt,' 

tu==-7^p.. (1) 

Iiicp (1) givcjs tlH‘ sjxMiific resistance of the electrolyte being meas- 
ur(K,l at tlie td'inpfTuturc* (J., in terms of the two resistance 
nK^asurcnuaits and th(‘ s})ecific resistance pt of the standard 
ekxdrolytc^ at. tin* teanperature f C. This last value can be taken 
from a tabhj of spcxafic resistances of electrolytes at different 
t(‘inpera,tur(;s. But if the specific resistance of the electrolyte 
being ineasunKi is to Ixj cjompared at the same temperature 
with that of the standard electrolyte it is necessary to adopt 
(4thc*r of two ])roc(‘durc‘s. One, is to arrange that the temperature 
at which, h is (l(*t(innin(‘d shall be the same as the temperature 
at whicli It' is dedennined; or R' may be measured at two temper- 
at-ur(‘s, oiH? a littU; aJ)ovo the temperature f C. and one a little 
l>(‘low this t(‘mj)(‘ra,turc*. Then the resistance that the electrolyte 
would have* at thet temperature at which the standard electrolyte 
was mcasurexl can he determined by a simple calculation. Assum- 
ing tliut li^ has been dctcirmined in cither of these ways we have, 


J lui form of which is found very convenient for determinations 
of the.* above class is shown in Pig. 1121. 
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•xi 4 -t Tkici+i-mim or sold electrodes is made perma- 

mercuis to bent gta tubes as shown in the figure, 
nently -sMtli mercury. During the 

and ell should be suspended in a vessel contain- 

“rwir ^Seh is weB stod and of which the temperature can 

be accurately taken. 


Platimi m 
or Gold 
Electrode 


platinum 
or Gold 
Electrode 


Fig. 1121 . 

The resistivities of a saturated solution of sodium chloride 
qt various temperatures are given in Appendix IV ,4 

The methods described of measuring resistivities of electroljdes 
furnish a means of ascertaining the concentration of a solution, 
kbles have been constructed which give the relation which h^ 
bet found to exist at some standard temperature between tte 
resistivity and the concentration of many solutions. Hence, if 
the nature but not the concentration of any solution is known, 
t which tables cAi^, the latter can be simpl, and accurately 
found by measuring the resistivity of the solution. 

The tables usually give not the resistivity but the oonducbvity 
which is the reciprocal of the resistivity. . The standard ternper- 
ature for which the conductivities are given in most tables s 
18° C., and hence measurements should be made as near , 

‘l^rS^s 5 rS». conductivity of solutiorm, the r^» 
is referred to “ Physical and Chemical Constants, by G. W. U 
Kaye and T. H. Laby, pages 86-87. Also to “ 

Chemische Tabellen,” by Landolt, Bornstein and Meyerhoffe , 
page 735 and following, third edition. _ , + j 

It may be remarked here that the resistivity of a saturated 
solution of sodium chloride (NaCl) at 20° C. is 4.4248 ohms. 
This is the resistance between opposite faces of a centime er- 
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cube of the solution. The resistivity of 100 per cent conductivity 
copper at the same temperature is 1.7215 X 10-« ohm. Hence 
the salt solution has a resistivity which is 2.570 X 10® times that 
of copper. In general, electrolytes have, roughly, a million times 
the resistivity of metals. 

1122. Hering’s Liquid Potentiometer Method for Determining 
Electrolytic Resistances. — Dr. Carl Hering has shown* that 
the principle of the potentiometer may be employed for deter- 
mining the resistance, and, if the necessary dimensions of the con- 
taining vessel are known, the resistivity of an electrolyte. The 
method is said to avoid the errors which in direct-current methods 
are ordinarily introduced by polarization of electrodes. This 
method permits the resistance to be measured between two se- 
lected points of a quantity of electrolyte contained in a tank. It 
is applied as follows: 

The apparatus employed consists of a tank of rectangular form 
built of insulating material. A suitable scale is fastened to the 
upper and longer edge of the tank for measuring the distance 
between the potential electrodes at the moment a balance is 
obtained. Two current electrodes are fitted into each end of the 
tank which reach across it, and above the surface of the liquid. 
The liquid may fill the tank to any convenient height. 

It is important to choose potential electrodes which are as inert 
as possible in the electrolyte. Two gold coins or thin strips of gold 
are recommended for these electrodes. The instruments required 
are an ammeter, a galvanometer or millivoltmeter, and means for 
determining the E.M.F. of the small cell which is used as the 
standard of E.M.F. Porous diaphragms should be fitted in the 
ends of the tank to prevent the products of decomposition at 
the current electrodes from entering the main body of the elec- 
trolyte. The polarities of the two batteries are arranged as in 
the ordinary use of the potentiometer. The “ setting ” is made 
by varying the distance between the two gold electrodes until 
the galvanometer shows no deflection. At the final setting one of 
the potential electrodes should be oscillated thru a small amplitude 
in the direction of the fall of potential so the small galvanometer 
deflections are equal on both sides of the zero. This setting 
made, the current is read upon the ammeter, also the distance 

* Transactions of the American Institute of Electrical Engineers, February 
28, 1902, page 827. 
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between the electrodes. If E is the E.M.F. of the standard cell 
and I the current read on the ammeter then the resistance be- 
tween the electrodes is E = y If Hs the distance between the 
electrodes and S the cross-section of the tank the specific resist- 
ance of the electrolyte is i 

The author has not tried this method and so cannot speak from 
personal experience as to its accuracy and value. Further details 
may be obtained by reference to Dr. Bering's original paper. 

1123 . The Substitution Method. — The principle of this 
method has already been described, par. 206, Fig. 206b. The 
apparatus shown in Fig. 1120a is the same in principle as that 
shown in Fig. 206b and may be used for the measurement. The 
substitution method of measuring electrolytic resistances is inferior 
to alternating-current methods but may be used with advantage, 
perhaps, for quick and rough determinations of the resistivities 

of electrolytes in battery jars, 
electroplating tanks, etc. The 
apparatus required is generally 
at hand and the tube or cell 
may be submerged in any body 
of electrolyte and the measure- 
ment be very quickly made in 
situ. 

If the electrolyte is a silver, 
copper or nickel solution it is 
well to use electrodes of these 
metals. For other solutions gold 
or platinum electrodes are more 
suitable. It is recommended to 
make the electrodes of fine wire- 
mesh, as bubbles from polariza- 
tion will more readily escape 
from the electrodes. 

1124 . Resistance of ‘‘Grounds” 
(Bell Telephone Method). — 
There is used in telephone practice what is termed a Cable pro- 
tector ground.^’ These are ground connections made at tele- 




Abt. 1124] 


RESISTANCE MEASUREMENTS 


249 


phone poles to afford protection for aerial, as well as underground 
cable plants, against lightning. The ground connection is carried 
to an “ open space cutout,” and is made in the manner shown in 
Fig. 1124a. It is necessary that the resistance of such grounds 
should not exceed a proper limit and tests and reports are fre- 
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Fig. 1124b. 

quently made upon such grounds. The method adopted by the 
telephone company for measuring the ground resistance is known 
as the “ three ground method ” the principle of which may be 
explained as follows: 

Referring to Fig. 1124b, Gi, Gi, Gs are three ground connections, 
having resistances to ground x, y, z, respectively. The ground (?i 


1 



is the permanent ground. It is required to determine the resist- 
ance a: of this. The grounds (?2 and G 3 are auxiUary or temporary 
grounds which are constructed in order to effect the measurement. 
First measure (by the principle of the method shown in Fig. 
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1120c) the resistance between (?i and Gt, then between Gi and. Gs, 
and lastly between G 2 and Gz- Calling a, b, and c these resistances 
respectively, we have 

x + y = a, 
x + z = b, 

and y + 2 = c. 

From these three equations we derive 

a + b- e 

a: = 2 ^ ^ 

The exact manner, as applied by the telephone company, of 
making the measurements is clearly explained by the diagram 
shown in Fig. 1124c. The ground resistance may vary between 
such limits as 1 and 1000 ohms. 




CHAPTER XII. 

ELEMENTARY PRINCIPLES OF FAULT LOCATION. 

1200. Fault Location. All electric lines, whether used for 
the transmission of intelligence or power, are subject to what is 
technically designated “ faults.” These faults consist, in general, 
of a complete breaking down or a serious deterioration of the 
insulation of the line, or of a break in-the conductor. If the defect 
develops at a definite point it becomes important to be able to 
locate its place, as determined in distance from some station along 
the line. If the location of a fault can be quickly and accurately 
effected, the time and expense of making a repair is greatly reduced. 

The methods which have been developed for locating faults 
, from a station on the line chiefly embody some form of resistance 
measurement and are carried out with resistance-measuring appa- 
ratus. A description of these methods properly belongs, therefore, 
to a work of this character. The full development and application 
of the methods when applied to submarine cables in service is 
complex and extensive, and should be confined to works devoted 
especially to this phase of the subject. The fundamental prin- 
ciples of fault location upon land lines, however, are easily under- 
stood and may be properly described here. In many cases their 
application is quite simple. In other cases, however, the condi- 
tions under which the relatively simple principles have to be 
applied are complicated by networks of conductors, multiplicity 
of faults, earth currents, variations in the size of wires in the same 
circuit, and other causes which become at times very puzzling. 
The majority of faults may be located, however, by one familiar 
with the fundamental principles and moderately practiced in their 
application. We proceed to classify and tersely describe these 
fundamental principles. For detailed descriptions of the special 
apparatus which instrument makers have developed for fault loca- 
tion the reader must be referred to the trade publications which 
advertise and often very fully describe this class of apparatus. 
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t 20 i Faults Occurring on Land Lines. , - , „ 

/ N c~Qunds. This is a common fault which is a partial o 

nmolete breaMng down of the insulation whereby the conductor 
Smt to the ground or .0 the sheath of the cable 

H te ground connection is localised at a single point the fault 
may be definitely located, but not infrequently a ground connec- 
Son occurs at two or more points. In this event a precise beaten 
of each point where the conductor is grounded is, m general, not 

^°lbf - These are faults in which two or more conductors 

in the same sheath, or on the same pole lines, become connected 
together or crossed. As in the case of grounds this fault may 
occur at one place or several places. In the former case the 
localizing of the fault is easy and locations are usually made by tue 
satne methods as are used for locating grounds. 


A 


ta 

2 " 1 

"Xs or-----:'.™ 


3p— 

B XT, 



4* 




Fig. 1201. 



(c) Opens. — An open is produced when the conductor-circuit 
becomes broken or open. If the circuit is not at the same time 
grounded or crossed, the point at which the circuit is open may 
usually be located. The methods differ, however, from those used 

for grounds or crosses. ^ ^ 

(d) Inductive crosses. — These faults consist of n transposition 
in telephone cables of single sides of adjacent pairs of conductors. 
They result from incorrect cable-splicing. This fault is illustrated 
by Fig. 1201. 

Here one wire of the pair A is transposed with one wire of the 
pair B at the splice S. As there is an electrostatic capacity be- 
tween pairs of wires as represented by the condensers Ci and C 2 
shown in dotted line, conversation might be carried on between 
Ta and ta, likewise between Th and U, but there will also be bad 
cross talk between and ta, and Ta and k. Workmen often 
attempt to correct this fault by connecting the telephones as indi- 
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cated in dotted line, but the cross talk remains. A special method 
will be given for locating the position of an inductive cross. 

1202. Problems in Fault Location. — The chief problems and 
tests, treated under the subject of fault location, may be sum- 
marized as follows: 

(a) Identification of faulty wires. 

(b) Determination of the resistance of conductor loops. 

(c) The location, in distance from a station, of grounds, crosses, 
opens or inductive crosses, on telephone or telegraph lines. 

(d) Fault locations when loops are made up of wires of different 
sizes and lengths. 

(e) Insulation resistance tests of installed and uninstalled cables. 
Here either the insulation may be defective in particular places 
.or the defective insulation may be distributed along the conductor. 

(f) The location of grounds or crosses in heavy power cables, 
requiring special apparatus. 

(g) The location of grounds or crosses in very heavy, short, 
underground cables. A special method is here required. 

(h) Location of grounds or crosses in high-tension cables which 
are subject to inductive disturbance from parallel alternating- 
current lines. 

(i) Location of faults in submarine cables, during manufacture, 
test, and after being installed. These problems are special and 
are not considered here. 

1203. Relation of Principles to Practice in Fault Location. — 

Fault location depends upon certain fundamental principles which 
must be clearly understood for intelligent work. They should 
be studied before any consideration is given to the details of specific 
apparatus and methods. There are, however, many practical 
points which must be considered in the successful application of 
the fundamental principles. These practical points and famili- 
arity with fault-locating apparatus are best acquired, however, 
by practice and experience in the field. The principles of the 
subject, therefore, should chiefly concern us here and we proceed 
to their elucidation. 

1204. Location of a Ground upon a Single Line with Only an 
Earth Return. — Single lines with only earth return are found 
in overhead telephone and telegraph lines in unsettled country 
and in single lines laid under water. The two methods to be 
given are considered as having more of a theoretical interest than 
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practical value, altho they work out very well with artificial lines 
made up in a laboratory. 

(a.) By testing from each end of hne. 

kmal from A to B, Fig. 1204a, to open Kx and fci, assuming 
that ground is not so bad but that it is possible to drive a signal 



To Resistance 
Measuring 
Device 


To Resistance 
Measuring 
Device 



Fig. 1204a. « 

through. Measure with resistance-measuring device, k being 
closed and K open, the resistance 

x + y = R, 

Leave K open and open fc. From end S, with ki closed and Ki 
open, measure resistance 

z + y = Ri== Rt - x + y 

where Rt is the total resistance of the line. 

Then the resistance to the fault from end A is 

^_ R-R^i + gj . (1) 

The distance to the fault may then be calculated when the feet I3er 
ohm of the wire is known. 

The difficulties which would be encountered in this test would 
arise (a) from earth-currents; (b) from variations in the resistance 
y while the test is in progress, and (c) from the resistance of y at 
times being so high that the resistances x or z would be small in 
comparison. 

The method recommended for measuring the resistances R and 
Ri is the “voltmeter and ammeter method” given in par. 209. 
If the measuring current sent over the line is large it will give 
the double advantage of making the effect of earth currents 
relatively small and of breaking down the ground resistance y 
to a low value. The method should prove most useful and rela- 
tively easy of application in a wild country free from disturbing 
earth currents and when .the single line is of great length. 


Aet. 1204] 


PRINCIPLES OF FAULT LOCATION 


255 


The method may be used to locate a grounded point in a coil 
of insulated conductor in a tank, or when wound upon a metal 
frame. In this case, however, both ends of the conductor would 
be at the same place and the location could be made more easily 
and accurately by the Murray-loop test given in par. 1205 . 

(b) By testing from one end of line only. (Author’s method.) 

It is of theoretical interest to show that a ground may be located 
from one end only of a long, single conductor line when the only 
resistance known is that of the line itself. 



The apparatus required is two voltmeters, a known resistance 
(preferably one which can be given different values), and a source 
of steady E.M.F. 

The fundamental assumptions made are: (a) that the total 
resistance B of the line is known; (b) that the ground is not so 
bad but that a signal may be driven through the line to give 
directions for earthing and imearthing it at its far end at proper 
times, and (c) that the ground connection is located at one point 
only and that its resistance remains steady during the test. 
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Represent the line and connections for the test, Fig. 1204b, at 
I with line grounded at both ends, at II with far end of line open, 
and let Lq and Ileq represent equivalent circuits. 

First, a signal is sent to ground the line, as represented at I, and 
the voltmeter readings vi and v are made with the two voltmeters. 

Second, a signal is sent to disconnect the line at the far end, as 
represented at II, and readings Vi' and v' are made with the two 
voltmeters. We now have S = a; + z, the total resistance of the 
line. The auxiliary resistance r is known and Vi, Vi, v, and v' are 
measured quantities. We then have (case I or leq) 

z = R — X, (1) 


and (case II or Ileq)- 


:-Hx+- 


v' =— {x'+ y). 


In these three equations there are only the three unknown quan- 
tities x, y, and z; hence it is possible to find the value of each of 
them. The value of x, the resistance of the line from q to p, may 
be obtained as follows: 


For brevity, write 


C and 


These are the currents in the line in cases 7 and II respectively. 
Then, from Eq. (2), 

z(Gx — v) ■ . ^ 

^ v-Cx-Cz’ 

and from Eq. (3) 


Replacing z in Eq. (4) by its value R — x we obtain 
(R — x) (Cx — v) __ — C'x 

v-Cx-C{R-x) 

This is a quadratic equation in x. Its solution is 




v'CR 


(See Appendix II, 7, Eq. 16.) 

V 

Since from Eq. (2) x = — 


we see that in Eq. (7) the 


negative sign should be used before the radical. 
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If in Eq. (7) we replace C and C' by their values - and — 

r r 

respectively, and use the negative sign before the radical, we obtain 



Eq. (8) gives the resistance of the line to the point where it is 
grounded in terms of voltmeter readings and known resistances. 

Two important simplifications may be made: 

(a) The resistance r can be chosen equal to the total resistance 
R of the line. 

(b) The current flowing can be maintained the same (by means 
of a small rheostat in circuit with the battery on its grounded side) 
when the connections are changed from I to IL In this case 

Vi = Vi'. 

Assuming that conditions (a) and (b) are fulfilled, Eq. (8) reduces 
to 

. • a; = — V(!;' — 2;)(2;i — (9) 

It should be possible to always meet, in practice, these two re- 
quirements for simplicity, and occasions might arise where the 
method would yield practical results of importance. 

The method was tested in the laboratory as follows: 470 feet 
of No. 17 soft iron wire were strung around the sides of a room. 
A fault was made. Its position was varied and also the resistance 
y of the fault to earth, and locations made with each arrange- 
ment. 

The total resistance of the wire was 13.8 ohms and the resist- 
ance r was given this value. Locations were generally made with 
an error of less than 5 feet in 335 feet. 

A sample set of readings and the calculation of the value of x 
are given below: 


Voltage drop 
over r. 

Voltage drop over 
x + z and y in 
parallel, 

V 

Voltage drop 
over x + y, 
v' 

Calculated value 
of X in ohms and 
feet 

True value of i in 
ohms and feet 

2.000 

1.886 

3.740 

9 . 84 ohms 
335.1 feet 

9 . 87 ohms 
336.2 feet 
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The calculation made by Eq. (9) is 




g80 „ V(3.740 - 1.886) (2.000 - 1.886) = 9.84 ohms. 




1205. Loop Methods for Locating Grounds or Crosses. — In 

most cases where a fault is to be located, other wires, not faulty, 
run between the same points as the faulty wire, and one or more 
of these good wires may be used in making a test. Good wires 
are usually to be found in the same lead sheath with the faulty 



Fig. 1205a. 


wire. An end of a good wire may be connected with an end of 
the faulty wire. When a good wire and a faulty wire are so con- 
nected, the combination forms a loop. Hence the name, where 
this combination is used, of loop test.” 

The '' Murray loop ” and the “ Varley loop ” are the two loop 
tests best known and most frequently employed. 

The Murray Loop, — In this method two parts of the conductor- 
loop make up two arms of a Wheatstone bridge. The other two 
arms are obtained from the testing apparatus. The testing appa- 
ratus usually employed is a portable Wheatstone bridge with keys, 
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a galvanonieter, and several cells of small dry battery mounted in 
the same case with the coils. The rheostat arm is made variable, 
in some constructions with plugs and in others with dials. Appa- 
ratus of this character is popularly known as “ A portable testing 
set.” The oldest, simplest, and least expensive type of portable 
testing sets, thousands of which are in use, is shown in Fig. 1205a. 
The more expensive, but far more convenient, sets are made vdth 
decade rheostats, some operated with plugs and others, better 
still, with dials. 


e 



The arrangement employed in the Murray-Ioop test, when the 
testing apparatus is a Wheatstone bridge with a variable rheostat, 
is shown as a theoretical diagram in Fig. 1205b. 

Here/J is the faulty wire; in this case the fault is indicated as 
a ground at the point F. 

eJ is the return wire, which is free from a fault. The loop 
is eJf, The two arms of the bridge, made by the conductors of 
the loop, are eJF and Ff, or x. 

The two arms, made by the testing apparatus, are B and R. 
In this application of the method the arm B is given a fixed value, 
and the arm R is varied to obtain a balance. 

The galvanometer Ga is joined between the points e and /, and 
the battery has one terminal, either positive or negative, joined 
between the arms B and R and the other terminal to the earth. 
The relative positions of the galvanometer and battery should 
always be chosen as above; because, if the galvanometer is not 
joined to the earth, it will not be affected by earth currents. 
There would be a very disturbing factor if the galvanometer were 
put to earth. 

(a) Call r the resistance of the loop eJf and assume this as 
previously known or obtained by a measurement at the time of 
the test. 
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Then, if the resistance B is maintained fixed and R is varied until 
the bridge is balanced, we have 

B r — X 

R~~^’ 

whence, 

x = -^r ( 1 ) 
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(b) If the resistance of the wire is uniform throughout its 
length the resistance will be proportional to the length. Then, if 
L equals the total length of the loop, in any chosen units of length, 
and d is the distance to the fault, expressed in the same units of 
length, we have 


whence. 




When the loop is made up of wires of known different lengths of 
different sizes, these can be reduced by calculation to equivalent 
lengths of one of the wires of the loop (see § 1210). 

In using formula (1) in order to calculate the distance to the 
fault, the resistance of the wire per 1000 feet must be obtained 
from a wire table (for copper wire, see Appendix III, 1). A slight 
error in gauging the diameter or in estimating the temperature 
of the wire may cause a considerable error. If the length L of 
the loop is known, so that formula (2) may be used, the distance 
to the fault may be obtained with much greater accuracy, as all 
errors in wire-size, temperature, and specific resistance eliminate. 

An arrangement employed for the Murray-loop test, when some 
type of slide-wire bridge is used for the testing apparatus, is shown 
in Fig. 1205c. 


Abt. 1205] 


PRINCIPLES OF FAULT LOCATION 


261 


Here the faulty wire fJ is shown crossed with another wire 
gh at F, In this case one terminal of the, battery is connected 
to the crossed wire instead of being put to the earth. Otherwise 
there is no difference in procedure for locating a cross or a ground. 

The slide wire of the bridge is ef and the balance is obtained 
by moving the contact p along the slide wire, thus varying the 

ratio “• 
a 

(a) If r is the total resistance of the loop, we have 

6 _ r — X 
a X ^ 
or 


X 


a 



a -{- b 


(3) 


e 



(b) Or, if L is the total length of the loop and d is the distance 
to the fault, 




CL b 


L. 


( 4 )' 


It is usual to make a + b equal to 1000 scale divisions. In this 

case 


d = 


1000 


L. 


(5) 


Thus suppose L = 5286 feet and the scale reading is a — 236, 
then the distance to the fault is 

d = 0.236 X 5286 = 1247.5 feet. 

(c) It is customary in order to gain the advantage of a slide 
wire of double, length to employ the following modification of the 
above method: 

In Fig. 1205d, w is an extension of the slide wire. This exten- 
sion is a wire equal in length and size to the slide wire or it is 
a spool resistance which is made exactly equal to the resistance 
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of the slide wire itself. Then the relation which holds for a bal- 
ance of the bridge is 

w ~ a _ r — X 
a ^ X 


From this relation 


a r 
x = - 7.- 
w 2 


The quantities a and w are resistances, but if a is proportional to 
lengths read upon the scale of the slide wire and if this scale has 
1000 scale divisions, the distance to the fault is 


1000 2 



Fig. 1205e. 


The rule for locating a fault by this arrangement of the Murray 
loop then becomes: Connect the faulty wire to the free end of the* 
slide wire and the good wire to the end of the extension resistance. 
Obtain a balance and read the number of scale divisions from the 
end of the slide wire joined to the faulty wire. This scale reading 
divided by 1000 and multiplied by one half the length of the loop 
is the distance to the fault. 

This modification, if used without corrections, also assumes that 
the resistance of the wires in the loop is uniform and proportional 
to length of wire. 

The Varley Loop, — The Varley loop differs from the Murray 
loop in having a portion of the resistance of the loop in the testing 
apparatus. 

The Varley-loop test is generally made with a portable testing 
set. It is most conveniently applied when the ratio arms in the 
set can be given ratios, 1, 10, 100, 1000, etc. 

The connections are shown schematically in Fig. 1205e. 

Here a, b are the ratio arms of a Wheatstone bridge (or portable 
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testing set) which are set at a fixed ratio which we shall call 

“ = D. .]? is the rheostat of the set which can be varied, as at p, 

by plugs or dials. The complete loop is now eJpf, and the fault, 
a ground or cross, is at F. 

For a balance 



r — X 
R + x^ 


where r is the resistance of the conductor loop ejp. From this 
relation • 

r - DR 

(a) X 


D + 1 


( 8 ) 


For unity ratio, or D = 1, 


X — 


r — R 


or 


R TT J 


(9) 


where d is now the distance to the fault reckoned from J, the point 
of union of the good and bad wires, and Ki is a constant of pro- 
portionality. If the wire in the loop is uniform and the faulty 
and good wires of equal cross-section, then, 

I = Kil, (10) 


where Z is the length of one wire. 

From Eqs. (9) and (10) 

(b) d = jl. (11) 

Thus the rule to follow in making a test becomes: Set the ratio 
arms of the bridge at unity ratio. Vary the rheostat \mtil a 
balance is obtained. Then the distance to the fault, reckoned 
from the far end of the loop, is the ratio of the resistance of the 
rheostat to the resistance of the conductor loop multiplied by the 
length of one wire. 

^ (c) The gauge of the wire but not its length may be known. 

In this case we have the length of the conductor loop, or 21, 
proportional to the resistance of the conductor loop, ot 21 = Kr, 

or I = ^K. 


I 
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Here jK is a constant which expresses feet per ohm or meters 
per ohm. Knowing the gauge and kind of wire, the value of this 
constant may be obtained from a wire table. Putting in Eq. (11) 
the above value of I, the distance to the fault reckoned from J 
becomes 




( 12 ) 


If K is given as feet per ohm, the distance in feet to the fault 
from the far end is the product of the rheostat resistance in ohms 
and one half the number of feet per ohm of the particular size of 
wire in the loop. 

The relation given in Eq. (12) is one which is very commonly 
used by telephone line testers. 

(d) Another relation sometimes used is obtained thus: for a 
balance, 

a __ r — X 

h li X 


— fer clR 

d b 


(13) 


Eq. (13) expresses the resistance to the fault, reckoned from 
the end of the line where the test is made. 

Another method of using the Varley-loop test is applied as 
follows: 

(e) From Eq. (8) we found when D = 1 that x = - — . Here 

again, if the gauge and kind of wire is known, we have the dis- 
tance to the fault, reckoned this time from the instrument end, 

s = Kx = ^-^K. 


If K is given as feet per ohm the distance in feet to the fault from 
the instrument end is 

r — R 

s = — 2 — X feet per ohm. (14) 

Illustrative Examples, 

(1) Illustration of (a), Eq. (8). The measured resistance r of 
the loop was 32 ohms. The ratio ^ = D used was 0.1, and a 
balance was obtained with a rheostat setting of 184 ohms. Then 
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I 


I 



by Eq. (8) the resistance to the fault from the instrument end was 


0.1 X 184 


= 12.36 + ohms. 


0.1 + 1 ‘ 

(2) Illustration of (b), Eq. (11). The total resistance r of a 
cable loop was 267 ohms. The length of one wire, or the cable, 
was 40,650 feet. The resistance in the rheostat which gave a 
balance was 22 = 27 ohms. Hence by Eq. (11) the distance to 
the fault was 

97 

40,650 = 4111 feet. 

(3) Illustration of (c), Eq. (12). In a circuit the part of the 
faulty wire from where the wires were joined was composed of 
No. 14 copper wire. A balance was obtained with 25 ohms in the 
rheostat. By a wire table it is found that No. 14 wire has 396.6 
feet per ohm. Then the distance from J to the fault is 

d = 25 = 4957.5 feet. 


(4) Illustration of (e), Eq. (14). The resistance of a loop meas- 
ured 74 ohms, and a balance was obtained with the rheostat set at 
23 ohms. The size of the wire in the loop was No. 14, which has 
396.6 feet per ohm. Then by Eq. (14) the distance to the fault 
from the instrument end was 

s == X 396.6 = 10113.3 feet. 

I2o6. Notes on the Varley Test.* — “ This test is extremely 
useful, particularly on multiplied telephone cables. By multi- 
plied one is to understand that the same pair of wires is tapped 
into a number of different terminals, as shown in Fig. 1206. 
This pair is multiplied at four points, A, B, C, and D. 

When the arms of the Wheatstone bridge are made even in the 
Varley test, the formula R = r-2x means that the resistance 
in the rheostat when balance is obtained is equivalent to that of 
both sides of the pair from the end where the helper makes his 
connection to the fault. 

It is an easy matter for the tester to memorize the constants 

* These notes were written by J. W. Wright, of the BeE Telephone Com- 
pany of Pennsylvania for The Leeds- and Northrup Company, and with this 
company’s permission are here reproduced. 
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for the number of feet per ohm of the three or four most common 
sizes of wire used for telephone cables. 

Knowing the gauge of the wire it is merely necessary to multiply 
one half the number of feet per ohm of that size wire by the 
rheostat reading in order to get the distance to the fault in feet. 



The application of this to multiplied cable may be readily shown. 
Assume a fault at F. The tester is at Ex and the helper connects 
the two wires together, say at C. The Varley test then gives 
the ohms back from C fo the apparent location of the fault (in 
this case at N where the pair to B is tapped on the main cable). 
Having the resistance from C to iV, a rough calculation involving 
feet per ohm multiplied by Varley reading gives the distance from 
C to the apparent fault. 

From the cable diagram one can read this distance, which should 
be about that between C and N. The connection at C is then 
removed and replaced on the same pair at B and the above process 
repeated. In order not to be misled by the variation in resistance 
due to changes in temperature, it is well for the tester to measure 
some known length once each week or two and divide distances by 
resistance to obtain the proper constant. 

That this is quite important may be understood from the fact 
that for underground cable the constants will vary 10 per cent 
between summer and winter temperatures. 

In cases where there are cables of two different gauges spliced 
together it is easy to figure out the location without making any 
gauge correction. 

For instance, consider the case where a pair of wires of one gauge 
IS attached to another pair of equal length but different gauge, the 
total loop resistance being, say, 40 ohms and the Varley test show- 
ing a balance at 10 ohms with equal bridge arms. 
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This would mean that the fault was 10 ohms from the far end. 
Knowing the two gauges one can estimate mentally if this amount 
of resistance will carry the location beyond the junction point of 
the two sizes. If not, then multiply by the constant for the gauge 
wire on the far end, which will give directly the distance from that 
end to the fault. 

In any case where the balancing resistance carries the location 
into the section nearest the locator, then instead of multiplying the 
constant by the rheostat reading, subtract this reading from the 
total loop resistance and multiply the difference by the constant 
for the gauge wire nearer to the tester. This method is lengthy of 
explanation but when once one gets the idea, these processes are 
mainly mental and really take very little time. 

Tests may be made this way on all but the very shortest cables 
and not then, for the reason that ordinary bridge sets are not 
subdivided below one ohm in the rheostat. 

Very often, however, one is able to interpolate proportionally to 
the deflection of the galvanometer when a close approximation is 
necessary. 

However, when it comes to a question of inches on a short length 
of wire, either the Murray test or the Varley test with unequal 
bridge arms should be used for accuracy. 

The formula R = r — 2x is the universal Varley formula for 
equal bridge arms. Knowing the gauge of the bad wire it is 
possible to obtain the location by solving for x. When a good 
wire of large size is used and the fault is near the far end of the 
smaller wire it sometimes happens that a balance cannot be ob- 
tained with the bad wire in series with the rheostat. In these 
cases it is necessary to reverse the wires on their respective binding 
posts. Then balance as usual and use the formula with R negative 
OT — R = r — 2 Xj 

R T )j 

or a;=— 

1207. Modified Loop Methods to Meet Special Conditions. — 

Faulty wire of known length and two good wires of unknown length 
and resistance, (H. W. Fisher^s method.) 

This method is widely applicable. The faulty wire may be an 
aerial of known length or resistance, or a wire in a cable of known 
length. The two good wires (either aerials or wires in a cable) 
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must meet the one necessary condition of terminating at the same 
points as the faulty wire. 

The meaning of the symbols is apparent from an inspection of 
the diagrams I and II, Fig. 1207a. 



Fig. 1207a. 


(a) For connections made as in I a balance of the 
obtained when 

h _y w — X 
a X ^ 


bridge is 


( 1 ) 


and for connections made as in II a balance is obtained when 

ai w 


(2) 


Eliminating y from Eqs. (1) and (2) the resistance from point / to 
the fault F is 


a {ai H~ 6i) 
ai {a + h) 


w. 


( 3 ) 


Ordinarily when a balance is obtained in case II the arm b of the 
bridge would not be changed, in which case 


_ a (ai -h h) 
cti {a + b) 


( 4 ) 
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(b) This method is more simply applied in’ the slide-wire type 
of bridge. In this case the point of attachment p of the battery 
is moved over a uniform resistance to secure a balance. Then 
the resistance a + b = ai + bi at all times, and Eq. (3) becomes 

x=^w. (5) 

If the length Z of the faulty wire is known and d is the distance 
from/ to the fault F Eqs. (3), (4), and (5) may be written 


a{ai-\- 6i) , 
a,{a + b) ‘• 

(6) 

- a (ai 4- 5) , 

“ ax (a -k 5) 

(7) 

d = -l. 

ai 

(8) 


(c) This method may be modified as follows: 

1st. Join the two good wires at their distant end and ground 
them at the point of connection. 

2d. Measure the resistance of the loop so formed. Call z + y = r. 

3d. By means of a Murray or Varley test ascertain the indi- 
vidual resistance of each wire. Thus z + y = r and | "whence 

b , a 

z = — r-r r and y = -^-r r. 
a +0 a + 0 

4th. Connect at the far end one of the good wires with the 
faulty wire and measure the total resistance of the loop. Then 
obtain the resistance of the faulty wire by subtracting the resist- 
ance of the good wire from the resistance of the loop. 

5th. The resistance of the faulty wire now being known, the 
distance to the fault is determined by either the Murray or Varley- 
loop method. 

(d) The Fisher method described above is very conveniently 
applied when the length of the cable which contains the faulty wire 
is known, but not necessarily the length of the faulty wire itself. 
The faulty wire may twist in the cable and therefore be longer 
than the cable sheath. If this twist is uniform thruout the length 
of the cable, the method correctly locates the fault as a certain 
distance measured along the cable sheath from the tester’s end. 


270 


MEASURING ELECTRICAL RESISTANCE [Akt. 1207 



Furthermore, the slide wire of the bridge may have an. extension 
resistance q of any value upon one end. 

This modification may be briefly described as follows: 

In I and II, Fig. 1207b, q is the extension resistance. 6, a, 6i, Ui, 
y, Wj and x are resistances. K and h are constants. I is the length 



II 

Fig. 1207b. 


of the cable sheath and d is the distance to the fault F. 
the connections as in I, 

q + h __ y -\-w — X 
a X 

With the connections as in II, 

q + ii ^ 
ai w 

Whence, from Eqs. (9) and (10), 

q Cl b Cl 


But 

g + ai + = g + a + 6; 

hence, 

II 


Cl 

Also, 

d . 1 

a; = ^ and ^ ^ 

hence. 

eh 

II 


Cl 


With 

( 9 ) 

( 10 ) 
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Thus the distance to the fault equals the ratio of the two readings 
multiplied by the length of the cable sheath. By using an exten- 
sion resistance of the right magnitude, a point can always be found 
upon the bridge wire in case II which will give a balance whatever 
may be the resistance of the wire y. When y = w and q = the 
resistance of the bridge wire, the greatest length possible of the 
bridge wire will be utilized. By using an extension resistance q 
greater precision may be secured. 

The general method of par. 1207 is very usefully applied for 
locating faults in large cables which are wound upon reels and lie 
in the factory waiting to be tested. One end only of the cable is 
brought into the testing room. Two wires, no special regard being 
given to their resistance, lead from the testing room and are con- 
nected to the other end of the cable. The distance to the fault is 
then obtained from the simple relation given in Eqs. (8) and (11). 

i 208. Where the Faulty Wire is of Known Length and there 
is Only One Good Wire of Unknown Length and Resistance. — 
There are two methods of finding the resistance or the distance to 



the fault in this case. The first method described is well known. 
It requires that a test be made from each end of the faulty wire. 
The second method described is the author’s method and by its 
means the fault may be located by testing from one end only, 
(a) Testing from both ends of faulty wire. 

1st. Join the faulty wire and good wire together at end B, as m 
I Fig. 1208a, and make connections with the testing apparatus as 
shown in the diagram. For precise work it is necessary to consider 
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the influence on the result of the lead wire c which joins the 
point / to an end of the faulty wire. Obtain a balance by varying 
the bridge arms. Let the resistance values obtained be a and h. 

2d. Join the faulty and good wire together at end A, as in II, 
Fig. 1208a, and complete the connections to the testing apparatus 
at end B, using the same, or an equivalent, lead wire c. Obtain 
a second balance of the bridge. Let ai and hi be the resistance 
values which give a balance this time. 

Let I = kw = the length of the faulty cable, where w — the 
resistance of the faulty wire in the cable and k is a constant. 

Let d == kx = the distance to the fault from end A, where x — 
the resistance of the faulty wire from end A to the fault. 

Let y = the unknown resistance of the good wire. 

Let c = the resistance of the .lead wire used. 

The resistance of the wire to the fault is now obtained as follows: 
In case I, 

b _ y + w - X 
a a:+c ’ 

In case II, 

h — 

ai w — X + c ^ ^ 

Eliminating y from Eqs. (1) and (2), we finally obtain 

^ = a(a^i+&i) I ab,-ba, 

O' {oi bi) -(- cti (a -|- 6 ) a, (ai + bi) 0,1(0, -\-b) 

With the slide-wire type of bridge, we would have a + 6 = ai + 6i, 
in which case 

a , a 6 i — bai , , 

x-= — — w + -f — tttt — r — rc. (4) 

a A' ai {aAb){aAcii) ^ 

Eqs. (3) and (4) show that for exact work the resistance c cannot 
be neglected unless it is made small. We shall assume that this 
can always be done so that it is only necessary to use the first term 
of the right-hand member of Eq. (3) and of Eq. (4). 

If c is made negligible, and I the length of the cable which 
contains the faulty wire is known, then, as resistances are pro- 
portional to lengths, Eqs. (3) and (4) become 



a (ui + 6i) 

o (ui -f- 6i) -b (a -f- h) ’ 

(5) 

and 

d= ^ 1. 

"T ai 

(6) 
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(b) Testing from one end of faulty wire. (Author’s Method, I.) 
In this method a known auxiliary resistance P is required. 
When a slide- wire bridge is used the test is made as follows: 
With the connections as in I, Fig. 1208b, 

(7) 

a y + w 

where s is the length of the bridge wire and a the reading from 
the end /, both in scale divisions. 

P 

tT-TT Return 


kw =='l- 

I ?s ?v tHTT 

'~kx = d 


^rg Wire ^ 



.Jcw-l p - 

v-TTv- y-r V v'v-iry 


, p 

Vy>-v~v~vr-y y 

i 

O () <1 U U M O H O U 1) » U U W U U W u U- U H U .u ■< 


^ ir 

Fig. 1208b. 

With the connections made as in II, 

,9 - ai ^ P + y + w - X ' 

ai X 

From Eqs. (7) and (8) we have, by eliminating y, 

x = -^P. (9) 

s — a 

Eq. (9) gives the resistance to the fault F from the end where 
the test is made. 

If the bridge wire has a length of 1000 scale divisions, s = 1000 
and 

1000 — a 
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It will be noted that in this method it is not even necessary to 
know the resistance of the faulty wire to obtain the resistance to 
the fault. If, however, the resistance w of the faulty wire is 
known then the distance to the fault will be 


aiP I 
1000 ~ a w’ 


( 11 ) 


where Z is the length of the cable which contains the faulty wire. 
The auxiliary resistance P should be given the same order of 
magnitude as the resistance of the wire y or w. 

Example taken from an actual test to illustrate Eqs, (10) and 

( 11 ). 

The length of the faulty cable was I = 1252 meters. 

The resistance of the faulty wire was w = 8.34 ohms. 

P = 13.2 ohms. 
a = 399 scale divisions. . 
ai= 111.7 scale divisions, 
s = 1000 scale divisions. 

Therefore, by Eq. (10), 

111.7 

X = Z '" 3 9 9 ^ 1^*^ 2.453 ohms. 


By Eq. (11) the distance to the fault was 

= 111-7 10 0 V ~ 9 V - QAQ O . 

^ 1000 ~ 399 ^ 8.34 ^ 8.34 ~ meters. 

The actual distance to the fault was afterward determined and 
found to be 374 meters. This makes the error 5.8 meters or a 
little over 0.5 of 1 per cent of the length of the cable. 

(c) Testing from one end of faulty wire. (Author's Method, II.) 

This method is only a modification of I, above. It will be 
noted that the method may be applied by employing the same 
apparatus, and connections similar to those used in making a 
Varley-loop test. 

In this modification the ratio arms a and h are maintained fixed 
and a balance is secured by varying an auxiliary resistance R. 
This resistance may be the rheostat of the portable testing set. 
Call 2 : the unknown resistance of the good wire plus the faulty 
wire from its far end J to the fault F. 

Call X the resistance of the faulty wire from the near end / to 
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the fault F. Then with the connections as in I, Fig. 1208c, we 
have for a balance, obtained by varying R, 

With the connections as in II, we have for a balance, obtained with 
a new value of the resistance i2i, 

a_z+x . 

b - 

For brevity call the ratio ^ = N. 



_1_ 

V 

9 

e 

x-'T 

R / 

I 

^ Z 

- 

r-<?^ 

(t) 

f 



Zv 




WWVYW ' “ 

Ri 




II 




Fig. 1208c. 



Then from Eqs. (12) and (13) we obtain, by eliminating 2 , 

_ NSR^^, ,j„ 

* N + 1 ' ' 

If the ratio y = is made unity, then 
0 

x = (15) 

Eq. (14) or (15) gives the resistance from the testing end to the 
fault, when the resistance of the faulty and single good wire are 
both unknown. This method illustrates the very general applica- 
bility of the Varley-loop test when modified to meet particular 
conditions. Apparatus suitable for a Varley-loop test will serve 
for practically all cases of grounds and crosses on telephone or 
telegraph lines. By the use of a little ingenuity the standard 
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Varley-loop method may be modified to take care of such special 
conditions as are illustrated in the method above. 

1209. One Good Wire of Unknown Length and Two Faulty 
Wires Equal in Length and Resistance. 

(a) Mr. Henry W. Fishefs Method."^ 

It sometimes happens that all of the wires in a cable become 
defective and it may be difficult to secure two good wires and apply 
the test given in par. 1207. 



Fig. 1209. 



If one good wire can be obtained for a loop test, the separate 
resistances of the good and bad wires can be determined by a 
method devised and used by Mr. H. W. Fisher, at a time when all 
the conductors in a cable were bad and there was only one aerial 
wire available for the test. 

Let b and h' represent the bad , wires and c the good wire. 

Measure the combined resistance of c and b and call it r. 

Mea'sure the combined resistance of c and V and call it m. 

Measure the combined resistance of c in series with b and V in 
multiple and call it n. 

Fig. 1209 shows the connections and underneath each is the 
letter designating the resistance. 

The resistance of 6 = r — n + Vn (n ~ r — m) + m. (1) 

The resistance of 6' = m — n + Vn (n — r — m) + rm. (2) 

Where the resistances r and m do not differ by more than 2 per 

* The description of this method, as first used by Mr. H. W. Fisher, is 
taken from published hterature of The Leeds and Northrup Company, with 
its permission. 
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cent or 3 per cent, the following approximate and much simpler 
equations may be employed: 


Br+m ^ 

6= 2 2n, 

(3) 

j,, dm +r „ 

6=2 2n. 

(4) 


This method has given good results where used. It is only 
strictly applicable when the bad wires b and b' are faulty at the 
same point. 

Leading wires can be used without in any way affecting the 
result, the total measured resistance of each loop being taken as 
represented by the letters r, m and n. The same leading wires, 
however, must be used throughout the tests. 

Having thus determined the resistances of the faulty wires, a 
Loop Test can be applied and the fault located. 

(b) When there are one or more faulty wires of unknown length and 
resistance and only one good wire of unknown length and resistance. 

The author's methods (b) and (c), par. 1208, can be applied 
generally in the above cases. 

Referring to I and II, Fig. 1208b, we may call the total resist- 
ance w of the faulty wire unknown. Eq. (9) or (10) of par. 1208 
gives the resistance to the fault in terms of two scale readings and 
the auxiliary resistance P. The size and temperature of the faulty 
wire can be determined and then the distance to the fault Can be 
calculated with the aid of a wire table. The wire, however, may 
twist, in the cable and be longer in reality than the cable itself. 
The tendency, therefore, would be to place the fault at too great a 
distance from the testing end. 

The unknown resistance w of the faulty wire may be deter- 
mined if a duplicate test is made at the other end of the line. In 
this case the resistance Xi from the other end of the line will be 
given in the same manner as the resistance x from the first end of 
the line. Then x + Xi will be w, the total resistance of the line. 

37 

If l is the length of the cable, — j- — I will be the distance measured 

X Xi 

Xi 

along the cable to the fault from one end, and — I will be the 

distance to the fault measured along the cable from the other end. 

A test of this character would become useful when one aerial is 
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available and all the wires of unknown length in a cable of known 
length have become grounded at some one point. 

1210. Methods of Applying Corrections in Loop Tests.— 

(a) When the good and faulty wires differ from each other in both 
size and length, but where the size and length of each is known. 

If the two wires of the loop differ in the above respects, the fault 
will be incorrectly located by a Murray or Varley-loop test unless 
a correction is applied. 

To make this correction, multiply the length of the good wire 
by its rated resistance per unit of length and divide the product 
by the rated resistance per unit of length of the faulty wire, add 
to this result the length of the faulty wire and call the final result 
the total length of the loop. 

In applying the Murray and Varley-loop tests in the ordinary 
way this equivalent length of loop should be used, when the wires 
differ, for L in the regular formulae. 

The above statement becomes when expressed in s5Tnbols, 

+ = = Le, ( 1 ) 

Cf} Cj 

where Ig and k are the lengths respectively of the good and faulty 
wires, and Cg and c& are the resistances per unit length of the good 
and faulty wires. Le is the equivalent loop resistance to use 
in place of L. 

Example. 

Refer to (b) par. 1205, Fig. 1205c. 

Let the length eJ = Ig, and let Vg — Cglg be the resistance of the 
good wire. 

Let the length fj = Zs, and let n = Cbk be the resistance of the 
faulty wire. 

Then x = c&d is the resistance to the fault when d is the distance 
to the fault. 

We now have 

5 Tg 1 Tf) X ^gl'g ! C 5 Z& C^d /o\ 

a ^ ^ 

whence 

a + h Cb a+6 

(b) Faulty wire of two different sizes. 

The methods of par. 1207, Eq. (8), and of par. 1208, Eq. (6), will 
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nssults when, the faulty wire is of two different sizes, 
provid^nl tin* l{‘n^'ih iuid size of each section is known and a proper 
('ornM'tiou is applicul. This correction is made as follows: 

Fig. 12U)a r(vp resent the faulty wire of two sizes, 

I = tlie kmgth of the entire wire, 
d = tin? kmgth of one section, 
di = th(i kvngth of the other section, 
s and .s‘i - the resistance per unit length of the first and 
secxmd sections respectively and 
w = tii(^ total resistance of the faulty wire. 



Fxg. 1210a. 

We have two eases to consider. First, where the fault F is in 
tlie first scHdion and, second, where the fault Fi is in the second 

section. 

Xx‘t D - tlie distancio to the fault F, 

X = tlui resistance to the fault F, 

Di as the distance to the fault Fi and 
Xi = the resistance to the fault Fi. 


Then in the first case, m x Bw (where i?= ^ or 

acc^orcling as the method usc3d is that of par. 1207 or par. 1208), 
we have 

X ^ sD == B (sd + 

,,, ( 4 ) 

In l.li(‘ sncoiul rasn whore Fi is locnited beyond the first section of 

I he wire, wc^ havi^ 

Xi — d d" (Di — d) Si B (sd + Si di), 

„ (5) 

.Si Ol 

It, will h(i not(Hl that the values of D and Di are not altered when 
.S' and .s'l arc; multiplied by the same constant; hence we can call 
■s and .Si ohms per foot, ohms per meter, or ohms per 1000 feet. 
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In Eqs. (4) and (5) if s = si, that is, if the two sections are of the 
same size wire, we have 

D = B(d + di)=Bl = ^l, or 

di d di 

If the test shows that the resistance to the fault is equal to or 
less than the resistance sd of the first section Eq. (4) should be 
used, but if it is greater than this then Eq. (5) should be used. 

(c) Where the loop consists of conductors of different sizes. 



The loop may consist of several lengths of conductor of different 
sectional areas, as frequently occurs when cable circuits are joined 
to toll lines. The distance to ‘the fault in this case may be calcu- 
lated by expressing the lengths, having different cross-sections, 
in terms of what would be equivalent lengths of any one of the 
conductors in the loop. To do this the cross-sections and the 
lengths of each of the sections in the loop must be known. The 
procedure is to multiply the length of each conductor by its re- 
sistance per unit length and divide the product by the resistance 
per unit length of the conductor of the size to which the others 
are to be reduced. The following example will further explain the 
process : 

In the loop shown in Fig. 1210b the conductor in the cable 
section a to e consists of 2200 feet of No. 19 B. & S. copper wire, the 
conductor in the section e to/ consists of 1400 feet of No. 22 B. & S. 
wire and the section / to 6, which may be considered part of a toll 
line, consists of 2160 feet of No. 12B.&S. wire. We shall reduce 

The description of this correction is taken without material modification 
from the published literature of The Leeds and Northrup Company, with its 
permission. 
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the No. 19 and the No. 12 to equivalent lengths of the No. 22 
wire. Using 1000 feet as the unit of length, we have 

2200 X 8.038 , .xt oo • -u* n 

, 77: = 1097 feet of No. 22 wire, which 

16.12 

is equal in resistance to 2200 feet of No. 19 wire. 

Also 

2160 X 1.586 4 . ^ivT 00 • T.- -u 

— = 212.5 feet of No. 22 wire, which 

16.12 

is equal in resistance to 2160 feet of No. 12 wire. This makes the 
total length of the loop equivalent to 1097 + 212.5 + 1400 = 2709.5 
feet of No. 22 wire. If the test shows the fault F to be 1346 
equivalent feet from a, then 1097 feet is in the section a to e. 
Consequently the fault must be 1346 ~ 1097 = 249 feet from e, 
or 2200 + 249 = 2449 feet from a, 

(d) Lead Wires, 

The testing apparatus cannot always be brought close to the 
ends of the cable and it then becomes necessary to* use lead wires 
of considerable length and resistance. In this case the simplest 
procedure is to use lead wires of equal length and of the same size 
as the wires in the conductor. The distance to the* fault will then 
be given from where the instrument is located. 

If lead wires cannot be obtained of the same size as the con- 
ductors in the cable, then multiply the length of each by its resist- 
ance per unit length and divide the product by the resistance 
per unit length of the wire in the cable. The values thus found 
represent the equivalent length of the wire in the cable which has 
the same resistance as each lead wire. 

If occasion arises where the separate resistance of each lead 
wire is unknown, it can be determined by fastening the two lead 
wires together at their far ends and measuring the resistance of 
the loop. The point of junction is then put to earth and the 
separate resistances determined by a Murray-loop test. 

1211. Location of Grounds on High-tension Cables. — High- 
tension power lines carried on poles may become grounded thru 
a high-resistance ground at some one point. This may result from 
the breaking of an insulator. It is often possible to locate a 
ground of this character by means of a Murray or Varley-Ioop test. 
The power must, of course, be taken off the conductors while the 
test is being made. Under these circumstances, however, there 
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is usually another line on the same poles which is kept alive while 
the test is being made on the faulty line. When this is the case 
the test is made difficult from two causes: Grounds which are 
serious for the high voltages employed in the transmission may, 
nevertheless, have a very high resistance, which makes it difficult 
to pass enough direct current into the line to give sufficient sensi- 
bility for the test. Then, further, the live wires which run on the 
same pole line with the line under test induce in the latter alter- 
nating currents of considerable magnitude. These induced cur- 
rents may cause a serious disturbance of the galvanometer system, 
causing it to vibrate so violently that the scale cannot be read. 


Insulation between Cable 1 and Gr. Connect A to C i and B to Gr. 

“ “ 2 A to C 2 B to Gr. 

“ “■ 1 and Cable 2 Connect A to Co B to Cl 



. i g To get Galvanometer Constant disconnect 

J 2 Cable 1 and Cable 2 from apparatus. 

— Connect A to Ci and B to Cx and short 
Fuse circuit the impedance coil, 

Faulty Good 

Cable Cable 

Fig. 1211. 

These two difficulties, however, can generally be overcome. The 
testing galvanometer should be of the high sensibility type with 
a suspended coil system, and the testing current should be ob- 
tained from a small generator which can supply direct current at 
500 volts or over. The second difficulty can be avoided as follows: 
There is joined in series with the high sensibility galvanometer a 
large ironless inductance (the larger the better, but there is no 
gain by attempting to increase the inductance by using iron). A 
cheap paper condenser, of 10 or more microfarads, is then con- 
nected as a shunt around the inductance and the galvanometer in 
senes. This condenser absorbs much of the alternating current 
and effectually prevents any serious disturbance of the galva- 
nometer system. 


I 
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A complete cable-testing and fault-locating outfit for high-tension 
lines was designed in part by the author and supplied by The Leeds 
and Northrup Company to one of the power companies at Niagara 
Falls. The layout of circuits employed in this case with a little 
study is self explanatory. It is given in Fig. 1211. 

1212 . Location, of Faults upon Low-tension Power Cables. — 
In locating grounds upon cables, as trolley line feeders, electric 
light and power cables, etc., satisfactory results cannot be obtained 
by the Murray or Varley-loop method unless special apparatus 
of heavy construction is used. The resistance of the contacts 
where the wires are joined to the bridge and the small current 
carrying capacity of a small diameter slide wire make accuracy 
and sensibility impossible with light apparatus of ordinary 
construction. 

To overcome these difficulties a special bridge for locating faults 
in power circuits has been placed upon the market. In this 



bridge, which operates upon the Murray-loop principle, a heavy 
manganin slide wire is used, bent into circular form. It is placed 
underneath the top of the instrument and a circular scale and 
index are mounted upon the top. The bridge is provided with 
heavy flexible leads about 7 feet long. The terminals of these 
leads end in clamps of heavy construction into which the ends 
of the cable can be securely fastened. The contact resistance 
is thus made very low. Two other light flexible leads go from 
the pointer galvanometer, which is self-contained in the bridge 
case, to the clamps which terminate the two lead conductors. 
The scale, which otherwise is divided into 1000 divisions, has 
10 divisions removed from each end. These correspond to a 
length of bridge wire which has the same resistance as the leads 
which clamp to the conductors. The normal current to use with 
this bridge is 5 amperes. In Fig. 1212 the bridge is shown joined 
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to a cable of two different sizes of wire. Locations can be made 
in this case as explained above. When the entire loop is a con- 
ductor of one size the location is calculated by the ordinary 
Murray-loop formula without modification. 

1213 . Method of Locating Grounds upon Heavy, Short, Under- 
ground Cables. — Sometimes very heavy feeder lines, laid in a 
trench, become grounded. In this case all loop methods will fail 
to locate the ground. Mr. Felix Wunsch has described * a method 
by which grounds, under the above circumstances, may be quite 
accurately located. 



Fig. 1213. 

The essential principle of the method is indicated in Pig. 1213. 
An alternating current is sent into the line at one end a and 
leaves the line at the fault F, returning to the generator thru the 
earth. An exploring coil, about two feet in diameter, which con- 
sists of about 500 turns of No. 18 wire, is used. The terminals 
of this are joined to a telephone with a head band. The coil is 
carried above ground along the path of the cable until a point is 
reached where the sound in the telephone, caused by the induction 
of the current in the cable upon the exploring coil, either ceases 
or becomes very greatly diminished. This method is reported by 
Mr. Wunsch to have given very good results. If the fault is of 
high resistance it can be broken down by applying a high voltage. 
The alternating current needed is not much above one half am- 
pere, and the exploring coil can be from 10 to 15 feet above the 
faulty conductor. 

A similar method is used by the telephone companies in locating 
faults before cutting open the sheath of the cable. The source of 
current is a small induction coil and cell of battery. The method 
is extremely accurate and is readily applied. 

1214 . The Location of Opens. — An* aerial wire, or a con- 
ductor in a cable, may be severed at some point so the circuit is 
* Electrical World j February, 1909, vol. xxi, page 118. 
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completely interrupted. This is called an open and it is important 
to determine, from either end of the line, the distance to the break; 
or to locate the '' open.’' The possibility of doing this depends 
upon the fact that every linear conductor has an electrostatic 
capacity. It is a condenser. The conductor itself is one “ coat- 
ing ” or plate of the condenser; the dielectric is the insulation 
surrounding the condenser, be this air or insulating covering 
upon the wire, or both; the other coating or plate of the condenser 
is any conductor which may lie parallel with the other thruout 
its length. In the case of an aerial this would be the earth (capac- 
ity to ground) or another conductor on the same poles (capacity 
to a conductor). In the case of telephone or telegraph wires in 
a cable with a lead sheath, the other plate of the condenser would 
be the lead sheath of the cable (capacity to ground) or any one 
of the other wires in the cable (capacity to a conductor). 

A telephone wire in a cable is usually twisted with a return wire 
which constitutes its mate,” If both wires of a pair are open at 
both ends, then the two constitute a condenser; the two con- 
ductors, in this case, being the condenser plates, and the double 
thickness of insulation which separates the conductors being the 
dielectric. 

Now, the capacity of a combination of this kind is quite approxi- 
mately proportional to the length of the conductor and, therefore, 
if the capacity of a conductor (which is the broken conductor) of 
unknown length is compared with the capacity of a conductor of 
known length, then the distance to the open point is determined. 

The comparison of two capacities may be made very simply with 
circuits arranged in the manner of a 
Wheatstone bridge. 

In Fig. 1214a, Ti and are two 
ohmic resistances. These should be 
as free as possible from electrostatic 
capacity or self-induction and pref- 
erably should be fairly high resist- 
ances, of the order of 1000 ohms. 

Cl and C 2 are the two capacities to 
be compared. D is some form of 
detector, usually a telephone, which 
is responsive to an alternating, interrupted, or rapidly varying 
current of any kind. This bridge arrangement is supplied with a 
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current of this character. By varying the ratio of the two resist- 
ances ri and n a value of the ratio may be found such that at all 
times the potential at point 1 is the same as the potential at point 2. 
This equality of potentials will be indicated by the detector Z>; in 
the case of a telephone, by silence in the telephone. 

The condition for a balance is 


Note that the capacities are in reciprocal relation to the resistances. 

In the application of this principle to fault location a telephone 
is invariably used as the detector. The source of variable current 
is a battery and a buzzer, or a battery and a small hand commu- 
tator for quickly reversing the current. In an emergency the 
current may be rapidly interrupted by drawing a metal piece over 
the surface of a coarse file. 


k -d- 





Fia. 1214b. 


(a) Good wires available. 

To locate an open, say, in a conductor in a telephone cable which 
contains the mate of the broken wire and another good pair, the 
connections are made as in Fig. 1214b. 

Here the capacities of the pair a, 6 (wire a broken) and ai, 6i 
are indicated by the hypothetical condensers drawn in dotted line. 
Ti and r 2 are varied together, or either of them alone, until the 
telephone P is silent, or nearly so. 

Then, 


As dj the distance to the fault, is proportional to Ci, and as Z, the 
length of the good pair, is proportional to Cs, 




( 2 ) 
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If the wires a and hi are aerials, as a telegraph or electric light 
wire, then p, the point of attachment to h and ai, would be joined 
to the earth or to another good wire on the same poles, which runs 
the full length of, and is separated the same distance from, both 
the good and the faulty conductor. 

For this location to be successful the conductors must not be 
grounded or crossed and their far ends must be completely open. 

(b) When no good wire is available. 

In this case it is necessary to make a test, first at one end of the 
line and then at the other end. Also an auxiliary condenser must 
be used. The capacity of this need not be known and its value 
may be chosen between wide limits, but the same condenser must 
be used thruout the test. A suitable value would be one half 
microfarad. 



Fig. 1214c. 


Referring to Fig. 1214c the connections are made first as in I. 
Here Ci, shown in dotted line, represents the capacity to ground 
of the open section a to o of the conductor ab. c is the capacity 
of the auxiliary condenser. For a balance, 

ri _ c _ c 
7*2 Cl kd 

or c = kd^7 (3) 

where d is the distance from the end a to the open, and h is Sb 
constant of proportionality. The connections are made next at 
the other end of the line as in II. Here C 2 , shown in dotted lines, 
represents the capacity to ground of the open section b to o. 
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(c) Another test, used by the Bell Telephone Company, which 
is said to be extremely useful and exceedingly simple to apply, is 
the following: A telephone cable which is carried into a building 
and is not covered with a lead sheath may have a break in a wire 
underneath the insulation. The exact position of this break, 
within an inch or two, is located by the use of a telephone, a buzzer, 
and a battery. The buzzer has one terminal put to earth and the 
other to the wires in the cable at a free end. The tester attaches 
one terminal of a telephone to the earth and the other terminal to 
his body. He then places his hand upon the cable containing the 
broken wire. If he is on the side of the break to which the buzzer 
is attached he will hear a sound in the telephone. He moves his 
hand along the cable and when he has passed the break the sound 
ceases. In this way the position of the break is narrowed down 
and finally located within an inch or two of its exact position. 
The cause of the sound in the telephone is the condenser current 
which flows thru the telephone. The wire of the cable forms one 
plate of the condenser and the tester's hand, which grasps the 
insulated conductor, forms the other plate of the condenser. 
This test is very much used. 

1215. Location of Inductive Crosses. — An inductive cross 
(defined in par. 1201) may be located by a procedure similar to 
that employed in locating an open. It is necessary in applying 
the test to have in the same cable sheath a pair of good con- 
ductors. The method requires a comparison of capacities, when 
the conductors used for the test are connected, first in one manner 
and then in another. A setting of the ratio arms to give a bal- 
ance is made for each connection, and from these two settings 
the necessary data are obtained for calculating the distance to 
the fault or inductive cross. The method is carried out as follows: 
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Connections are made first as in I, Fig. 1215. The hypothetical 
condensers, represented in dotted line, are drawn to indicate the 



Fig. 1215. 


capacity per unit length of conductor between the pair of good 
wires 1, 2; a good wire and its mate 3, 4; and this same good 
wire and the wire 4, mated beyond the fault with wire 6 of another 
pair. 

A balance is obtained with these connections, by varying the 
resistances ri and r 2 . Connections are then made as in II, Fig. 
1215, the dotted lines indicating an equally good alternative 
arrangement. The hypothetical condensers drawn in dotted line 
show the capacities per unit length of conductor as they would be- 
come with these connections. A balance is again obtained, the 
ratio arms taking the values rx and r-i . The distance to the 
fault, by an approximate formula, is now calculated as follows: 

Let I = the length of the cable, 
d = the distance to the fault, 

c = the capacity per unit length of a conductor and its 
mate and 

Cl = the capacity per unit length of a conductor and a con- 
ductor of another pair. 
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la case I, 

^ d 

ri cd + Ci(l — d) 

In case II, 

d 

Ti Cid + d) 

For brevity let 

^2 1 '^2 r 

— = a, and —7 = 0 . 
n Tx 

Then, from Eq. (1), 

_c(l- ad) 
a{l-d)’ 

and from Eq. (2) 

c[l-h{l- d)] 

— rd 

Hence, 

l-ad ^ I -b(l-d) 
a{l — d) hd 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 


From Eq. (5) we find 


d = 


g (6 - 1) 

6 (2 a — 1) — g 


1 . 


( 6 ) 


If in Eq (6) we replace a by its value ^ and h by its value 
we obtain for the distance to the fault, 


d = 


n jr/ - ri) 

rs' (2 rs — ri) — r^ri 


yl. 


(7) 


Eq. (7) is not rigidly true, because all of the capacity relations 
between different conductors were not taken into account. It is, 
however, sufficiently exact for practical purposes. 

i 2 i 6 . Comments on Practice and Accuracy in Fault Location. 
— Tho the principles of fault location and the formul® used are 
relatively quite simple, difficulties are apt to arise in their appli- 
cation in the field. The chief cause of these difficulties is that 
conditions, which are assumed to be constant in deducing the 
formulse, prove variable in practice. Thus in settled districts no 
two widely separated points upon the surface of the earth are at 
exactly the same potential. For this reason, if a conductor makes 
contact with the earth at two points, stray currents will flow in the 
line. Then also the proximity of other lines carrying currents 
which alternate or large direct currents which vary will often 
induce stray currents in the testing circuit. These may cause 
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erratic movements of the galvanometer which seriously interfere 
with the measurement. 

The resistance of a fault, especially a ground, may vary greatly 
while the test is in progress. A ground may be due to a moist 
condition of the insulation which the testing current dries out, and 
the ground will disappear while the test is in progress. This is 
known as a disappearing ground. 

Then another serious cause of trouble, which may become very 
puzzling and exasperating, is a bad contact resistance at some 
unknown point in the loop circuit. If this contact resistance is 
constant false results will be obtained, but if, as often happens, the 
bad contact is variable, it becomes impossible to obtain a balance 
while the cause of the difficulty is misjudged. 

Again two faults may be present on a conductor. The location 
then will only give some intermediate point between the faults. 
If the resistance . of one of the two faults is steady while that of 
the other varies, the point of balance on the bridge will shift in a 
puzzling way. The cause of this would be difficult to distinguish 
from the effects of a poor contact. The best procedure, when 
there are two faults, is to cut the wire between the faults and locate 
each one separately. The existence of two faults may be dis- 
proved by testing from each end of the line. If both locations 
place the fault at the same point there is only one. 

Any method which gives only the resistance to the fault is in- 
ferior to one which gives the distance to the fault as a fraction of 
the total length of the cable. In calculating distances from resist- 
ances it should be remembered that copper wire varies in resist- 
ance about 0.4 of 1 per cent per degree C., and the temperature of a 
long conductor may vary considerably from one point to another. 
Then also a small variation from standard gauge in the conductor 
may mislead one in calculating the distance from the resistance. 

Experience shows that copper wire in telephone cables laid under 
ground will run about 10 per- cent higher in resistance in summer 
than in winter in the State of Pennsylvania. 

The most important error, however, is likely to arise from the 
fact that the conductors are usually longer than the cable sheath, 
since pairs of conductors are twisted together in telephone cables. 
Even aerials will be longer, due to the sag of the wire, than the 
distance measured along the pole line. 

It will be noted that in the methods which have been given, the 
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first two excepted, the resistance of a fault, a cross or a ground, 
does not enter into any of the measurements. Also that the gal- 
vanometer is so placed that neither the potential differences existing 
in the earth, nor any electromotive force at the fault itself, can send 
a current thru the galvanometer. Many methods which might 
be given for locating crosses or grounds have not been mentioned 
because they involve measuring the resistance of the fault itself 
or expose the galvanometer to possible earth currents or electro- 
motive forces. Such methods, some of which are well known in 
connection with fault locations upon marine cables, work well with 
artificial lines in the laboratory, but they give uncertain and 
unsatisfactory results when used upon land Imes in the field h or 
this reason we have omitted giving them, but the interested student 
will find the standard methods of this character fully explained in 
Kempe’s “ Hand Book of Electrical Testing,” and in other works 

upon marine cable testing. , .i. ^ „ 

If a helper has been instructed to make a connection at the far 
end it is possible for the tester to prove or disprove that he has 
done so. One method of ascertaining whether a connection has 
been made at the far end, to a wire which can be connected to the 
testing set, is carried out as follows: Prepare for a test of the elec- 
trostatic capacity of the conductor in question by the deflection 
method Take a deflection before and after the supposed con- 
nection has been made. If upon closing the circuit, the latter de- 
flection is the larger the connection has been made. 

Another and preferable method is to join the two wires, 
which are to be connected by the helper at the far end, to the 
X posts of the testing set. The switches of the set are arranged 
for ma.Ving a loop resistance measurement. A resistance is un- 
plugged in the rheostat which is greater than the resistance of the 
loop can possibly be. Before the two wires are joined at the far 
end the pointer of the galvanometer 'will deflect to one end of the 
scale corresponding to infinite resistance for X. As soon as the 
helper makes the connection the pointer will deflect to the opposite 
end of the scale corresponding to a resistance less than that un- 
plugged in the rheostat. 

In giving the precision with which a fault is located it is cus- 
tomary to give not the relative, or per cent, value but the absolute 
precision expressed in feet or meters. In measurements of this 
character the important matter is the actual distance in feet or 
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meters that the location is out, regardless of the length of line. 
It is well, however, to state this latter as giving additional infor- 
mation regarding the circumstances under which the location was 
made. 

1217 , A Word on Fault-locating Apparatus. — Fault locations 
upon land lines can be made, if necessary, with comparatively 



Fig. 1217a. 


simple apparatus which a skillful tester can devise and assemble 
from material usually to be found about an electric station. 
However, in connection with the work of a large telephone 
equipment, the locating of faults is an important and frequent 
operation. It is economy, therefore, to use fault-locating apparatus 
devised especially for portability, speed and precision. 

It is impossible to give the space here required to describe, even 
in outline, the many different forms of fault-locating and cable- 
testing apparatus which instrument makers, here and abroad, 
have placed upon the market. We shall merely mention two 
which have had an extensive use in this country. One. is the well- 
known portable cable-testing set designed by Henry W. Fisher, 
With this set, which is robust and complete in every respect, the 
following tests are. readily effected: 

Location of crosses and grounds. 

Location of breaks or opens in cables. 

Conductor resistance measurements. 

Liquid resistance measurements. 

Insulation resistance measurements. 

Capacity measurements. 
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The outside appearance of this set is shown in Fig. 1217a. The 
other apparatus referred to, with the design of which the author 
was largely connected, is the “ Lineman’s Fault Finder.” This is 
shown in Fig. 1217b. 



The essential feature of the apparatus is a uniform resistance, 
which lies in a circle and is about 100 ohms. By a special con- 
struction, it is arranged so that contact can be made at any point 
along it, and it is therefore equivalent to a very high resistance 
slide wire. It has a moving contact and a uniform scale of 1000 
divisions. In series with this, there are two resistances, which 
may be short-circuited by switches. One has exactly the same 
resistance as the wire. There is a resistance of 100 ohms, and it 
is the fixed resistance of the bridge arrangement for resistance 
measurements. Resistances of 1000 ohms and 9000 ohms are 
connected to the battery post to protect the battery and the 
apparatus from excessive current. The 9000 ohms may be short- 
circuited by a switch. Other features are a self-contained battery 
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and a galvanometer of the type described in par. 1501, and three 
switches which permit the connections to be quickly and unmis- 
takably made for the following uses: 

Measurement of conductor resistances. 

Murray and Varley-loop tests, and, when a telephone and buzzer 
are used as accessories, the location of opens. 

Both of the above sets are manufactured by The Leeds and 
Northrup Company, of Philadelphia, Pa. 


CHAPTER XIII. 

MEASUREMENT OF TEMPERATURE BY THE 
MEASUREMENT OF RESISTANCE.* 

1300. Remarks on Temperature and Thermometry. — The 

measurement of a physical quantity implies, generally, the numeri- 
cal comparison of the quantity with a certain selected quantity 
of the same kind taken as a unit. Temperature, however, can- 
not be treated as a quantity in the same sense. It is rather to be 
considered as a state in which matter is found, and all temperature 
measurements are made by comparing the changes in some form 
of matter produced by heat. As shown by Lord Kelvin as early 
as 1848, temperature may be expressed on a scale which is inde- 
pendent of any particular form of matter, but this thermodynamic 
scale cannot be used in actual temperature measurements, which, 
in practice, consist in comparing the change in some particular 
form of matter produced by changes in temperature. 

Certain gases change in volume under constant pressure or 
change in pressure under constant volume in a nearly regular 
manner with equal increments of temperature, as estimated on 
the thermod 5 niamic scale. Gas thermometers have, therefore, 
naturally been chosen as standards with which to compare the 
changes in various forms of matter, which changes may then serve 
as a convenient means of temperature measurement. The present 
upward range of the gas thermometer scale is 1550° C., with a 
probable error of plus or minus 2° C.,t and the melting-point of 
pure platinum is known within plus or minus 5° C. and is assigned 
the value 1755° C. The melting-points of many other metals are 
known with varying degrees of accuracy,t and these melting-points 
of the metals constitute fixed temperatures which may be used 
for the calibration of various temperature-measuring devices. 

The science of thermometry, especially its extension into high- 
temperature pyrometry, is far too extensive to be even touched 

* Portions of this chapter are taken from an article by the author in the 
Proc. of the A. LE. E., 1906. 

t Dr. A. L. Day, Trans, of the Faraday Soc., Nov., 1911, pages 142 and 144. 
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upon here, and its consideration does not belong to a work of this 
kind, but the resistance thermometer, which is one of the best 
devices for the measurement of temperature, may with propriety 
be briefly described as well as the methods employed for deter- 
mining temperature by its use. 

1301. Electrical-resistance Thermometry.* — Electrical resist- 
ance thermometry is possible because very many electrical con- 
ductors change in resistance with change of temperature in a 
perfectly definite manner. 

The percentage change in resistance of the pure metals with 
temperature is larger than that in the volume of gases, and over 
twenty times as great as the volume change in mercury. Thus, 
the coefficient of expansion of nitrogen gas is 0.00367 + , and of 
mercury 0.00018 -{” , while the coefficient of increase of resistance 
of pure nickel is about 0.0041 per degree C. between 0° and 100° C. 

A change in electrical resistance can be measured with greater 
ease and far greater precision than a change in volume of a liquid 
or a gas. A change, in either a high or a low electrical resistance, 
can be measured when it is one part in a hundred thousand. Thus, 
the sensitiveness of the electrical-resistance method of measuring 
temperature is very great. In the use of the bolometer, where the 
electrical-resistance method of measuring temperature is carried 
to its greatest sensitiveness, temperature changes as small as one 
ten-millionth of a degree C. are said to be detectable. 

For the electrical-resistance method of measuring temperature 
to be of utility the resistance which is measured must always return 
to the same value when brought back to the same temperature. 
Fortunately, experience has shown that when the proper resistance 
materials are chosen, and due precautions in their treatment have 
been used, the reliability of the method in this respect is very 
satisfactory. A properly constructed resistance thermometer, if 
not exposed to too high a temperature, will maintain its calibration 
better and longer than the best mercury thermometer, which is 
usually subject to small alterations and irregularities due to elastic 
after-effects in the glass. 

* A valuable treatment of this subject may be found in the BvMetin 
of the Bureau of Standards, Vol. 6, Nov., 1909, page 149. Article by C. W. 
Waidner and G. K. Burgess. A bibliography of the subject is given there, 
pages 223-230. See also, “Measurement of High Temperatures,” Burgess 
and Le Chatelier, 1912 edition. 
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As the pure metals are greatly elevated in temperature, the 
rate of increase in resistance with temperature generally changes. 
Thus, over extensive temperature ranges there are no metals of 
which the resistance is even approximately a linear function of 
temperature. Small impurities in the pure metals affect also the 
amount as well as the law of their change. 

These facts make it unlikely that an electrical-resistance tem- 
perature scale will be found bearing such definite relations to the 
absolute-temperature scale that it will serve conveniently for a 
standard scale of reference in the same manner as does the scale of 
the gas thermometer. When, however, the means are available, it 
is relatively easy to determine experimentally the relation between 
the electrical resistance of any particular specimen of wire and the 
temperature for a working range of the gas thermometer of 900° 
or 1000° C. An electrical-resistance thermometer can then be 
made of this specimen of wire, and it will serve as a standard with 
which other resistance thermometers may be very simply and 
easily compared. 

The law of variation of electrical resistance with temperature 
in the case of platinum has been investigated by Callendar and 
Griffiths, and several others. It- has been shown that in the 
case of platinum the following relation exists between the. tem- 
perature if, as measured on the air thermometer, and the resistance 
of platinum: 

Let pt be a so-called platinum temperature as defined by the 
relation 

K . ^ 

( 1 ) 


P* — O » 


RlOO — Rq 


■where Ro is the resistance of a given specimen of platinum at 0°, 
i2ioo at 100°, and Rt at t°, all measured on the centigrade scale. 
It has been shown that placing 



( 2 ) 


expresses the difference between the “platinum temperature” 
and the temperature as measured on the air thermometer. This 
“ difference formula,” as it is called, holds to within 0.1° C. up to 
500° C. and within 0.5° C. up to 1000° C. In this formula 5 is a 
coefficient which varies with the particular specimen of platinum 
used. For very pure platinum it is about 1.5, and larger for im- 
pure specimens. To determine 5 the resistance of the thermometer 
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is measured at the three known temperatures, 0° C., 100° C., and 
444.6° C., the boiling-point of sulphur. The authors referred to 
give convenient methods of using the difference formula to con- 
vert the temperatures as given by the platinum-resistance tem- 
perature scale to degrees centigrade as given on the scale of the air 
thermometer. 

In the relation (1) above the quantity Ruo — Rq is called Fi, 
the fundamental interval. It is a constant quantity for any par- 
ticular thermometer. 


r ‘ . 

The quantity C = is called the fundamental coefficient. 


As pt = 100 ^—? , 

we have 

Cp, = 

Jtlo 



Thus, the purer the platinum the greater will be the coefficient C. 
As examples of the values of the above constants we give the fol- 
lowing data taken from tests* made by the National Bureau of 
Standards upon two platinum-resistance thermometers, called A 


Thermometer A 

Therniometer B 

7Jo = 21.3476 

Fi= 4.4067 

C= 0.00206426 

5= 1.571 

Diameter of wire=0.01 cm. 

Eo- 3. 48779 

1.34298 
(7 = 0.00385052 

5=1.504 

Diameter of wire = 0.015 cm. 


and B. The current thru the thermometers in the above test 
was 0.004 ampere and 0.010 ampere respectively. 

If we plot resistance as ordinates and gas thermometer degrees 
as abscissae, the curve obtained for platinum is always slightly 
concave toward the axis of X and is parabolic in form.f 
When pure nickel is used for resistance thermometers, the re- 
sistance variation obeys another law. Prof. C. F. Marvin has 

* Bulletin of the Bureau of Standards, Vol. 6, page 156, 1909, 
t For a more extended discussion of formula (2) and for a description 
of methods for reducing platinum temperatures to the gas scale, consult 
“Measurement of High Temperatures,” Burgess and Le Chatelier, 1912 edi- 
tion, Chapter V. 
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shown * that the nickel-resistance curve is very closely represented 
by the equation 

Loge R — a + mtj (4) 


where R is resistance of thermometer in ohms, t the temperature 
in degrees C., and m and a are constants. In some particular cases 
this equation became 

Log. R = 1.0854 + 0.001699 1, 


and again, 

IjogeR = 1.9004 + 0.001818 1, 

and again, 

laOgeR = 0.9614 + 0.001450 


These equations were tested in the range —25'' C. to 75" C. with 
an error never greater than 0.1° C. and again in the range 0° C. 
to 375° C. with an error not exceeding 0.9° C. 

The simple meaning of the above relation [Eq. (4)] is that pure 
nickel wire increases in resistance by the same 'per cent of its re- 
sistance at the beginning of an increment of temperature for-every 
equal increment in temperature anywhere in the range — 25° C. 
to 350° C. 

The law is sufficiently accurate to be relied upon for work not 
requiring a precision greater than 1° C. over the range mentioned 
above, and for short ranges of 50° C., or less, reliance may be 
placed upon the law to 0.1° C., or better. 

As far as known, no other metal obeys the law of nickel. Be- 
cause of this law for nickel the temperature-resistance curve may 
be located by observing the resistance at only two temperatures, 
say 0° C. and 100° C. When resistance is plotted as ordinates 
and temperature as abscissae the curve will always be convex 
toward the axis of X. It follows that, if a certain length of nickel 
wire is joined in series with a certain length of platinum wire, a 
combination resistance thermometer may be made which, over 
short ranges, will have a change with temperature which is prac- 
tically linear. 

To engineers and those who make industrial uses of resistance 
thermometers the theoretical side of the subject is of minor 
interest. There is a practical procedure which may be adopted 
that makes it unnecessary for manufacturers or users to give 
consideration to these methods of standardization of resistance 


* Physical Review, April, 1910, pages 522-528. 
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thermometers. The instrument maker may carefully construct a 
resistance thermometer to serve as a standard and send this from 
time to time to the National Bureau of Standards at Washington. 
The Bureau will measure the resistance of this thermometer 
over a wide range, at several known temperatures given by 
their standard resistance thermometers, and furnish a certificate 
giving the relations which are found between temperature and 
resistance of the thermometer submitted for calibration- The 
instrument maker may then use this thermometer as a standard 
with which other thermometers are easily calibrated. This is 
done by direct comparison in an oil bath for medium temperatures, 
and in a specially constructed electric furnace for high tempera- 
tures. Cold brine, or liquid air, or other means may be used for 
making the comparison at low temperatures. 

The feature of paramount importance in the use of electrical 
resistance thermometers is the constancy with which they main- 
tain their calibration. This subject has received considerable 
attention, especially in the case of thermometers made of platinum 
wire, and the results observed have proved the entire reliability 
of this material for temperatures not exceeding 1000° C. It is 
highly probable that other materials will behave in an entirely 
regular manner if not subjected to too high temperatures. 

Careful investigations of the constancy of other materials 
than platinum that are suitable for resistance thermometers are 
needed. But the investigations so far made show that where 
permanent alterations in resistance occur these may usually be 
traced to causes which proper precautions may avoid. Thus, the 
material selected for the thermometer may be by nature of an 
unstable character. Iron, for example, is an unsuitable metal to 
use. The material may contain impurities which by vaporization, 
crystallization, or otherwise, cause the resistance to alter gradually. 
The wire of which the thermometer is made may have been sub- 
jected to mechanical strains which gradually work out with re- 
peated heatings, thus altering the resistance. If the material is 
one which does not oxidize, it may still be greatly affected at high 
temperatures by absorbing gaseous impurities. Thus, a nickel-wire 
or a platinum-wire thermometer heated to 400° C. in a brass tube 
is ruined by absorbing the metallic vapors given off. For the 
same reason all metal solderings near the resistance wire are liable 
at high temperatures to give off vapors which affect the permanent 
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resistance, besides making liable the formation of local res i 
at the joints. 

Proper construction and choice of materials can remove - 
above causes of permanent alterations. It may be that 
case of platinum, to some extent at least, and more so in 
materials, slow permanent alterations in resistance occii 
cause of which is not known. Only extended investigatioJ 
give the limits of these possible alterations. Enough woa 
been done, however, to show that for even very refined wo 
reliability of platinum and some other materials is suffic; 
temperatures too high are not exceeded. 

In resistance thermometry practical details of constructi< 
all important. The chief of these will now be considered. 

1302. Construction of Resistance Thermometers. — TIu 
material of which to construct a resistance thermometer clc 
upon the temperature range to be measured, as well as upx 
physical qualities of the available materials. 

Constancy of composition and other practical consider 
seem to limit the choice to a few of the pure metals, usually* 
form of wire. The metal which has received the most sUi 
platinum. It can be used over a very wide temperature 
and can be obtained under the name of Herseus platinum in 5 
of great purity. This material answers every requirement/ 
sistance thermometry, except that it is very costly. A subs 
for platinum should, therefore, be sought and used where 
will serve as well. This substitute should be inexpensiv 
obtainable in a pure state. It is desirable that it should 1 
high specific resistance, combined with a large temperature 
cient. It should be unoxidizable under usable conditions 
withstand a high temperature without deterioration or pem 
alteration in resistance. 

An examination of the pure metals shows that these cone 
are best met by nickel. The author has had many thermoj 
constructed of this wire for temperatures ranging from — 
to 300° C., and has found it reliable in this range. It has a 
coefficient than the purest platinum, that of nickel being 
0.0041 per degree between 0° C. and 100° C., pure platinum 
0.0039, and commercial platinum but about 0.002. The s 
resistance of pure nickel and pure platinum is in the ratio of 
933 to 1000. 
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It may here be remarked that a determination of the tempera- 
ture coefficient of the metallic elements offers usually a very deli- 
cate test of their purity; and specimens of nickel and platinum 
which show a low temperature coefficient can positively be con- 
sidered as impure and inferior for use in resistance thermometers. 

Another test of interest, especially on wires intended for use 
in thermocouples, is to attach the two ends of a short length to 
the terminals of a very sensitive galvanometer, and to pass a 
flame along the wire. If the galvanometer gives positive and 
negative deflections of considerable magnitude, the wire may be 
known to be unhomogeneous, and liable to have parasitic currents 
set up in it when exposed to high temperatures. A pure nickel 
and a pure platinum wire should show little of this effect. 

The particular purpose for which a resistance thermometer is 
to be used largely determines its special features of construction. 
Broadly classified, resistance thermometers are particularly useful 
in the following cases: 

1. Measurement of all temperatures below 40° C., the freez- 
ing point of mercury. 

2. Measurement of all temperatures up to 1000° C., when the 
temperature is to be taken at a place where it cannot be directly 
observed. 

3. Measurement of temperatures below 1000° C., and above 
the range of the mercury thermometer. 

4. Measurement of all temperatures below 1000° C., which 
must be photographically or otherwise recorded. 

5. Determinations of small temperature differences or varia- 
tions for which the mercury thermometer is not sufficiently 
sensitive. 

It is evident from the above classification that there can be no 
general form or type of construction of a resistance thermometer. 
Each special requirement must be met by the instrument maker, 
who should be guided in his designs by experience and a study of 
the conditions. The form of thermometer having been chosen, 
the particular method of reading the resistance variations and of 
expressing them in degrees should have particular care, for in 
nearly every case which arises different requirements must be met. 

Resistance thermometers for use below 140° C. are of relatively 
simple construction, for in this case silk-insulated nickel wire may 
be used. Certain precautions, nevertheless, need attention. The 
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mass of the wire used and that of the body on which it is wound 
should be small, or the temperature of the resistance wire will lag 
behind any changing temperatures which are being measured, 
and lead to erroneous indications. The wire must be so chosen 
in respect to size and resistance that the heating of the wire by the 
measuring current shall be negligible. 

The constancy of any wound resistance depends largely upon 
the treatment to which it is subjected after being wound. The 
winding of the wire introduces strains, which gradually work out, 
causing variations in the permanent resistance. This certain 
result is avoided by an artificial '' aging,^^ which consists in main- 
taining the wire for several hours or days, before the thermometer 
is calibrated, at a temperature higher than that at which it will 
be used. 


Pipe Thread. . 
y Brazed. / 

^ ^Leather Gasket. 


Insulating Rod holding Mica Winding Form, 
y Platinum Winding on Mica Form, 

^ Metal Case. ■ ^ 

^Lead Wires in Grooves 
in Insulating Rod. 


Fig. 1302a. 


It is needful to finish the terminals of the wire, especially if 
short, in such a manner that no local variations in resistance can 
occur at the joints. As a rule the terminals should be hard silver 
soldered for low-temperature thermometers, and for high-tem- 
perature thermometers all joints exposed to the high temperature 
must be welded joints. 

Generally, the resistance wire should be protected by a casing. 
When, however, as in the measurement of moderate temperatures 
of gases or insulating fiuids, the wire can be directly in contact 
with whatever is to have its temperature determined, the resist- 
ance thermometer assumes the surrounding temperature very 
quickly, far surpassing the mercury thermometer in this respect. 
If a easing must be used, it should be so shaped that the ratio of 
its surface to its volume is large, and the construction should aim 
to reduce to a minimum the heat which is conducted along the 
case or which is distributed by air convection within- it. Repro- 
ductions are here given of two types of resistance thermometers 
designed for the measurement of low or moderate temperatures. 

The thermometer shown in Fig. 1302a was constructed for use 
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in measuring and recording with great precision the temperature 
differences between two brine mains. The average temperature 
of the brine was about — 37° C. and the average difference of 
temperature between the two mains was about 1.5° C. The 
allowable error was 0.01° C., and hence great care in the construc- 
tion of the thermometers, as well as in the rest of the apparatus, 
was required. This thermometer was wound with No. 35 platinum 
wire, of great purity. Its resistance at room temperature was 
about 80 ohms. It is probable that nickel wire would have served 
as well, but because of the better known properties of platinum 
and the importance of the experiment platinum was selected. 


No.32 B. & S. Nickel Wire, (Silk Insulation") 
. Silk Insulation 



Soldered 


'^Terminal of Winding Soldered 
To Lead Wire 


Wiped Joint 

Fig. 1302b. 


Lead Covered Cable 


It should be noted that the steel case is long and small in 
diameter, that the winding ends well below the nut which screws 
into the brine main, and that the wire is wound on a light frame 
of mica, having a minimum of mass. A small sudden change 
in the temperature of the brine was followed by the thermometer 
to within about 0.005° C. within two minutes. 

Fig. 1302b is a sectional view of a form of resistance thermometer 
made for the purpose of measuring the temperature of the soil 
at different depths where the thermometers are permanently 
buried. The winding is in the form of a skein, and No. 32 silk- 
insulated nickel wire is used. To insure permanency the wire 
should be kept immersed, after winding, in hot paraffin for three 
or four days. The changes in the temperature of the soil are very 
slow, and hence there is no need to provide against a temperature 
lag of the thermometer winding. 

The resistance is made large, about 100 ohms at 20° C., and 
the winding is encased in a brass tube filled with paraflBn. The 
lead-covered leads are soldered with a wiped joint to the brass 
tube, thus preventing the entrance of moisture, which has to be 
carefully avoided. The resistance of the thermometer being high, 
the .change in the resistance of the leads is entirely negligible. 

A somewhat similar construction would be suitable for measur- 


306 


MEASURING ELECTRICAL RESISTANCE [Art. 1302 


ing the temperature of the interior of stored material, such as 
grain, tobacco, hay, wheat, etc., also for measuring the temperature 
of cold-storage rooms. Any number of such thermometers can be 
located at different places and be connected by a switch, one at a 
time, to a single reading device which reads directly in degrees 
Fahrenheit or Centigrade. The methods of reading these and 
other resistance thermometers will be presently described. 



Fig. 1302c. 

Resistance thermometers give often the most accurate and con- 
venient means of measuring high temperatures up to 1000° C. or 
possibly more. It is stated by Le Chatelier* that experiments 
carried out at the National Physical Laboratory, England, showed 
that throughout the temperature range of 1000° C. the agreement 
between the scales of the platinum-resistance and the thermo- 
electric pyrometers tested was within 0.5° C. 

Such statements as the above, however, are true only when 
the resistance thermometers have been constructed in a particular 
manner to avoid alterations and deteriorations in the wire that 
are sure to result at high temperatures with improper construction. 
Platinum heated red hot and exposed to certain gases, as hydrogen 
or metallic fumes, absorbs impurities which permanently alter its 
resistance and often render it extremely brittle. 

Accumulated experience has shown that for temperatures above 
a red heat (525° C, to 600° C. for all materials) the design of the 
thermometer should embody the general features shown in the 
illustration, Fig. 1302c, I and 11. 

In the thermometer here illustrated, the winding is a pure 
*** Temperature Measurements,” page 105, 1904 edition. 
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Harseus wire, its purity being shown by its temperature coefficient, 
which is about 0.0039^ at 100° C. This wire, No. 35 B. & S., is 
wound bare, on a frame of thin mica, in such a manner as to touch 
only the edges of the mica. The winding is 36 turns to the inch. 
The mica frame is made by matching together at right angles two 
pieces of mica sheet, of the shape shown in Fig. 1302d. 


■^r 

Mica Sheet 


Fig. 1302d. 


Wire 



As the winding touches only at the edges of the mica, only a 
small percentage of its length can become contaminated by any 
possible action of a solid material. The lead wires, by a method 
of compensation to be later described, do not enter into the resist- 
ance which is measured, and may be of a less pure platinum 
than the resistance winding. These lead wires are either three 
or four in number, according to the method of compensation 
adopted. They are insulated from each other by being passed 
through tubes of porcelain. 

For temperatures above the fusion point of hard glass, porcelain 
tubes especially constructed for this work by the Royal Berlin 
Porcelain Works are the most satisfactory material for a casing. 

The interior parts of the thermometer shown in Fig. 1302c, II, 
are designed to be easily withdrawn from the tube for examination, 
and again replaced. In the particular case shown, the winding 
was made 13 cms long, to give the thermometer a high resistance. 
This is generally an advantage, where the conditions permit, as 
the contact resistances in the measuring device are then small in 
comparison, and greater sensibility is more easily obtained. 

It was legitimate to make the winding long for the case shown, 
as this thermometer was designed to measure the temperature of 
hot gases which would surround the porcelain tube more than half 
way to its head. If, however, the temperature of the place to be 
measured is uniform over a small space only, then the winding 
should be as short and as much concentrated at the end of the 
tube as possible, and so permit of placing the entire winding in 
the hot place, the temperature of which is to be measured. 
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Thermocouples have in this respect an advantage over a resist- 
ance thermometer as above designed, for the end of the thermo- 
couple is a very small body, that may be closely located at the 
place where the temperature is to be observed. This consideration 
led the author to design another form of resistance thermometer 
which will he shown to combine the advantages of both. A de- 
scription of this is best given, however, under methods of reading 
resistance thermometers, which we shall now consider. 

1303. Methods of Reading Resistance Thermometers. — As 
previously stated, the National Bureau of Standards at Washington 
will furnish the instrument maker with a certificate giving the con- 
nection between the electrical resistance and the temperature of a 
selected standard resistance thermometer, and the calibration^ of 
other thermometers is reduced to comparing their resistances with 
that of the standard when all are brought to equal temperatures. 
In the case of high temperatures, a specially constructed electric 
furnace is used for the purpose. The problem, then, of reading 
temperatures with thermometers thus calibrated resolves itself into 
measuring their resistance in a simple manner when subjected to 
different temperatures. 

The resistance being known, the temperature may be taken 
from a previously plotted curve, or the resistance-measuring 
device may be constructed to read directly in degrees Centigrade 
or Fahrenheit. The convenience, simplicity, precision, and re- 
liability with which these measurements can be made largely 
determine' the practical and commercial .usefulness of resistance 
thermometers. The continuous recording of temperatures given by 
resistance thermometers is another, but closely related, problem, 
but one which cannot here receive our attention. 

The available and useful methods of determining resistances for 
measuring temperatures may be classified as follows: 

Slide-wire bridge method. 

Differential galvanometer method. 

By resistance-thermometer bridge with two traveling contacts. 

By use of dial bridges. 

Kelvin-double-bridge method of reading temperatures. 

Direct-deflection method of reading temperatures. 

1304. Slide-wire Bridge Method. — This is a very convenient 
zero method to employ, especially when the reading instrument 
has a scale calibrated to read directly in degrees. The slide-wire 
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bridge may have its connections arranged in either of two useful 
ways. The first is less precise, but more convenient. The connec- 
tions are given diagrammatically in Fig. 1304a. 



Ti, T 2 , Tzj etc., represent any number of resistance thermom- 
eters; y, y are the thermometer leads, which should be alike but 
may be of any length. Contact can be made with any ther- 
mometer by means of a simple sliding switch S. The resistances r, 
Tij r 2 j should be about equal to each other and to the resistance of 
the thermometer when at a mean temperature. The resistance of 
the slide wire I should be such as will take care of only the variation 
in resistance of the thermometers. 

In an actual construction, the contact p would move over a 
circularly disposed wire and scale. This scale may be divided 
into arbitrary divisions, and reference be made to a curve, to 
obtain the temperature of any thermometer corresponding to a 
given setting for a balance. In this case, the different thermom- 
eters need to be made of only approximately the same resistance. 
The scale may, however, without great difficulty, be graduated 
to read directly in degrees when used with a thermometer of a 
particular resistance and temperature coefficient. 

If, however, many thermometers are to be read on the same 
scale, they must be adjusted to exact equality both in respect to 
resistance and temperature coefficient. This last adjustment can 
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be made by using a certain resistance of manganin in series with 
those thermometers which have too high a coefficient. 

The arrangement of connections shown does not entirely com- 
pensate for changes in the resistance of the leads. The error, 
however, would not exceed from this cause 0.1° C. in an ordinary 
case. The obvious advantage of making the connections in this 
way is that while nearly complete compensation is obtained, each 
thermometer has only two lead -wires and one common terminal 
connecting all the thermometers to the galvanometer. The man- 
ner of making the bridge connections according to the second 
arrangement is shown in Fig. 1304b. 



By connecting 'the bridge in this manner and choosing the ratio 
arms equal, the resistance of the leads y, y, entirely eliminate. 
Thus, the value of any resistance Xi, X 2 , etc., is 

X = J2 — (i — 2a) = a constant -|- 2 a. 

This method, while perfectly compensating, requires that two 
pairs of leads shall be carried to each thermometer. This is a 
decided disadvantage where many thermometers are to be read 
at a distance on one bridge. The method recommends itself when 
the highest possible precision is required. In this method also 
the scale may be calibrated in degrees, if desired. 

The balance point on the wire in either of the above methods 
may be found with a telephone, but preferably with a galvanometer. 
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A pointer galvanometer of portable type, such as that described 
in par, 1501, is amply sensitive for the purpose. 

The illustration, Fig. 1304c, shows a completed instrument, 
designed for portability. 



Fig. 1304c. 


A temperature measurement is made by slightly depressing the 
button, which closes the battery circuit, and then rotating the 
pointer until the galvanometer shows a balance. The position of 
the pointer then gives on the scale beneath it the temperature in 
degrees Fahrenheit or Centigrade. The same kind of instrument 
is equally well adapted to reading low or high temperatures. 

One mechanical feature of this instrument deserves mention as 
being of extreme usefulness. This is the construction of the slide 
wire for use with high-resistance thermometers. If made in the 
customary way, which is to use a single fine wire, it would have 
to be very small in diameter and delicate in order to secure the 
necessary resistance in the length that can be used. Thus,^ a 
100-ohm nickel thermometer would change about 40 ohms with 
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100° C. This objection is entirely overcome by winding in a 
spiral an insulated wire for the slide wire, as described in par. 401. 
By the use of such a spiral, some 30 times the resistance of a single 
wire may be obtained. It gives extremely fine variations in re- 
sistance, as the slider moves over it, and makes a contrivance 
that is mechanically substantial and not liable to wear or become 
loose. 

1305. Differential-galvanometer Method. — Another arrange- 
ment for reading the resistance of resistance thermometers is that 
in which a differential galvanometer is used in the manner already 
very fully described in pars. 301 and 302. The author is inclined 
to believe that, all things considered, this differential galvanom- 
eter arrangement offers more advantages than any other. The 
scale and mechanical parts would not differ essentially from those 
shown in Fig. 1304c. 

1306. Resistance Thermometer Bridge with Two Traveling 
Contacts. — It is possible, however, to gain the advantage of 



using only three wires leading to the thermometer and have the 
lead wires entirely compensate and yet use a Wheatstone-bridge 
arrangement with a galvanometer of ordinary type which is not 
differential. The way in which this can be done without intro- 
ducing contact resistances in the measuring circuit was first pro- 
posed by Mr. Morris E. Leeds. It is as follows : 

Represent a Wheatstone-bridge network as in Fig. 1306. Here 
T represents the resistance of a resistance thermometer and y 
represent the equal resistances of two lead wires to the thermom- 
eter. Ga and Ba are respectively a galvanometer and a battery. 
5, a, c, and d are resistances. Let pi and p 2 represent two contact 
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points which can be moved to different points upon the resistances 
included between points 1 and 2 and between points 2 and 5. 
Let b always be the resistance between point 3 and pi, a the 
resistance between pi and p 2 , and c the resistance between p 2 
and point 5. 

Then, for any positions of pi and p 2 , we have, by the ordinary 
law of the Wheatstone bridge, 


a _ c 
b + y'~' d + y + T' 


from which we derive 




cb — ad + y (c — a) 
a 


( 1 ) 

( 2 ) 


From Eq. (2) it appears that, if matters are so arranged that the 
resistance a is always maintained equal to the resistance c, the 
term y {c — a) will disappear, and we shall have 

T =^b-d, (3) 

where d is constant and may be made zero. 

This result may be accomplished by a mechanical arrangement 
which will cause the contact points pi and p 2 to always move 
together. Assume that the bridge is balanced when pi is at point 
1 and p 2 is at point 2 and that in this case the resistance between 
Pi and p 2 is ai and equal to the resistance ci between p 2 and point 
5. Now let T increase so that in order to maintain a balance of 
the bridge b must be increased or pi must be moved towards the 
point 2 by a distance 5a i and at the same time let the contact 
P 2 move toward the point 5 by a distance 5c i. Then the resist- 
ance included between pi and p 2 is now ai — 5ai + bci and the 
resistance included between p 2 and point 5 is Ci — 5ci. But to 
make the term y (c - a) disappear we must so move p 2 that 

Cl — 5ci = ai ~ 5ai + 5ci. (4) 

If, originally, we have made ci = ai, we obtain 

8ai = 2 5ci. (5) 

Eq. (5) shows that if the resistance of the slide wire 1, 2, 5 is 
uniform thruout then pi must be moved twice as far as p 2 * In 
practice the resistance of the slide wire from point 1 to point 2 
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would be given twice the resistance per unit length of the slide 
wire from point 2 to point 5, and thus the actual distances 
thru which pi and p 2 would have to move would be the same. 
With this arranged the arms which carry the contacts pi and p 2 
may be rigidly fastened together, and the value of T will always 
be given by the difference of the resistances h and d regardless of 
the value of the lead resistances y, y, provided these are alike. 

1307 . Use of Dial Bridges for Temperature Measurements. — 
The slide-wire bridge directly calibrated in degrees is a very useful 
and rapid reading device, but for precision work, combined with 
robustness of construction, some easily read form of dial or plug 
Wheatstone bridge may be more useful. 

When the connections are made as shown in Fig. 1307a, and the 
resistances ri and r 2 are equal, the resistances of the leads i/, y 
eliminate. This requires that the total, 
resistance in the rheostat shall equal the 
resistance of the thermometer, which for 
this reason, as well as for sensibility, etc., 
should be high, and that the brush or plug 
contacts used should be well made and of 
negligible resistance. Since no resistance 
varies with temperature in a strictly linear 
way, a dial or plug bridge cannot be 
calibrated to read directly in degrees and 
also accurately. The studs or plug holes 
should be numbered decimally, and, from 
the setting obtained for a balance, the 
temperature is gotten by referring to a 
curve. Thus, each thermometer in an in- 
stallation has its own curve, and new thermometers may be added 
without reference to the old. This method is very convenient for 
an installation of a large number of thermometers, because of the 
small number of wires that have to be installed. . 

Fig. 1307b shows four thermometers of a large installation used 
for measuring the temperature of gases up to 650° C. in the plant 
of a large chemical company manufacturing sulphuric acid. Here 
it was desired that ignorant workmen should take the temperatures 
without gaining information as to what they were. The dial 
settings for obtaining a balance were reported to the office, where 
a clerk looked up the corresponding temperatures on the curves. 
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The thermometers used in these installations were of the form 
illustrated in Fig. 1302c. 



Fig. 1307b. 


1308 . Kelvin Double-bridge Method of Reading Tempera- 
ture. — The resistance thermometer as designed for high-tem- 
perature work, if wound to a suitable resistance, is necessarily of 
considerable size. This unfits it, as compared with thermo- 
couples, for taking the temperatures of small places or at points. 
Moreover, the thermometers, besides requiring considerable skill 
to construct, are costly and more or less fragile. These disad- 
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vantages are largely overcome by a method developed by the 
author which vdll now be described. 

The principle made use of is to measure the changing resistance 
of low-resistance platinum thermometers by means of the Kelvin 
double bridge already fully discussed in par. 609. 

With these bridge connections a resistance thermometer of 
0.01 ohm can be measured with precision. By taking advantage 
of this bridge as a reading device, a high-temperature thermometer 
can be constructed as shown in Fig. 1308a. 


"Heraeus Platinum' 



The small spiral of resistance wire to be measured shown at the 
end of the porcelain tube is of No. 20 Herseus platinum. The 
current and potential leads are of a cheaper grade of platinum. In 
fact, it is a positive advantage to have the potential leads of an 
impure platinum, because of its low temperature coefficient, which 
may be about 0.6 that of pure platinum. The connections as 
arranged for measuring a number of thermometers would be as 
shown in Fig. 1308b. 

To measure a temperature with this arrangement, the terminals 
Pj p' are moved by a switch to the potential terminals of the 
thermometers to be measured, while the thermometers to the 
right of the one being measured are cut out of circuit by y, which 
keeps the resistance of the '' yoke ” low as required by theory. 

. A balance on the galvanometer is obtained by moving the plug N 
and the slider S. The slide wire on which S moves would consist 
of a substantial manganin wire lying over a scale, marked off in 
degrees Centigrade, if it is desired to make the bridge direct- 
reading. The only uncertain element in the method is the possi- 
bility of the ratio I and ^ becoming variable in an unknown way 
through a change in the resistance of that portion of the potential 
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loads which lie in the thermometer tube. This uncertainty, how- 
ever, is practically avoided if the resistance a is made sufficiently 
high. Calculation shows that if a is chosen as high as 250 ohms, 
the maximum error from this cause, with a thermometer con- 
structed like that shown in Fig. 1308a, will not exceed 0.1° C. 
The resistance a may, however, be as high as 1000 or even 5000 
ohms, thus practically reducing the error to zero. 


Ti U T3 T4 



The necessity of having high resistance in the ratio coils re- 
quires that the galvanometer used shall have a greater sensibility 
than can easily be gotten in a portable pointer instrument. There 
are, however, several very convenient forms of semi-portable 
suspended-coil types of galvanometers, having an attached tele- 
scope and scale which are amply sensitive for the purpose. 

1309. Direct-deflection Method of Reading Temperatures. — 
Direct-deflection methods of measuring physical quantities, as 
well as temperatures, depending as they do upon the calibration 
of a scale, seldom have the precision of zero methods. They 
possess, however, the advantage of showing more clearly the 
variations as they occur in changing quantities, while no manipu- 
lative action is required on the part of the observer. For these 
reasons, largely, all commercial electrical-measuring instruments 
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are of the deflection type, though inferior in precision to the null 
methods used for calibration and other purposes in the laboratory. 

A principle may be employed, however, by which the con- 
venience and rapidity of the deflection method is in part combined 
with the precision of the null method. This principle consists in 
setting with dials or plugs so a balance with the quantity being 
measured is nearly obtained. The deflection of a calibrated de- 
flection instrument then gives the additional small quantity which 
must be subtracted or added, to obtain the exact value of the 
quantity measured, in this case a temperature. 



Fig. 1309. 


The realization of this principle is embodied in various com- 
mercial instruments, one of which is illustrated in Fig. 1309. 

The instrument operates upon the principle shown by the con- 
nections given in Fig. 1307a. The deflection indicator, is of the 
same construction as a switchboard voltmeter. When the plug is 
in any one block of the row of blocks the temperature indicated 
is that marked upon the block plus the reading of the deflection 
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instrument. The range of the scale is 100° C., so if the plug were 
in the block stamped' 500 and the pointer stood at 57 the tem- 
perature would be 557° C., or, if the plug were in the next block 
to the right-, the reading would be 600° plus the scale reading, and 
so on. Instruments of this kind can be given various ranges up 
to 1000° C. and are very convenient for the use of workmen in 
manufacturing establishments. They should be operated upon a 
fairly constant voltage. 

1310. Deflection Methods; Using Constant Currents. — It 

is often required to read and to record temperature differences, 
possibly very small differences, which must be determined with 
high accuracy. A thermo-couple is customarily employed for 
this purpose, placing one junction in the place of higher and one 
in the place of lower temperature. Resistance thermometers 
may, however, be employed to advantage, especially if the tem- 
perature difference is small and great precision is required. 

The author has been connected with the design, calibration and 
use of a temperature-difference recording apparatus which em- 
bodied the highest refinements in this kind of measurement, 
commercially applied. A brief description of this apparatus will 
best explain the methods to employ, the precautions that should 
be used to obtain precision, and the results which may be obtained 
in this class of work. 

The requirement was to obtain a continuous photographic 
record of the temperature difference between two brine mains 
carrying brine for refrigeration purposes. The temperature of 
the brine in one main was about —38° C. and in the other about 
— 36.5° C. It was sought to have the error at all times not 
greater than 0.01° C. By taking a photographic trace of the 
temperature difference at each instant, and by obtaining with a 
planimeter the average height of the ordinates expressing tem- 
perature differences, the average temperature difference for any 
period of time could be found. This result was secured. 

An ordinate 500 mm. high corresponded to 5° C. The deflec- 
tion instrument used was a D’Arsonval galvanometer of the mirror 
type, of special construction. The record was traced on photo- 
graphic paper, known to the trade as ‘‘ rotograph paper. This 
paper was wound on a brass cylinder about 55 cms. long and 
12.5 cms. in diameter. By means of a clock movement the cyl- 
inder made one revolution in 12 hours. Two cylinders were 
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provided, so that an exposed one could be immediately replaced 
by an unexposed cylinder. 

The galvanometer was placed in one end of a box about 1.2 m 
long. By suitable optical devices, the spot of light, about 1 mm 
in diameter, was reflected from the galvanometer mirror upon 
the slowly rotating cylinder covered with the sensitive paper. 
The movements of the spot of light were parallel to the axis of 
the cylinder and proportional to the temperature difference. 
The source of light was an incandescent lamp. Another optical 
device cast another spot of light upon a translucent scale, where 
the deflections could at any time be observed. 

Two platinum-resistance thermometers, exactly alike, were 
used, one being placed in each brine main at a distance of several 
hundred feet from the recorder, being connected with it by lead- 
covered compensated leads. One of these thermometers is de- 
scribed in connection with Fig. 1302a. Each thermometer with 
its leads formed an arm of a Wheatstone bridge. The two other 
ar ms were made of equal manganin resistances, each 200 ohms. 
When the thermometers were at the same temperature, the bridge 
was balanced, and the galvanometer deflection read zero ; that is, 
the spot of light fell on the scale at the same point as it would with 
the circuit open. A fixed mirror reflected a spot of light which 
made a trace near the center of the paper, which served as a 
reference line from which the extent of the deflections could be 
measured. When the two thermometers were at different tem- 
peratures, the deflections were very nearly proportional to the 
difference in temperature between them, whatever might be the 
mean value of the two temperatures, but depended upon the cur- 
rent entering the bridge. Hence, to maintain the empirical cali- 
bration of the scale, it was necessary to provide that the current 
thru the bridge should remain constant to within the percentage 
precision at which the apparatus was designed to operate. The 
manner of doing this, as well as the general plan of the method, 
is best explained by referring to Fig. 1310a. 

The source of current was a battery of eight storage cells. This 
current could be held constant within a fraction of one per cent by 
occasionally varying the rheostat resistance in the battery circuit. 
The current was known to have the standard value when the 
galvanometer G in the standard-cell circuit gave no deflection. 
It was found in practice that the rheostat resistance had to be 
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changed only a few times in a day, and then only by small amounts. 
Since the scale was calibrated so that 1 mm. was equal to 0.01° C., 
the galvanometer had to be fairly sensitive. Only 90 ohms, R in 
the diagram, could be used in its circuit. The galvanometer coil 
had 333 ohms of copper-wire winding, and since copper changes 
about 0.4 of 1 per cent in resistance per degree C., it was neces- 



21 Ti 

Fig. 1310a. 


sary to avoid changes in the galvanometer sensibility due to room 
temperature changes. The temperature of the box enclosing the 
galvanometer was, therefore, held constant within about 0.5 of 1 
degree by means of an electric thermostat. 

Since it is impossible to adjust two resistance thermometers 
to exact equality, when at low temperatures, the difficulty was 
avoided by shunting each thermometer, one with 10,000 ohms, 
and the other with a resistance near 10,000 ohms, which thus 
made both thermometers act in balancing the bridge as if they 
were exactly equal when at the same temperature. 

In calibrating the apparatus, a necessary adjustment was made 
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by placing both thermometers in a tank containing well-stirred 
brine at about —35° C., and then varying one of the shunts Si 
and S 2 j until the galvanometer showed no deflection. Another 
adjustment was made by placing one thermometer in one brine 
tank and the other in another brine tank. The temperature 
difference between these brine tanks could be controlled, and this 
difference was accurately measured by taking a great many 
readings with specially constructed mercury thermometers with 
Reichenstalt certificates. The corresponding galvanometer de- 
flections being noted, the scale became calibrated. By adjusting 
the resistance R in the galvanometer circuit, the value of the 
scale could be varied as desired. 



Fig. 1310b. 


The calibration thus briefly outlined was worked on for about 
three weeks, many refinements not mentioned here were used, 
hundreds of readings were recorded, and many checks made upon 
the observations taken. It was demonstrated, as a net result, 
that this apparatus and method gave continuous temperature 
difference records that were not in error over 0.01° C., the mean 
temperature measured being about — 37° C., and the average 
difference about 1.5° C. In Fig. 1310b is given on a much re- 
duced scale one of the record curves obtained in a run of 12 
hours. 

1311. The Measurement of Extremely High Temperatures. — 

Many scientific investigations and industrial operations now 
require that temperatures shall be measured at which all materials 
deteriorate or become fused or altered. The electrical methods 
directly applied must fail to be of service here, and one must resort 
to radiation pyrometry. The various methods proposed for 
measuring high temperatures by means of the radiation given off 
from a hot body have recently received much study, and very 
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successful developments have followed along this line. The sub- 
ject, however, as well as that of thermoelectric pyrometry, does 
not fall within the scope of this work, and reference must be made 
to the above-mentioned treatise of Burgess and Le Chatelier, and 
to an excellent summary of this and other subjects relating to 
high-temperature measurements by Dr. C. W. Waidner.* 

* ^‘Methods of Pyrometry.^’ Printed in the Proceedings of the Engineers^ 
Society of Western Pennsylvania, September, 1904. 


CHAPTER XIV. 


INSTRUMENTS USED FOR MEASURING RESISTANCE. 

SOME GENERAL PRINCIPLES CONSIDERED. 

1400. Proposed Treatment of Subject. — It would be beyond 
the scope of this, work to give a detailed consideration of th(‘ 
requirements, the types, the design and the construction of the 
instruments used in the measurement of resistance. It will lx* 
profitable, however, to consider broadly some general principh^:^ 
which pertain to this class of apparatus. 

The apparatus which is involved chiefly in the measurement of 
resistance consists of: 

Resistance standards (medium, low, and high), resistance boxcf^ 
and Wheatstone bridges, and deflection instruments of the mirrof 
and pointer types, used both as null and deflection indicators. 
In addition to the more essential instruments there are generally 
required rheostats, switches, keys, batteries, etc., but these need 
no further mention here. 

1401. Conformity in the Parts of an Outfit. — In selecting a 
resistance-measuring outfit, when there is latitude of choice, the* 
apparatus should be chosen so its various parts are in conformity. 
Thus, if resistance boxes and the samples to be measured have a 
large watt-dissipating capacity, then a galvanometer of moderate* 
sensibility, quick in action and robust in construction, will conforrri 
better to the rest of the equipment than a delicate, highly sensitive 
instrument which deflects slowly and requires, perhaps, repeated 
adjusting. In the above case, if the magnitude of the measur- 
ing current is properly chosen, a relatively insensitive galva- 
nometer of the pointer type will enable the samples to be measured 
with all the precision which may be obtained from the rest of the 
apparatus, while the speed and convenience will be greater than 
if a highly sensitive moving magnet galvanometer with lamp and 
scale is selected. On the other hand, if the samples to bi» 
measured, as, for example, tungsten lamp-filaments, are small, have* 
a high temperature coefficient, and are incapable of dissipating 
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much energy without heating, then the galvanometer must be 
highly sensitive. But if the galvanometer is sensitive and the 
samples will carry little current, it is a waste of room and expense 
to use a Wheatstone bridge of large size with massive brass blocks 
and with resistance coils of large heat-dissipating capacity. 

An exercise of judgment is very desirable, in regard to this 
matter of securing conformity in the various parts of an outfit. 

1402 . Sensibility and Accuracy. — The sensibility of a resist- 
ance-measuring outfit is determined by two factors, the constant 
of the detector or deflection instrument and the magnitude of the 
measuring current. Both of these are limited, but the limitation 
of the first, when there is latitude of choice, is rarely reached. 
The limitation put upon the second may result from the limitations 
in the watt-dissipating capacity of the resistance spools in the 
bridge (generally to be taken as 0.5 watt per spool), or from the 
watt-dissipating capacity, without appreciable heating, of the 
samples which are measured. No approximation to a rule can 
be given for this last. If the samples have a negligible tempera- 
ture coefficient, they can dissipate much more heat without chang- 
ing in resistance than they can, other things equal, if they have a 
high temperature coefficient. For this reason much greater sensi- 
bility can generally be obtained in measuring the resistance of the 
alloys than in measuring the resistance of the pure metals. It 
is a mistake, however, to suppose that the possible sensibility is 
much less with a low resistance of a given length of sample than 
with a high resistance of the same length. It is easily seen that, 
if the sample is in the form of a ribbon of a given length, doubling 
the width halves the resistance, but the heat-dissipating capacity 
is also doubled and hence the current may be doubled. The result 
is that the fall of potential between two points on ‘the ribbon can 
be kept constant whatever its width. Hence, the sensibility 
with which the narrow, high resistance, and the wide, low resist- 
ance, ribbon may be measured remains the same. In the case of 
round wire, as used in a platinum-resistance thermometer for 
example, the advantage is slightly in favor of the fine wire, as the 
cross-section increases with increase in diameter more rapidly than 
the surface from which the heat must be dissipated. 

In general, bridges which are to be used with samples, such as 
resistance thermometers and lamp filaments, may have very small 
resistance spools, while bridges for general work and where alloys 


326 


MEASURING ELECTRICAL RESISTANCE [Art. 1403 


are to be measured should have larger spools. In this latter case 
a pointer galvanometer of 0.5 megohm sensibility will serve for 
most requirements. 

The absolute precision of a resistance measurement must pri- 
marily depend upon the accuracy of the standards. The spools in 
a Wheatstone bridge become for the time being the standards 
employed. It is always possible, if one has one standard resist- 
ance, the precision of which is known, to check up or calibrate 
a Wheatstone bridge so that the true resistance of all its coils 
becomes known. The systematic procedure for doing this will 
generally be given to customers by the makers of the bridges 
— or for a relatively small fee a bridge will be tested and certi- 
fied to by the National Bureau of Standards. 

No resistance measurement, however, can be considered as very 
precise unless careful attention is paid to the magnitude of the 
measuring current and the temperature of the surroundings in 
which the sample is placed at the time it is measured. For much 
work the watt capacity of the bridge spools will exceed that of 
the samples and the magnitude of the current must be adjusted 
to the latter. 

In general, it is considered very good work if a Wheatstone bridge 
will measure resistances from 10 to 10,000 ohms with a precision 
of 0.02 of 1 per cent. Most Wheatstone-bridge work will range 
about 0.05 of 1 per cent. 

■ 1403. Resistance Standards. — In considering resistance units 
attention should be drawn to the distinction between resist- 
ance units used for standards of resistance and resistance units 
which are intended to carry considerable current when used with 
potentiometers and like instruments. These latter should be 
spoken of as current-resistance standards. Resistance standards 
proper do not need to have much watt-dissipating capacity. 
Their requirements are unchangeableness with time, low tem- 
perature coefficient, and small, thermo-electromotive force against 
copper. They should be susceptible also of immersion in kerosene 
oil, so their temperature may be accurately ascertained. The 
development of resistance standards has passed thru quite an 
evolution, and the latest type as designed by Dr. E. B. Rosa and 
endorsed by the National Bureau of Standards, will now be briefly 
described. 

A paper entitled “The Variation of Resistance with Atmospheric 
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Humidity’' was read before the American Physical Society at 
Washington, April 21, 1907, and later published in the Bulletin of 
the Bureau of Standards, Vol. 4, 1907-8, page 121. In this 
paper by E. B. Rosa and H. D. Babcock, it was demonstrated 
“ that the shellac ” (covering the wire of wire-wound resistance 
spools) absorbs moisture from the surrounding atmosphere and 
expands, stretching the manganin wire and thereby increasing 
the resistance.” This variation in resistance under circumstances 
exceptionally favorable for stability may amount, in different 
seasons of the year, to as much as 2 parts in 10,000, and under less 
favorable circumstances to 7 or more parts in 10,000. 

The discovery of this property of shellac of swelling with mois- 
ture and straining the wire has led to the present type of con- 
struction of resistance standards adopted by the Bureau and 
executed by prominent instrument makers. The construction 
referred to is fully described by Dr. E. B. Rosa in a paper entitled 
“A New Form of Standard Re- 
sistance,” and published in the 
Bureau of Standards’ Bulletin, 

Vol. 5, 1908-9, page 413. The 
essential feature of the construc- 
tion consists in hermetically sealing 
the brass cylinder, upon which the 
shellacked resistance wire is wound, 
in a metal cylinder filled with kero- 
sene oil. In this manner' all access 
of moisture to the resistance wind- 
ing is effectually prevented. This 
construction so improves the con- 
stancy of the resistance that of 28 
coils kept under close observation 
there was only one coil of the 
above twenty-eight that has changed 
as much as two parts in lOOfiOO 
during the past twelve months * 

This type of standard, for re- 14033^^ 

sistance units of 10 ohms or more 

without potential terminals, is shown in section in Fig. 1403a. 

The new form of resistance standard is much smaller than the 
* Bulletin j Vol. 5, page 427. 
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Reichsanstalt type, so long and so favorably known throughout the 
world as a standard of resistance. It weighs only about 400 g 
filled and measures only 7.5 cm across the terminals instead of 
16 cm. For measurements up to an accuracy of .001 per cent 
it is measured as it stands, its current capacity being ample when 
using reasonably sensitive galvanometers, and the small ther- 
mometer in the central tube giving its temperature with all needed 
accuracy. The temperature coefficient is generally not greater 
than .002 per cent per degree, so that a quarter of 1 degree un- 
certainty in the temperature would cause an error less than that 
allowed. ***** *’^ 



The apparatus employed in comparing the coils of any denomi- 
nation with one another is shown in Figs.'' 1403b and 1403c. ''It 
is a Wheatstone bridge with the coils arranged in the circle, having 
two extra coils inserted, on which shunts may be applied for 
balancing the bridge instead of shunting directly the ratio coils. 
Or these two openings may be closed by heavy links and the 
shunts applied directly to the ratio coils. The circular frame is 
so hinged that it may be opened far enough to admit a larger 
coil, as, for example, one of the Reichsanstalt form, which may thus 
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be directly and conveniently compared with one of the new Bureau 
of Standards form, Fig.” 1403c. “ The apparatus is very conven- 

ient, is compact, requires a relatively small oil bath, or may be used 
without an oil bath except in comparisons of extreme precision, 
and will accommodate any land of a resistance standard that is 
provided with terminals for dipping into mercury cups.” 



Fig. 1403c. 


When a resistance standard is 1 ohm or less it is necessary to 
provide it with potential terminals.’ This leads to a different 
construction than that adopted for the higher denominations. 
The resistance material for these low-resistance standards is in the 
form of heavy manganin wire or sheet which is too massive to be 
strained by the swelling of shellac. In Fig. 1403d is shown a 
0.001-ohm standard resistance of the Reichsanstalt form. 

This form of standard is guaranteed by its makers to an accu- 
racy of 0.02 of 1 per cent but may be made more accurate. 
“ When immersed in oil and used as a precision standard of resist- 
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ance it has a current-carrying capacity of 32 amperes. Used 
for measuring current to a lesser degree of accuracy it will carry 
100 amperes or more,” 



Fig . 1403d. 


Otto Wolff of Berlin supplies a line of standard resistances 
which have the following denominations and current-carrying 
capacities when used for precision measurements and as current 
resistance-standards. 


Resistance, 

ohms 

Current capacity for 
precision measurements, 
amperes 

Current capacity as 
current-resistance 
standards, amperes, 

100,000 

0.003 

0.01 

10,000 

0.01 

0.03 

1,000 

0.03 

0.1 

100 

0.1 

0.3 

10 

0.3 

1 

1 

1 

3 

0.1 

3 

10 

0.01 

10 

100 

0.001 

30 

300 

0.0001 

100 

1000 
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These standards are called Small Pattern ” standards. They 
are all arranged to be dipped into mercury cups by means of copper 
terminals which in all types are separated the standard distance 
of 16 cms from center to center. The resistance proper is mounted 
inside a brass case with a hard rubber top which carries the ter- 
minals. The case is perforated to permit free circulation of oil 
when the standard is immersed in a bath of petroleum. The 
general rule may be applied that, when used in oil for high pre- 
cision work, a load of 1 watt is allowable, while for less accurate 
work a load of 10 watts may be applied. 

1404. Resistance Boxes and Wheatstone Bridges; General 
Remarks. — In determining the value of one resistance iii terms 
of another it is very desirable to have a series of known values of 
resistances which can be varied thru a wide range by knovui 
amounts. The fundamental purpose of all resistance boxes, 
whether employing plug contacts or dials, is to provide means for 
obtaining the largest possible number of values from the fewest 
possible number of known resistance units. The very varied 
forms of construction that instrument makers have given to re- 
sistance boxes, have had, more or less, the above object in view. 
Where the number of coils or units is made greater than the least 
number required for varying resistance thru a given range, it is 
done to serve some purpose of convenience of working, or to in- 
crease the facility with which resistance values may be changed 
and mentally added up. 

The advantages of being able to obtain a specified number of 
resistance values with a minimum number of resistance imits 
pertain both to the user and to the maker of the set. The ad- 
vantages to the user are reduced cost, a smaller number of coils to 
get out of adjustment and to measure when checking up a set, 
economy of space, a smaller number of contacts and, often, in- 
creased simplicity in forming combinations of resistance values. 

The advantages to the manufacturer are in the nature of re- 
duced cost of construction which must, of course, be reflected to 
the purchaser. 

In short it is because of the gain in the above particulars that 
it is desirable to combine a small number of units of resistance to 
obtain a great many values. If it were otherwise there would be 
no occasion for the construction of resistance boxes and one would 
employ a separate coil for every value which he might wish to use. 
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The various methods that have been devised for combining re- 
sistance units have been discussed already and it may only be 
remarked here that the so-called decade plan is considered so 
very superior to all others that its further adoption is urged. 

1405. Watt Capacity of Resistance Units. — The current- 
carrying capacity of a resistance unit in a resistance set will de- 
pend not only upon the ability of the unit to dissipate heat but 
also upon the ohmic resistance of the unit. It is therefore meaning- 
less to speak, as is often done carelessly, of the current capacity 
of coils. The watt-dissipating capacity of a coil or unit is, on the 
other hand, a definite matter, and in a well-constructed resistance 
set will be the same for each coil in the set. The watts which a 
spool will dissipate will be approximately proportional to the 
square of the voltage at the terminals of the coil divided by the 
resistance of the coil; or it will be approximately proportional to 
the square of the current thru the coil multiplied by the resistance 
of the coil. No definite statements can be made of the number 
of watts which each coil in a set may safely carry. Often a tem- 
perature which will not injure the insulation will permanently 
impair the precision of the coil. The manganin wire of which 
resistance coils are mostly wound is generally permanently 
diminished in resistance — probably by the release of the molecu- 
lar strains in the wire — when the temperature is considerably 
elevated. To make this effect as small as possible resistance coils 
should be artificially aged before their final adjustment by 
being given a prolonged baking (from 24 to 48 hours) at a tem- 
perature of from 130"^ to 140° C. It is, therefore, unsafe to load a 
precision resistance box so that any of its spools attain a temper- 
ature above that at which they were aged. A general rough rule 
for resistance boxes, the spool windings of which are on brass, is to 
limit the watts per spool to 3 watts. Thus one should limit the 

current thru the spools so that — is not greater than 3, v being the 

volts at the spool terminals and r the resistance in ohms of its 
winding. In using a Wheatstone bridge, in which the resistance 
of the ratio arms at any moment may be one time 1 ohm and 
1000 ohms, and then again 1000 ohms and 1000 ohms, it is well 
to keep from 10 to 100 ohms in the battery circuit all the time. 
An E.M.F. may then be employed which, acting thru this resist- 
ance, will not overheat the low-resistance coils. 
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In the best boxes the windings are not only upon brass spools 
but these are in direct metallic connection with the brass blocks 
upon the top of the box. By this arrangement much of the heat 
developed is conducted to the brass blocks and there dissipated. 
Some boxes are provided with outside cases of perfora,ted metal 
so the entire set may be immersed in kerosene oil. A set used in 
this way will have the watt-dissipating capacity of its coils in- 
creased several times. 

It is rare, however, in using a resistance set for the measurement 
of direct-current resistance that one has any occasion to reach, 
even approximately, the watt capacity of the set. Plug and dial 
rheostat boxes and sometimes the rheostats of Wheatstone-bridge 
sets are employed as auxiliary apparatus and are required to 
carry as great a load as is allowable. For this reason chiefly it is 
desirable, in selecting resistance sets, to require that their heat- 
dissipating capacity shall be as large as practicable without undue 
increase in the size of the sets. 

1406. Construction of Resistance Spools. — The type of re- 
sistance spool shown in the illustration. Fig. 1406, combines those 
features which experience has shown to be desirable. The wind- 
ing is upon a brass tube. The wire is 
chosen of such a size (whenever this is 
possible) that the required resistance 
is obtained by winding it in a single 
layer which extends the entire length of 
the spool. The brass spool is mounted, 
with good metallic connections, upon 
the brass shaft, the upper end of which 
serves as a stud for the brushes of a 
dial switch to rest upon. The winding 
itself is of manganin wire and is wound 
bifilar. This wire is chosen because of 
its high specific resistance (about 26 
times that of copper), small tempera- 
ture coefficient (about 0.00002 per 
degree C.) and small thermal E.M.F. 
against brass or copper. There are other 
materials which would probably meet the above conditions quite 
as well but they are of recent development and have not as yet had 
the thoro trial and endorsement which has been given to manganin. 
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If the spools are 100 ohms or less in resistance the terminals 
of the resistance-wire proper are not soft soldered directly to the 
brass. A short length of copper wire is silver soldered to the 
manga-nin and this terminal is in turn soft soldered ^to the brass. 
In mahiTig the soft-soldered connection of the copper terminals, a 
small variation in the length of the copper terminal affects very 
little the total resistance of the spool. Thus, adjusted spools may 
be soldered in place in resistance sets without the necessity of 
ma.ldng a further resistance adjustment after the spool is in place. 

The prevailing practice is to cover the outside of the spools with 
a thick covering of shellac which is baked hard and is glossy. As 
shellac has been shown to absorb moisture from the air and to 
strain the wire by swelling, a non-hydroscopic material should 
be sought. If the proper material were found the permanent 
precision of resistance sets would be considerably improved. 

Spools constructed and mounted as above may be made to 
dissipate safely between three and four watts each. In boxes of 
cheaper grade the manganin is wound upon wooden spools. These 
are inferior in heat-dissipating capacity and other respects. When 
of the same size as- the brass spools their watt-dissipating capacity 
is between 0.25 and 0.5 watt or about 0.1 that of a brass spool 
mounted as above. 

1407 . The Precision of Coils in Resistance Sets. The pre- 
cision of coils in resistance sets is not usually required to be so 
high as that of individual resistance standards. Even if the 
adjustments were made originally as high as that of the best 
individual standards they would only hold for a particular tem- 
perature. Furthermore, as different sizes of wire must be used 
in the same resistance-set, it is impracticable to select all the sizes 
of exactly the same temperature coefficient; and thus exact tem- 
perature corrections for all the coils in a set, for other tempera- 
tures than that at which they were adjusted, are hardly possible. 
The coils, moreover, not being hermetically sealed in oil will not 
maintain the high precision which might be given to them and 
which pertains to resistance standards. The usually unknown 
resistance of leads, the contact resistances under binding posts, 
and the various plug or brush contact resistances which enter in 
a resistance set is another reason why the highest possible pre- 
cision is not demanded. The best makers guarantee conserva- 
tively the precision which pertains to the resistance sets which 
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they list. A Wheatstone bridge of the highest grade, intended for 
precision work, will have the following guarantee: The rheostat 
coils will be guaranteed to an accuracy of 0.02 of 1 per cent, with 
the exception of the O.l-ohm coils which Avill be guaranteed to 0.1 of 
1 per cent and the l-ohm coils to 0.04 of 1 per cent. The coils in the 
ratio arms of such a set will be guaranteed to be adjusted to an 
accuracy of 0.02 of 1 per cent and to be like each other to 0.01 of 1 
per cent. A Wheatstone bridge of more moderate precision and of 
about one-third the cost would be given an accuracy of adjustment 
of the coils in the rheostat of 0.05 of 1 per cent and in the ratio 
arms of 0.02 of 1 per cent. The very cheapest boxes and Wheat- 
stone bridges should not be less accurate than 0.2 of 1 per cent in 
their rheostat and 0.1 of 1 per cent in their ratio, arms. 

1408. Some Features of Outside Construction. — The classical 
method, for many years the only one employed, of making the 

o. 


Fig. 1408a. 

desired combinations of resistance coils, is to use brass blocks 
mounted on hard rubber plates, which are connected by plugs 
inserted between them. In recent years other methods have come 
more and more into favor, especially where it is required to obtain 
the desired values rapidly. Among such of special value is the 
method of dial contacts. 

The chief advantage in the use of plug contacts consists in the 
great number of combinations which can be effected with com- 
paratively few blocks and plugs. The advantage has long been 
claimed for plug contacts that this form of contact has the least 
resistance. This advantage, however, cannot be allowed for plug 
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contacts if certain other forms of contacts are correctly designed 
and constructed. 

In resistance sets of the plug-type it is desirable to use a correct 
type of plug. This should have a proper taper to fit the holes 
between the blocks. The hard rubber head should be easy to 
grasp without hurting the fingers and should not work loose. 
The t^T^e of plug designed by the author, and shown in Fig. 1408a 
meets these conditions and has been much used on high-grade sets. 

Brass blocks when used should be of sufficiently heavy con- 
struction to permit undercutting so the base of the blocks will be 
separated to give sufficient surface insulation over the hard rubber 
top of the resistance set. This is important because hard rubber, 
which is exposed to light for a long time, deteriorates in its sur- 
face insulation. 



Fig. 1408b. 


In Fig. 1408b is shown a high-grade Wheatstone-resistance set of 
the plug decade type which is intended to embody all of the best 
and latest features of Wheatstone-bridge construction. This set 
is of the four-coils-to-the-decade type as described in par. 503. 
An extra coil is added to the decade of lowest denomination. This 
extra coil is added to enable the set to be checked up. It is pos- 
sible to compare every coil in a set with every other coil in the set, 
and to completely intercheck the different decades. 

A particularly fine type of a ‘five-dial Wheatstone bridge, con- 
structed for the author, embodies the following special features* 
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of construction: The case of the bridge is made of glass which 
gives a full view of the coils and inside wiring. The rheostat 
consists of five dials, the one of lowest denomination reading in 
0.1 of an ohm. The ratio arms can be plugged to give ratios 1 to 
10,000 or 10,000 to 1 with many other ratios lying between these 
extremes. The four-coils-to-the-decade construction is used in 
the rheostat (see § 503) and Schone’s arrangement is used in 
the ratio arms (see § 509). The accuracy of adjustment of the 
coils in this bridge is better than 0.02 of 1 per cent in the rheostat 
and still better in the ratio arms. • 



Fig. 1408e. 


The form of dial construction which perhaps has met with most 
favor is the one used by Otto Wolff of Berlin in all his resistance 
sets and potentiometers. A top view of an Otto Wolff five-dial 
Wheatstone bridge is shown in Fig. 1408c. 

Dial switches are only employed for the rheostat, the values in 
the ratio arms being obtained with plugs inserted in blocks. 


CHAPTER XV. 

DEFLECTION INSTRUMENTS AND GALVANOMETERS. 

1500 . Distinction Between Indicators and Deflection Instru- 
ments. — We shall discuss these chiefly from the standpoint of 
their employment in resistance measurements. 

As resistance measurements may be broadly divided into de- 
flection methods — in which the value sought is determined in 
terms of the deflections obtained with a deflection instrument 
— and null methods — in which a current detector is used 
merely to indicate when no current is flowing in its circuit — 
the instrumental requirements for the two methods are quite 
dissimilar. 

For deflection methods the instruments used are voltmeters 
and ammeters, pointer galvanometers, and mirror galvanometers 
with telescope and scale or lamp and scale. 

When deflection instruments, voltmeters and pointer galva- 
nometers are used for measuring resistance it is required that the 
pointer should accurately return to zero after being deflected and 
that the scale be as long as practicable. This should be either 
carefully calibrated for correctly measuring equal increments of 
current, or if the scale divisions are equally spaced the deflections 
should increase proportionally with the current. If the above 
requirements are met, then the possible precision obtainable will 
increase with the number of smallest divisions marked upon the 
scale. 

The damping of the system of such a deflection instrument 
should be such that the deflection will reach quickly its maximum 
value without any oscillation. It is much easier to take close 
readings — when the measuring current is not very steady — if 
the instruments are aperiodic or critically damped. 

It is not generally required that deflection instruments, when 
used for measuring resistance, shall have a very high sensibility, ex- 
cept when used for insulation testing by direct deflection methods. 
A good voltmeter of the Weston type will have about 100 ohms 
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to the volt and consequently, for full scale deflection, will take 

about , = 0-01 ampere. A current of this magnitude will 

lOjUOL) 

cause very little heating in any resistance which is measured — 
tho even this small current will alter the resistance of a timgsten 
lamp-filament which, consequently, cannot be measured accurately 
with a voltmeter. One need for sensibility in such an instrument 
is to be able to use so small a measuring current that resistances 
will not be appreciably heated. 

Portability is a feature which is generally sought and is, of 
course, obtained with all instruments of the voltmeter or am- 
meter type. 

For measuring insulation resistance by direct deflection specially 
designed and constructed galvanometers which have high sensi- 
bility and proportional deflections are required. These high 
sensibility insulation-testing galvanometers were formerly of the 
moving-magnet type, the typical instrument being the mirror 
galvanometer of Lord Kelvin. The improvements which have 
been made recently in moving-coil or D’Arsonval galvanometers 
have been such that these are now much more generally used. 
Their sensibility is suflacient for most classes of work and they 
are much more convenient to use. They have a stable zero, their 
deflections are nearly proportional over a scale a meter long set 
at two meters from the mirror, and they may be' made portable 
for outdoor work. The best of these instruments represent the 
highest art in galvanometer design. We shall discuss later their 
more prominent characteristics. 

i The instrument most universally employed in resistance measure- 
ments, made by any null method, is a galvanometer. Galvanom- 
eters are so varied in form and character that we can only consider 
a few of the most prominent facts regarding them. 

The system of a pointer instrument or mirror instrument, whether 
of the moving-magnet, or the moving-coil type, is essentially an 
oscillating system. But in resistance measurements — where the 
null method is used — the possible amplitude of the oscillation 
need not be large and proportionality of the deflections is not 
important. In fact, if a galvanometer is to be used expressly for 
measuring resistance by a null method, the movement of its 
system may be limited by stops as there is no necessity that its 
pointer or mirror should move thru more than a very small angle 
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to indicate when current is passing. This simplifies the design 
of zero indicators, for the rather difficult requirement of giving 
the instrument proportional deflections over a long scale does not 
need consideration. 

Zero-current indicators or galvanometers of a portable type 
which have a pointer that moves in either direction from the 
center over a scale of 10 or 20 divisions can be obtained that are 
portable and sufficiently sensitive for the great majority of meas- 
urements of resistance between 1 and 100,000 ohms. 

Very many resistance measurements are made with a slide wire 
or Wheatstone bridge in factories and colleges where a pointer 
galvanometer would be found amply sensitive and far more 
convenient to use than the suspended coil, mirror type of gal- 
vanometer so generally employed. A good pointer galvanometer 
of 300 ohms resistance should deflect over its scale 1 mm. with 
1 volt and with 0.5 to 1 megohm in series. It should be just short 
of critically damped, and come to rest, after the key is closed," in 
from two to three seconds. This type of instrument — which can 
be obtained at half the cost of the better types of suspended coil 
instruments — is strongly advocated for the use of elementary 
laboratory students. It will be found suitable for all general 
Wheatstone-bridge work not requiring accuracies of over 0.05 to 
0.1 of 1 per cent. Such instruments are made by Weston, Paul, 
of London, and others. 

The author also has given much attention to the development 
of this type of galvanometer and the following is a brief descrip- 
tion* of the new type which he designed and which is now marketed 
by the Leeds and Northrup Co. 

1501 . Pointer Type, Flat-coil Galvanometers. — The gal- 
vanometer is called a fiat-coil galvanometer and is a somewhat 
radical modification of the moving coil instrument. The modi- 
fication was made by the author to make the moving coil instru- 
ment into a sensitive, substantial and portable galvanometer in 
which suspensions might replace the customary jewels. A 
suspended system may be arranged to withstand rougher handling 
than a system mounted in jewels, and there is the further 

* For a more detailed description of this and other galvanometers consult 
a paper by the author in the Journal of the Franklin Inst., October, 1910, 
entitled, “The Comparison of Galvanometers and a New Type of Flat-coil 
Galvanometer,” from which paper much of what is given here is taken. 
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marked advantage in a suspended instrument that there is noth- 
ing which corresponds to an initial pivot friction. If very minute 
deflections of a pivot instrument are optically magnified, they 
will be found to be erratic and in no wise proportional to the 
forces acting. A suspended instrument, on the other hand, will 
deflect somewhat with the feeblest force, and if its minute 
deflections are highly magnified by optical means, they will be 
found to be proportional to the deflecting force. This circum- 
stance especially adapts a suspended instrument to null measure- 
ments. Furthermore, the disk-like shape of the moving system 
lends itself in a portable instrument, with a suspended system, 
to a construction which requires a comparatively small height. 



Fig. 1501a. 


Fig. 1501a shows the construction of one type of this instru- 
ment, used as a pointer instrument which is portable. The cut is 
made complete and explicit to save lengthy description. The 
same instrument as it appears when mounted in its case is shown 
in Fig. 1501b- 

It will be observed that when current energizes the four disk- 
like coils they all contribute to produce rotation in the same 
direction. A reversal of the direction of the current reverses the 
direction of rotation, the deflections, with equal current, being the 
same to either side of the zero. 
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At first sight this form of system might seem bad for giving a 
high figure of merit because so large a portion of the moving parts 
are far removed from the axis. While 
this is true, there are compensating ad- 
vantages which practice shows make the 
galvanometer very creditable in respect 
to figure of merit, while many features 
are secured which have practical worth. 
In the first place, as the galvanometer 
has no iron core, there are only two air 
gaps, one above and one below the 
coil, instead of four, as required by the 
D^Arsonval galvanometer with an iron 
core; in the second place all of the mag- 
netic field is active at all times in pro- 
ducing a turning moment, regardless of 
the angular position of the system. In 
the D’Arsonval type, a " magnetic field 
must be provided for the system to deflect into. This is shown 
by Fig. 1501c. 




Fig. 1501b. 


Thus if the coil section Ci occupies one fifth of the air gap, or 
space in which the coil turns, then four fifths of the magnetic 
lines are at all times idle. Magnets of sufficient strength and 
capacity must be supplied to furnish five times as many magnetic 
lines as are at any one moment used. The flat-coil galvanometer 
has a large advantage in this respect. 

Moreover, the aluminum form in which the four coils are held 
serves admirably as a magnetic damper. Further, if the instru- 
ihent is to serve as a ballistic galvanometer, its moment of inertia 
can be made very great out of material which is active in produc- 
ing a turning moment and for such service the construction is 
ideal. 
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The best proportioning of the system and coils to give specific 
results has received at the hands of the author much thought and 
calculation. 

The accessory features connected with this galvanometer, as 
magnet, suspensions, etc., deserve a few remarks. 

The galvanometer is mounted in a small wooden box and is 
very portable. For ease in shipping and in manufacture cast- 
iron magnets are used. These are very suitable, and if properly 
proportioned they give a field which is as strong as can be used 
with advantage in a galvanometer in which the sensibility is made 
large by the use of a weak suspension. There are always magnetic 
impurities in the coil system. The magnetic field in which the 
coil swings acts on these impurities, probably, in rough proportion 
to the square of the field strength. The result is, that the system 
takes on a polarity and tends, irrespective of the suspension, to 
set in a particular angular position. To show this strikingly, 
place the poles of a fairly strong permanent U-magnet near the 
poles of an ordinary wall form D’Arsonval galvanometer of about 
400 megohms sensibility. It will generally show a permanent 
deflection of from 10 to 20 scale divisions as long as the U-magnet 
is held on. 

The natural zero of the galvanometer is the position taken by 
the coil, which position is the resultant of the torsional force of 
the suspension, and the magnetic action of the field upon the 
magnetic impurities in the coil. When the field is weakened or 
changed in direction, the resultant controlhng force, changes, and 
hence a deflection results. In attempting an accurate measure- 
ment, by the Kelvin double bridge, of the resistance of a 3000- 
ampere standard low resistance, the author recently used a 
D’Arsonval galvanometer in close proximity to one of the con- 
ductors carrying 1000 amperes. Whenever the circuit thru the 
low resistance was closed the galvanometer deflected one scale 
division by the influence of the field external to the conductor. 
This deflection' would have produced an error in measuring the 
resistance of 0.1 of 1 per cent, if it had not been discovered. 
The galvanometer was a very good one and the circumstance is 
related to show how precautions against exterior fields must be 
taken sometimes, even with moving-coil galvanometers. It also 
shows that little, if any, improvement can be obtained in weakly 
controlled galvanometers by using magnetic fields greater than 
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can be obtained with cast-iron magnets. It may be 
here, also, that the chief cause of zero shift in sensitive P ^ 
galvanometers is due, not to the '' set '' in the suspensi^ 
a “ magnetic set ” which the coil takes when deflected 
field. 

If a galvanometer is to have a quick period and a 
trol, and be magnetically damped, then it is desirable 
magnetic field of high intensity, such as can be secured 
using soft Swedish iron pole pieces and permanent steel 
of the best quality. 

Galvanometers which carry a pointer, or a mirror^ 
intended for use on shipboard or for easy transport£i> 
setting down without leveling, must be suspended betwo 
and lower suspensions which are taut. Guards which - 
movement of the system in all directions, together witb 
spring in both upper and lower suspension, will effectually 
the suspensions breaking, even when the galvanometea 
jected to severe jars. 

It is desirable, however, to make the tensile strengt 
suspensions great without undue increase in their torsional 
The tension on the suspensions may then be made consideii 
it becomes easy to accurately balance the system. This 
balancing is essential to a steady zero and to make the sy s 
from vibrations. A system, held between two taut sus} 
which is slightly unbalanced about its axis of rotation 
more influenced by tremors than one which is carefully t 

The tensile strength of the suspension can be increases c 
without an increase in its torsional moment by making 
number of round wires laid together in a cable, instead of 
wire. Thus: 

Let n = the number of wires laid together, 
d = the diameter of a single wire. 

Then the torsion of one wire is where S is t] 

section of one wire. • The total torsion of the n wires is 

T Qcnd'^ccnS^. 

If these n wires were to be combined into one, the tensile 
would remain the same, but the torsion would now be 

Ts cc (nSy. 
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Hence, L = 2^ = 1 m 

T. n ^ 

This conclusion, that with equal tensile strength the moment 
of torsion decreases with the number of strands into which a 
given cross-section of wire is subdivided, has great practical 
value. It is much employed in galvanometer constructions where 
the galvanometers are to be made portable. Experience shows 
that there is no slipping of one strand over the other in a manner 
to develop friction and uncertain return to zero. 

The flat-coil type galvanometer here described is admirably 
suited to a differential instrument, especially for use in tem- 
perature measurements with resistance thermometers. Its appli- 
cations to this service have been pointed out by the author in a 
former publication.* 

When used as a deflection galvanometer, its deflections are not 
as proportional to the current flowing as might be desired. Fig. 
1501d is a curve which gives the average performance of the 
instrument in this respect. 



This type of galvanometer may be given any resistance from 
20 ohms to 300 ohms. One made with a steel magnet and of 
300 ohms resistance will have a sensibility of about one millimeter 
deflection upon its own scale with 1 volt and 1 megohm m series 
when the period for one complete oscillation of its system is 1.5 
* “ Cooling Curves and a New Type of Apparatus for their Automatic 
Registration,” Proc, of the Amer. Electrodmm. Soc., May 7, -1909. 
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seconds. The system is magnetically damped by its aluminum 
coil frame to be slightly less than just aperiodic. 

1502. Sensitive Galvanometers for Refined Measurements of 
Resistance and Insulation Testing. — For precise measurements 
of low resistance, using a Kelvin double bridge, and for measuring 
the insulation resistance by direct deflection the pointer type of 
galvanometer has insuJfficient sensibility and some type of mirror 
galvanometer with a suspended system is usually required. 

To aid in the selection, understanding and use of galva- 
nometers to meet the above requirements we shall now give a 
brief outline of the fundamental principles upon which these 
instruments operate. Some of the principles will also be dis- 
cussed which will assist in making a rational comparison of the 
merits and usefulness of the very many different types and 
forms of mirror galvanometers which the instrument maker 
supplies. 

1503. The Equation of Motion of a Galvanometer System. 

— The systems of all galvanometers may be considered, and are 
to be mathematically treated, as oscillating systems. The move- 
ments of such systems obey the same laws and are expressed by 
the same equation of motion as the oscillations of a pendulum 
bob which is damped in its movements by swinging in a viscous 
fluid. When, also, the electricity in an electric circuit, that con- 
tains a condenser, a self-inductance, and an ohmic resistance, is 
allowed to oscillate freely its motion can be expressed by an 
equation of the same form as expresses the oscillations of a volt- 
meter system. Thus it is that the solutions which are given in 
many treatises and textbooks for the oscillations of electricity 
may be applied — by a simple change of constants — to the 
movements or oscillations of the moving systems of all types of 
deflection instruments. Those, therefore, who desire to study 
the laws which govern the motions of deflection instruments will 
do well to keep the above analogy in mind and study some one 
of the many treatments which are very fully given for the elec- 
trical case. 

The equation of motion, which governs all freely oscillating 
systems, when put in a form that applies to a galvanometer system 
is expressed as follows: 


df 


+ B'^^ + Ke = o. 


( 1 ) 
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Here 

e = the angle thru which the system has turned, 
t = the time, 

I = the moment of inertia of the system, 

B ^ constant called the coefficient of damping, and 
Z = a constant called the moment of torsion. 

The analogous equation for the motion of electricity in a cir- 
cuit is 

where 

q = the quantity of stored electricity, 
t = the time, 

L = the coefficient of self-induction of the circuit, 

JS = a constant — the ohmic resistance of the circuit — and 

i = a constant the reciprocal of the capacity of the circuit. 

0 

The forms of Eqs. (1) and (2) being identical their solutions 
will be the same with the exception of the arbitrary constants 
involved. 

It is not our purpose to give here the solutions of these equa- 
tions, but merely to point out the useful conclusions to be drawn 
from them. Readers who are interested in the mathematical side 
of the subject are referred to the following books and papers: 

Lamb’s “ Infinitesimal Calculus,” page 512 and preceding pages. 

' ‘ Instruments et Mdthodes de Mesures Electriques Industrielles par 
H. Armagnat, 1902 edition.” Physical Review, March, 1903, 
page 158, where is contained an excellent article by 0. N. Stewart 
on “ The Damped Ballistic Galvanometer.” Also, “ Alternating 
Currents,” by Bedell and Crehore. As shown above, all facts 
deduced by the two latter authors from the equations of motion 
concerning the electrical case apply, with modification of the 
constants only, to the mechanical problem. 

Some deductions to be drawn from the differential equations 
and their solutions may be considered as follows: Suppose we 
substitute for the scale a photographic film which is drawn along 
in a vertical direction at a uniform speed while a spot of light is 
reflected from a mirror on the coil upon this film, it being assumed 
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that, when the coil deflects, the spot of light moves over the film 
in a horizontal direction. If the coil has been deflected in any 
manner thru an angle dm and then left to swing freely, the spot of 
light will trace on the photographic film a certain curve. The 
form which this curve will have will be entirely dependent upon 
the values given to the constants 7, 5, in Eq. (1). 

In Fig. 1503 are given some characteristic curves which might 
be obtained in the above way, and which show the effect of varying 

the magnitude of the constants. 

The movement of the system is 
'Periodic if it passes the zero position, 
or position of equilibrium. This case 
is illustrated by curves I, II and III. 
If there is no damping, that is, if the 
constant B is zero, the system oscil- 
lates indefinitely and equal distances 
each side of the zero. This is illus- 
trated by curve 1. If B is small, but 
not zero, the damping is only par- 
tial, as curve II best illustrates, the 
magnitude of the oscillations gradu- 
ally decreasing. 

For a certain critical value of B the system returns with the 
maximum speed possible to zero without passing it. The system 
is then just aperiodic, and is in the most favorable condition for 
rapid working. Curve IV illustrates this case. We shall desig- 
nate this as critical aperiodic motion. If B is still larger, that is, 
if the damping is greater than the critical value, the return to 
zero is slower. As B increases the time of return to zero increases 
more and more and, when B is very large, the galvanometer is in 
the most unfavorable condition for rapid working. In this case 
the zero is not only rendered uncertain but the movement of the 
system is very slow near the zero position, which makes it uncer- 
tain when the zero has actually been reached. The same remarks 
apply to the outward deflection when current is applied to the 
galvanometer, the outward and return deflections taking place in 
the same time and in a similar manner. Curves V and VI illus- 
trate this condition. 

The extent to which a galvanometer system is damped is inde- 
pendent, in the case of moving-magnet galvanometers, of the 
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resistance in the circuit external to the galvanometer, but depends 
only upon the frictional or air damping of its system. In this 
respect a moving-magnet galvanometer is more convenient to use 
than a moving-coU galvanometer, the damping of which varies 
greatly with the resistance in its external circuit. In any situa- 
tion or with any type of galvanometer the best conditions of 
working will be realized when the damping is adjusted so the 
System returns to zero aperiodically, as exemplified in curve IV. 
In the use of a moving-magnet galvanometer this adjustment of 
the damping may be effected by shunting the galvanometer with 
a certain resistance or by hanging upon its coil a closed metallic 
circuit, as a rectangle of copper wire, or by both methods combined. 

If the galvanometer, of the moving magnet type, is used in low- 
resistance measurements with a Kelvin double bridge it will always 
be upon a closed circuit and this closed circuit may have a resist- 
ance which is lower than the critical damping resistance. In this 
case the galvanometer will be overdamped and there is no re- 
course for reducing the damping other than to increase the torsion 
of the suspension, or to weaken the strength of the magnetic 
field; but both of these procedures will diminish the sensibility 
of the galvanometer. It should be mentioned, however, that 
sensibility is directly proportional to the field strength while' 
damping is proportional to the square of the field strength, and 
so a considerable decrease in damping may be effected by reducing 
the field strength (by magnetically shunting the field magnet) 
without producing a corresponding decrease in sensibility. 

1504. Comparison of Galvanometers. It should be stated 
at the outset that “ sensibility ” is only one of many requisites 
which a galvanometer, useful for resistance measurements, should 
possess. Nor will an understanding and solution of the general 
equation of motion of a galvanometer system, possessed of a 
moment of inertia, a moment of torsion and a damping factor, be 
of much aid either in the design or in the selection of a good 
galvanometer. The merits of any galvanometer should be judged 
by its adaptability to the work it has to perform. The problem 
of estimating what is essential to usefulness in any galvanometer 
must be solved by methods which only experience in use and 
design can teach. 

Every galvanometer design, by necessity, is a series of com- 
promises. No one instrument can possess in full measure all 
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the qualities desired. Experience and judgment must guide to 
a proportionate selection of such diverse qualities as the follow- 
ing: Sensibility, short period, accurate return to zero, tensile 
strength of suspension, freedom from easy disturbance by external 
influences such as air currents, accurate balancing of the system 
to lessen the effect of vibrations, proportionality in the deflec- 
tions, strength and uniformity of the magnetic field, clearness of 
scale and ease in reading, freedom from magnetic impurities in 
the system of moving-coil instriunents, variable or fixed damp- 
ing to secure aperiodic return to zero, proper coil clearance for 
free motion and ease of adjustment, arrangements to facilitate 
transportation, freedom from parasitic currents resulting from 
internal thermoelectric forces, proper resistance of coil and sus- 
pensions, permanence of the galvanometer constant and magnitude 
of its temperature coeflflcient, provisions for easy inspection of sys- 
tem and replacing of suspensions, high insulation where required, 
facility in mounting, adaptability to general classes of work as well 
as to a specific service, ease in assembling, grace in appearance, and 
a construction which is moderate in cost. Besides understanding 
such features in practical design, one must also understand the fun- 
damental principles which underlie every galvanometer, if the best 
possibilities of the instrument are to be secured. As a beginning 
in design or in selecting an instrument for use, particular qualities, 
required for a particular service, should have special attention. 
No imiversally serviceable instrument of this class, equally good 
for all kinds of work, ever was or ever will be constructed. 

These preliminary remarks hint at the scope of the subject of 
galvanometer construction, and emphasize the necessity one is 
under, if he would pass judgment upon the merits of a galvanom- 
eter, to have first a clear conception of the use for which the in- 
strument is intended.* A galvanometer admirably adapted to 
show the readings of a bolometer giving the energy distribution 
in the spectrum would make a poor lecture-room instrument for 
general demonstration purposes, nor would it be suitable to put 
into students’ hands for Wheatstone-bridge work. 

A common basis for comparison of the respective worths of 
galvanometers of diverse pattern, in respect to the single quality 
which has been termed the figure of merit,” may be reached 
with a fair degree of satisfaction. A clear physical conception 
of this feature and what it means will be a useful preliminary 
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to any estimation of the worth of any current-measuring in- 
strument. 

Let (Fig. 1504) Ga and Gh represent, diagramatically, two sys- 
tems of any type of moving-coil galvanometer. Let these systems 
be held by suspensions Sa and attached at points pi, p 2 and 
fi and P 2 '. 
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Fig. 1504. 


Suppose the coil-winding of each is on a metal frame of such 
cross-section and conductivity that, when the system rotates in 
the magnetic field, its return to zero from a deflection is just 
aperiodic in virtue of the currents induced in the frame. To have 
this condition always fulfilled, one may conceive the conductivity 
of the frame to vary whenever the moment of inertia of the sys- 
tem, the torsion of the suspension, and the strength of the mag- 
netic field are varied. This premised, let such a current pass 
thru each system that it will be rotated thru a standard angle 
6, which may be made always the same by varying the strength 
of the current. Evidently the current which will be required to 
produce this deflection will depend upon many factors, chief 
among which are the strength and uniformity of the magnetic 
field, the torsional force of the suspension, the length and number 
of turns in the coil, and the degree of freedom from magnetic 
impurities in the system. 

The system, starting from rest, will require a certain time T 
after the current is applied, to complete a certain fractional part 
of its aperiodic deflection. To be definite, assume that the de- 
flection is practically completed, when it has reached within 0.05 
of 1 per cent of its final deflection. This time T will be, for all 
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purposes of practical computation, the same as the time of a 
complete oscillation of the same system undamped. If I is the 
moment of inertia of any galvanometer system, then the square 
of its time of deflection, as above defined, or of a complete oscilla- 
tion if undamped, is proportional to this moment of inertia — or 

T^ocL 

Now so arrange matters that the same current thru each of the 
two systems Ga and Gb will produce in each the standard angular 
deflection b. Then the sensibility Sm of each system is the same 
and this sensibility will be inversely proportional to the current 
required to produce the deflection. If, however, the system Ga 
has a moment of inertia /«, and the system Gb a greater moment of 
inertia h, then Ga will reach its standard deflection in a shorter 
time than' Gb- The ratio will maintain 

Tb^ h 

By hypothesis, the sensibilities, that is, the currents required 
thru each to produce the standard deflection, are equal. Since, 
however, Ga deflects in a shorter time than Gb its suspension might 
be weakened until its time of deflection equals that of Gb- But 
with a weaker suspension it will take less current to produce 
the standard deflection. Hence, with equal times to make the 
standard deflection, the system Ga is more sensitive than the 
system Gb- 

Conversely, to make Gb deflect the same amount in the same 
time as Ga, its suspension- must be stiffened, and with a stiffer 
suspension it will require more current than Ga for the standard 
deflection. In this respect it is a less sensitive galvanometer 
than Ga- 

As it is always possible to vary within wide limits the torsional 
force of a galvanometer suspension, a galvanometer which is 
quick but not sensitive can be made more sensitive at the expense 
of quickness by changing its suspension, and a galvanometer 
which is slow but sensitive can be made quicker at the expense of 
sensibility. If we call Sm the sensibility of a particular galva- 
nometer and T its period, then the product Sm ^ cannot be in- 
creased by changes of the above character. We shall call this 
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product proportional to the useful sensibility of any particular 
galvanometer and write 


By T we must understand the time of a complete oscillationj 
if the galvanometer is undamped, or the time it takes to reach 
its final deflection within 0.05 of 1 per cent, if it is magnetically 
damped to be just aperiodic. 

For practical purposes of comparison of galvanometers, the 
time may be considered the same for the instrument in either of 
these conditions. 

While the sensibility /S^is inversely proportional to the current 
needed for the standard deflection, this current, if everything else 
remains the same, will be less as the number of turns in the coil 
is increased. Of two galvanometers which are to be used on the 
same constant-current circuit, and which are alike in all features 
except in respect to number of turns, that one which has the more 
turns will be the more sensitive. We can call, therefore, the 
sensibility of a galvanometer for use on a constant-current cir- 
cuit a quantity which is proportional to its number of turns n, 
and inversely proportional to the current i required to produce a 
standard deflection, or 

s^oc^- ( 2 ) 


Hence, its useful sensibility is 

To increase the number of turns we may proceed in either or both 
of two ways; the size of the insulated wire may be diminished and 
the same winding space be filled, or the wire may be kept the same 
size and the dimensions of the cross-section of the winding chan- 
nel may be increased. By the first method the moment of inertia 
of the system remains nearly the same. It would remam esactty 
the same, if in altering the size of the wire no alteration w'ere made 
in the density of the coil by changing the ratio of insulation to 
wire, thru a change of wire size. By the second method, the 
moment of inertia, and hence will be changed unless the length 
of the turns are also diminished in a proper proportion. 'W e have 
seen that U, the quantity which we have called the useful sen- 
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sibility of a galvanometer, cannot be changed by changing the 
torsional force of its suspension,, but it may be changed by 
changing the coil winding. Thus, in changing n, if the moment 
of inertia only is changed will be changed and TJ will be changed 
because the period changes, but if n is changed in such a manner 
as not to change the period then U> will change again because Sm} 
the sensibility, changes. If n is changed in such a way as to vary 
both Sm and U will still change unless the exceptional condi- 

tion is met, that n so changes that^ 2 ^®“i^i^s constant. We con- 
clude, by the above line of reasoning, that useful sensibility is a 
constant property of a particular galvanometer with a particular 
winding, but a quantity which usually varies when the coil windings 
are changed. But if we divide the useful sensibility by the num- 
ber of turns in the coil and write 


j, U S„. 1 

^ n'^ nT^ iP 


we obtain the new quantity F which has been designated the 
“ figure of merit ” of a galvanometer. 

The figure of merit of a galvanometer is a kind of “ specific 
quantity ” which attaches to every galvanometer. As the use- 
ful sensibility of a galvanometer cannot be improved by changing 
the torsional force of its suspension so also we cannot increase the 
figure of merit of a galvanometer by changing either its suspension 
or the turns which fill a winding space of fixed volume. A galva- 
nometer with a certain “figure of merit” is potentially, so to 
speak, capable of having a certain chosen period with a certain 
accompanying sensibility and number of turns, or a certain chosen 
sensibility with a certain accompanying period and number of turns, 
but to increase the figure of merit changes must be made in the 
field strength or in the proportioning of the galvanometer parts. 
As “ figure of merit ” attaches as a specific property to every 
galvanometer, it serves in a useful way to compare the intrinsic 
worths of various types of instrmnents. If, however, we wish to 
compare the figures of merit of different galvanometers, we cannot 
do so practically by using the expression above in its present 
form, because there is no easy way of counting the number of turns 
in the coils after the galvanometers are built. It is necessary, 
therefore, to find how the resistance of the coil is related to its 
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number of turns, for this is a quantity easily measured. To do 
this write 

where h = length of mean turn, 

W = diameter of wire and 
p = specific resistance of wire. 

If S = cross-section of channel and 

d = double thickness of wire insulation, then 

S _ ttS 

'^~(W + dy ■,rW^+2TWd’ ^ 

the term tt d* being neglected, as being very small. 

From Eq (6) we derive. ^ Wn^ ^ putting this 
value of ttW^ in Eq. (5) we obtain 

^°^S-2Wnd' 

Solving this quadratic [see appendix II, 7, Eq. (16)] and using the 
positive sign before the radical, we obtain 

nocVBS + BW^d^ - BWd. (8) 

When this value of n replaces n in Eq. (4) we have the result- 
ing expression, not involving n, for the figure of merit of a 
galvanometer, 

7 ? (9) 

^ T\{BS -b Bm^ -BWdV 

Except in cases where galvanometers wound with coarse wire 
are compared with galvanometers wound with very fine wire, the 
thickness d of the insulation may be neglected. We may con- 
sider S constant and we have, when we do this, 

i?’oc-%=oc-^oc^- (10) 

T^VB VB iT^ 

is the usual expression for the figure of merit of any galva- 

tVe . . 

nometer. In comparing galvanometers by it, the supposition is 
made that thickness of insulation is neglected and that the g^- 
vanometers compared are wound with wire of the same speci^c 
resistance. The specification which we shall adopt to define 
is as follows: 
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With the scale at 1000 scale divisions from the mirror, of a 
mirror galvanometer, the sensibility Sm is the number of megohruH 
which must be in the galvanometer circuit so that with ah E.M.F, 
of one volt in the circuit, there will result a deflection of one scale* 
division. With this understood, we can write 


f 

F == 




TWR 


( 11 ) 


A galvanometer would have, then, a unit figure of merit, if its 
time of a complete oscillation is one second (or which is practically 
the same thing, if its time of a periodic return to zero within 0.0»5 
of 1 per cent of its previous deflection is one second), and the re- 
sistance of its winding is one ohm, and if, with one megohm in 
series and one volt in circuit, its deflection, on a scale 1000 scale* 
divisions from its mirror, is one division. 

As this unit has received no name, we shall call it, for con- 
venience, a Arson. 

We can say, also in accord with the above definition of sensi- 
bility, that the sensibility is unity when one microampere pro- 
duces the standard deflection. Hence, if im = the microamperes 
in the galvanometer circuit. 



If Em microvolts are apphed at the terminals of the galvanom- 
eter of resistance R, we have 


E 

m or 


& 


K 

Em 


Putting this value of Sm in Eq. (11) gives 


F, = ^. 


( 12 ) 


The relation. (12) defines the figure of merit of a galvanometer 
in terms of its resistance, period, and the number of microvolts 
applied at its terminals to produce the standard deflection. 

As an example of the use of relation (11) suppose we have a 
galvanometer with a complete period of 5 seconds, a coil resistance 
of 400 ohms, and which deflects one scale division with one volt 
acting thru 500 megohms, then its figure of merit is 


F = 


500 

52V400 


= 1 D'Arson. 
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If this galvanometer were given a longer period, by using a 
weaker suspension, its sensibility would be larger, but F would 
not be altered by this change. It is evident that the coil might 
be wound, using the same size wire, to a smaller resistance, but 
if this were done the mass of the coil would be less and hence 
would be smaller. Both of these changes would contribute to a 
greater figure of merit. On the other hand, a smaller resistance 
would mean a smaller number of turns which would reduce the 
sensibility and hence diminish the figure of merit. Thus it is 
always open to the designer to so choose the winding and pro- 
portion the coil and to so arrange the strength of the magnetic 
field and other factors that F shall be large. The success with 
which he does this determines in considerable measure the per- 
fection of his design. 

It must not be forgotten, however, that the number of D’Arsons 
possessed by a galvanometer is not necessarily a final measure of 
its fitness for actual service. It may possess faults of many kinds 
which more than offset a large figure of merit. Chief among such 
is zero shift and magnetic impurities in the system, which tw^o, in 
fact, generally go together. There are also other common defects, 
as small coil clearance, inaccessibility of the parts, a poor optical 
system, an unproportional scale, a provoking tendency of the 
system to respond to small tremors, and a host of other minor 
defects which the user soon observes and condemns. 

If it were not necessary to load a galvanometer system with a 
mirror or a pointer for the purpose of reading the deflections, it 
would be possible by proper designing and by a great diminution 
in the size of the moving parts to realize an instrument which 
would possess an enormous figure of, merit as compared with an 
ordinary moving-coil galvanometer. This has in fact been done 
in the case of the Einthoven String Galvanometer, which has 
about 3000 times the number of D^Arsons of a good moving-coil 
galvanometer using a mirror and scale. We are led thus to the 
general consideration of what are the possibilities of obtaining a 
great figure of merit for galvanometers of the deflection type. 

In every galvanometer of this type we may consider the moment 
of inertia of its moving system as made up of two parts: One part 
is the moment of inertia which is contributed by the mirror, the 
pointer or whatever device may be attached to the system which 
is required for reading the deflections of the instrument. We 
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may make this reading device small but we cannot dispense with 
it altogether and preserve the instrument as a galvanometer of a 
t3rpe to which the name is ordinarily applied. Indeed, there are 
many practical considerations which soon put a limitation upon a 
continual diminution of mass of these parts. The other part is 
the moment of inertia which belongs to the moving wire or mag- 
nets, which constitute the effective working element of the system. 
This part of the total moment of inertia can be modified at will 
by the designer with the object of making the figure of merit of 
the galvanometer as large as possible. The question then arises, 
has the figure of merit a maximum value which the most skilful 
designing cannot exceed? If there were no “ dead parts '' attached 
to the system for reading deflections, then, theoretically, a gal- 
vanometer could be given, by proper designing, an indefinitely 
great figure of merit. ' This realization is obtained practically in 
the Einthoven String Galvanometer. But as long as galvanom- 
eters continue to be instruments the deflections of which are read 
with mirrors or pointers, there will be a theoretical maximum 
figure of merit which cannot be exceeded. The author has 
shown* that when we have chosen the moment of inertia of the 
winding of a rectangular coil, equal to the moment of inertia of 
the dead parts, mirror or pointer, the resistance of the coil re- 
maining always the same, we have designed the proportions of the 
coil such, that the galvanometer, in this respect, has the greatest 
figure of merit which it is possible to give it. 

Every consideration shows that in starting out to design a 
galvanometer of any type which is to have a large number of 
D'Arsons, one should begin by carefully considering the selection 
of the mirror, pointer, or other contrivance essential to reading 
the deflections, so that this contrivance may have the least possible 
moment of inertia; for it is the mass of these dead parts ” which 
ultimately sets a limit to the maximum figure of merit obtainable. 
The dispensing of reading parts ” in the Einthoven String 
Galvanometer is the essential reason for its enormous number of 
D’Arsons. Similar considerations hold for oscillographs, watt- 
meters, pointer voltmeters and ammeters and other deflection 
instruments in which a high figure of merit is desired. 

* See pages 255-256 Jour, of the Franklin Institute^ October, 1910, 
“The Comparison of Galvanometers and a New Type of Flat-coil Galvanom- 
eter/^ 
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In the above discussion attention has been confined chiefly 
to galvanometers intended for use on constant current or nearly 
constant-current circuits. This is the condition which applies 
when galvanometers are used for measuring insulation resistance 
by direct deflection methods. It also applies, tho to a less extent, 
when galvanometers are used, with considerable resistance external 
to themselves, in Wheatstone and Kelvin double-bridge measure- 
ments of resistance. When, however, galvanometers are de- 
signed for use with thermocouples and for reading millivolt or 
microvolt drops over low resistances, many points of design, as 
the galvanometer resistance, damping, etc., should receive atten- 
tion; but our limits will not permit a discussion of this phase of 
the subject. When dealing with galvanometers for use on con- 
stant potential circuits, it is preferable to use, as the expression 
for the figure of merit, the relation (12) given above. In this 
expression when Em = 1 microvolt, T = I second, and = 1 ohm, 
the figure of merit is unity, and then we may call the unit, a 
microvolt D’ Arson. 

We have collected in a table the essential characteristics of 
sixteen different well known t3^es of galvanometers, for which 
see table at end of paragraph. 

Number 16 is a galvanometer of the D’Arsonval type made 
by The Leeds and Northrup Company, which has the very 
high figure of merit of 2.80 D'Arsons. Its megohm sensibility, 
however, is but 121.8. Theoretically, a very fine suspension 
could be used until its sensibility reaches that of No. 13 which is 
1750 megohms. Practically, however, this would not be feasible, 
because the suspension would be finer than any wire on the 
market except Wollaston wire. But were such a fine suspension 
used, the more serious difficulty would arise that the coil would 
then be influenced to a relatively great degree by traces of mag- 
netic matter in the coil. This would produce a large zero shift 
on reversed deflections. Thus, for high sensibility work, as 
in cable testing, where the longer period is not too serious a dis- 
advantage, galvanometer No. 13 would be a much better instru- 
ment to use, altho its figure of merit is but 11.4 per cent of 
that of No. 16. 

In respect to Table I the following remarks may be added. 
For the Einthoven String Galvanometer (No. 1) the resistance of 
the string was reduced to its copper equivalent, and a magnifica- 
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tion of 100 was taken as the equivalent of a scale at 1000 scale 
divisions from a mirror. 3 

The data for No. 2 was taken from Siemens and Halske's re- I 

print No. 30, and the data for No. 4 was taken from an article by 
Dr. H. Sack in the same reprint. The data for No. 5 is from 
The Cambridge Scientific Instrument Company's catalogue. The 
data for No. 16 is based on the average of five instruments designed 
by the author, and made by The Leeds and Northrup Company 
in August, 1910. 

The Weston Voltmeter (No. 7) shows a figure of merit of 0.115 
D^Arson. In considering the meaning pf this low figure, it must 
be remembered that a light system has to carry a pointer which 
must be heavy enough to be perfectly rigid. The same system, 
fitted with a mirror, would show a much higher figure of merit. 

The design of this instrument, as every one knows, is most scien- 
tifically worked out, and the fact that its figure of merit is low 
simply emphasizes the fact that one must exercise great caution 
against estimating the real worth of an instrument by this feature 
alone. 


No. 

Type of instrument 

Method of reading 

Critical 
resistance 
for damp- 
ing 

Instru- 

ment 

resist- 

ance 

R 

Megohm 

sensi- 

bility 

Sm 

Com- 

plete 

period 

T 

Figure of 
merit in 

D 'Arsons 

Ti'/R 

n 

Einthoven string 

Microscope, 100 fold 

Aperiodic 

287 

5.2 

0.01 

3000.00 

*2 

Dubois Hubens, iron- 
clad moving mag- 
net. 

magnification 

Mirror 

Aperiodic 

290 

12200.0 

6.0 

20.00 

3 

Siemens & Halske, 
high sensibility — 

Mirror 

120 

200 

2500.0 

12.0 

1.24 

■^4 

Siemens & Halske, 
high sensibility 

Mirror 


290 

1220.0 

6.0 

2.00 

*5 

Ayrton- Mather 

Mirror 

Undamped 

20 

52.6 

3.5 

0.96 

6 

R. W. Paul, single 
pivot millivolt- 

meter 

Pointer 

25 

50 

21.4 

3.0 

0.33 

7 

Weston, voltmeter. , . 

Pointer 

Aperiodic 

75 

0.25 

0.5 

0.115 

8 

Weston, portable galv 

Pointer 

3000 

280 

13.8 

1.5 

0.37 

9 

L. & N-, type P 

Mirror 

140 

124 

85.0 

8.5 

0.10 

10 

L. & N., marine type 

Mirror 

Aperiodic 

1660 

21.4 

2.0 

0.131 

11 

L. & N., No. 2300 
standard four coil. . 

Pointer 

300 

300 

15.54 

2.5 

0.14 

12 

L. & N., type H. .. . . 

Mirror 

Aperiodic 

544 

295.0 

7.0 

0.26 

13 

L. & N., No. 2280 
wide coil 

Mirror 

Aperiodic 

1420 

1750.0 

12.0 

0.32 

14 

L. & N., steel magnet 

Pointer 

500 

230 

8.8 

1.3 

0.344 

15 

L. & N., special small 
four coil 

Mirror 

500 

85 

6.4 

1.0 

0.695 

16 

L. & N., No. 2280 nar- 
row coil 

Mirror * 

200 

180 

121.8 

1.8 

2.80 


Data not obtained by autbpr. 
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Fig, 1505. 


1505. Description of One Type of High-sensibility Galvanom- 
eter. — As it is not our purpose to discuss the structural details 
of galvanometers as made by the various instrument makers we 
can do no more in this respect than briefly describe, and give 
an illustration of, a single type of Mgh-sensihility galvanometer 
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(galvanometer 2280; Nos. 13 and 16 in the above table). The 
instrument is shown in Fig. 1505. It is furnished with a coil of 
medium width when intended for use in insulation testing and 
where high sensibility is more important than a quick working 
period. It may also be furnished with a very narrow coil, when 
it becomes best adapted to Wheatstone-bridge work, low resist- 
ance measurements by the Kelvin double-bridge principle and 
general laboratory work in connection with potentiometers, ther- 
mocouples, etc. 

Its more prominent features may be summarized as follows: 

The tube which contains the coil system makes one unit and the 
magnet another, so different tubes with coils of different charac- 
teristics may be fitted to the same magnet. 

The coil system is always exposed to full view. 

The deflections are very closely proportional to the current 
passed thru the coil. 

The damping of the system may be varied thru wide limits by 
removable copper rectangles which fit upon the coil. 

The suspended system may be locked by a clamping device 
when the instrument is to be carried about. 

The instrument as a whole is very highly insulated from ground 
by hard rubber, petticoat-insulated leveling screws. 

The figure of merit is high, the narrow coil type reaching 2.8 
D^Arsons, while the wider coil type of 1500 ohms resistance has a 
megohm sensibility of 1700 megohms with a period of 12 seconds. 

The suspension is easily replaced if broken, an event which is 
made unlikely by means of a protecting spring at the top of the 
suspension tube. 
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II. — MATHEMATICAL QUANTITIES AND RELATIONS. 

(1) Functions of ir and e. 

T is the ratio of the circumference to the diameter of a circle. 
e is the basis of the natural logarithms. 

IT = 3.14159 

- = 0.31830 

TT 

tt* = 9.86960 
= 1.77245 
logio T = 0.4971498 
loge T = 1.1447298 
e = 2.71828 

- = 0.36788 
e 

logio e = 0.4342944 
loge e = 1 

log. 10 = 2.3025850 
logio X = 0.43429 log. a:, 
log. X = 2.30258 logic x. 

If X — &>, then y = log. a:. 

(2) English-Metric and Metric-English Conversions. 

1 inch = 2.54001 centimeters. 

1 centimeter = 0.3937 inch. 

1 foot = 0.304801 meter. 

1 meter = 3.28083 feet. 

1 mile = 1.60935 kilometers. 

1 kilometer = 0.62137 mile. 

1 square inch = 6.452 square centimeters. 

1 square centimeter = 0.1550 square inch. 

1 cubic inch = 16.3872 cubic centimeters. 

1 cubic centimeter = 0.0610 cubic inch. 

1 U. S. liquid gallon = 3.78543 liters = 231 cubic inches. 

1 liter = 0.26417 U. S. liquid gallon. 

1 avoirdupois pound = 0.45359 kilogram. 

1 kilogram = 2.20462 avoirdupois pounds. 

1 avoirdupois ounce = 28.3495 grams. 

1 gram = 0.03527 avoirdupois ounce. 
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(3) Formulce for the Conversion of Temperature Scales, 

F = Fahrenheit degrees and C == Centigrade degrees, then 

C = -i(F- 32), 0°a = + 32°F. 

F = I C + 32. 0° F. = - 17.777° C. 

20° C. = + 68° F. 

- 40° C. = - 40° F. 

100° C. = 212° F. 

(4) Formulce for Temperature Coefficients, 

If a linear relation exists between electrical resistance (or re- 
sistivity) and temperature (only true, usually, to a first approxi- 
mation and for short ranges of temperature) then these relations 
hold. 


Pt = Po (1 + cd). 

( 1 ) 

Ph =. Po (1 + odi). 

( 2 ) 

II 

( 3 ) 

Pt — Po 

Oi = 3 

tpo 

■ ( 4 ) 


where po = resistance (or resistivity) at temperature 0 degrees, 

Pf = resistance (or resistivity) at temperature t degrees, 
ptx = resistance (or resistivity) at temperature ti degrees, 
and a = temperature-resistance coefficient which, by the as- 
sumption made, is a constant quantity. 

If a linear relation between resistance and temperature does not 
hold, then the resistance (or resistivity) at temperature t can be 
expressed, sometimes, in terms of the resistance (or resistivity) at 
0 degrees by the relation 

Pt = Po (1 + uiJ + ht^), (5) 

where a and h are constants which can be determined by experi- 
ment. 

Let (Tt = <70 (1 — ^t) (6) 

express the variation of electrical conductivity with temperature, 
upon the assumption that relation (1) above holds, then 



and 



( 7 ) 

( 8 ) 
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(5) Relations between Resistance and Conductivity, (Consult 
Chapter VII.) 

C.=«:!g“,0O, (1) 

or (2) 

Ca = per cent conductivity by Matthiessen’s meter-millimeter 
standard. 

I = length of conductor in meters. 

d = diameter in millimeters of conductor of uniform and cir- 
cular cross-section. 

S = cross-section in square millimeters of conductor of uniform 
cross-section. 

Rt = resistance in ohms of a length I meters at temperature 
t degrees C. 

^ ^ = a temperature coefficient, or the ratio of the re- 

po 

sistivity of the material at temperature t degrees C. to the 
resistivity of the material at 0 degrees C. 

When the temperature is 20° G. 6 = 1.07968 for copper. 

Use for calculation the value 8 = 1.08. 

It is nearly the same for all pure metals. 

If the cross-section is given in circular mils and is called V and we 


write 

1973.52’ 

(3) 

then 


(4) 

and 

0.14173 

RtW 

(5) 


C„ = per cent conductivity by Matthiessen’s meter-gram 
standard. 

W = weight of I meters expressed, in grams. 

( 6 ) 

where and C/ stand for conductivities instead of per cent 
conductivities and 

S = density of the material of the conductor. 
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Example (1). 

A copper wire is 2 mm in diameter and 4 m long, and has a 
resistance at 20° C. of 0.0223 ohm. By Eq. (1) its per cent con- 
ductivity by Matthiessen's meter-millimeter standard is 

Cs = nooQ ^ N/ I 98.76 per cent conductivity. 

Example (2). 

An aluminum wire is '2 m long and weighs 50 grams. Its re- 
sistance at 0° C. is 0.005585 ohm. Then 6 = 1 and by Eq. (5) its 
per cent conductivity by Matthiessen’s meter-gram standard is 

^ 0.14173 X 4 X 1 OAQ 4. 1 x- -x 

= 0.005585 X conductivity. 

Example (3). 

The density of aluminum is 2.7 and its conductivity is 0.615 
by the meter-millimeter standard, then by Eq. (6) its conductivity 
by the meter-gram standard is 

o oq 

CJ = X 0.615 = 2.0249 conductivity. 

For bimetallic conductors, as copper or aluminum conductors, 
with a steel core we have the following relations : 

(7) 

S = cross-section of the outside metal and 

5 = cross-section of core of the bimetallic conductor. 

S and a may be expressed in terms of any convenient unit pro- 
vided the same unit is chosen for each. 

C/' = conductivity of the outside metal and 

C/ = conductivity of the metal of the core, both by the meter- 
millimeter standard. 

Example (4). 

A conductor is made up . of a steel core which has a con- 
ductivity, by the meter-millimeter standard, 0.16, and of an 
aluminum covering which has a conductivity 0.61. The cross- 
section of the core is 2000 circular mils and that of the out- 
side metal is 4000 circular mils. Then by Eq. (7) the per cent 


MATHEMATICAL QUANTITIES AND RELATIONS 369 



conductivity by tbe meter-millimeter standard of the bimetallic 
conductor is 


_ 4000 X 0.61 + 2000 X 0.16 
4000 + 2000 
^ _ TFiC." + Tf2a',_ 

Wi + 


= 46 per cent conductivity. 


Wi = the weight of the outside metal and 
W 2 = the weight of the core. 

These weights may be expressed in any unit, provided the same 
unit is used for both. 

CJ' = conductivity of outside metal and 
CJ = conductivity of core; both by the meter-gram standard. 


Example (5). 

A conductor has a steel core of conductivity 0.20 by the meter- 
gram standard, and an aluminum covering of conductivity 2 by 
the same standard. 

For a given length of the conductor the steel core weighs 10 lbs., 
and the aluminum covering 8 lbs. Then by Eq. (8) 


Cy, = ^ ^ ^ 100 = 100 per cent conductivity. 

0 T" lb 

~ _q5tCJ' &lCw' 

~ 8.89(3 + 1) 


(9) 


q = ratio of the cross-section of the outside metal to the 
cross-section of the core. 

81 = density of the outside metal. 

Si = density of the metal in the core. 

CJ and CJ' have the same meaning as in Eq. (8). 


Example (6). 

In the conductor under example (5) the density Si of the steel 
core is 7, and the density S 2 of the aluminum covering is 2.7. 
The ratio of the cross-section of the outside metal to that of the 
core is, for the case chosen, 


S WiSt 8X7 
F 2 S 2 10X2.7 


2.074 +. 


As in example (5) taking CJ = 0.2 and CJ' = 2 then by Eq. (9) 
the per cent conductivity by the meter-millimeter standard is 
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2.074 X 2.7 X 2 + 7 X 0.2 
8.89 X (2.074 + 1) 
0.01594 19" 

* 8Ca" + sC/’ 


46.10 per cent conductivity. 

( 10 ) 


= -^ = the temperature coefficient of the bimetallic conductor, 
ito 


Rt — ohmic resistance in ohms at t degrees centigrade of I meters 
of the bimetallic conductor. 

Other quantities have the same meaning as above. 


Example (7). 

A bimetallic conductor 304.8 m long has a steel core 16.72 sq. 
mm cross-section and a copper covering 25.59 sq. mm. cross- 
section. The conductivity by the meter-millimeter standard of 
the core is 0.16, and of the covering 1.00. If at 20° C. the coeffi- 
cient 6" is found to equal 1.09, then by Eq. (10) the resistance of 
this conductor at 20° C. is 

_ 0.01594 X 304.8 X 1.09 
25.59 XU- 16.72 X 0.16 
P _ 0.14173 W 

* CJ'W^ + CJW,' 


= 0.1873 -h ohm. 

( 11 ) 


Example (8). 

A bimetallic conductor is 1000 m long. The weight Wi of its 
steel core is 180,000 grams, and the weight of its aluminum covering 
is 59,100 grams. The conductivity of the core by the meter-gram 
standard is 0.2, and of the covering 2.03. At 20° C. its tempera- 
ture coefficient is found to be 1.09. Then by Eq. (11) its resist- 
ance is 


0.14173 X 10002 X 1.09 
2.03 X 59100 + 0.2 X 180000 


= 0.9903 ohm. 



( 12 ) 


$ = value in dollars of a certain length of a certain conductor 
which weighs W lbs., and has a conductivity Cw by the meter- 
gram standard, if $i = the value in dollars of the same length of 
100 per cent conductivity (by the meter-gram standard) conductor 
which weighs TFi lbs. 
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Example (9). 

Suppose that 100 lbs. of a certain length of 100 per cent con- 
ductivity copper is worth $20, then by Eq. (12) 250 Ihs. of the 
same length of aluminum wire of 2.03 conductivity or 203 per cent 
conductivity, by the meter-gram standard, is worth 


20 X 250 X 2.03 
100 


$101.50. 


This is the value of the aluminum as compared with the copper 
wire when considered only as a conveyer of electric power. Equal 
weights of the same length of aluminum and copper have values, 
as conveyers of electric power, in the ratio of about 2 to 1. 

r = ^sc,. (13) 


$' = the value in dollars of a certain length of a conductor which 
has a cross-section S and a conductivity Ca by the meter-millimeter 
standard, when $ii = the value in dollars of the same length of 
100 per cent conductivity conductor (by the meter-millimeter 
standard) which has a cross-section Si. 


Example (10). 

Suppose that 100 feet of copper conductor of 105,625 circular 
mils is worth $64, then by Eq. (13) 100 feet of aluminum conductor 
of conductivity 0.6, by the meter-millimeter standard, and 133,225 
circular mils is worth 

= — X 133225 X 0.6 = $48.44. 

105625 

Equal cross-sections of the same lengths of aluminum and copper 
have values as conveyers of electric power m the ratio of about 

6 to 10. 

(6) Conversions from Practical, to EUdrostatic, to EUdromagnetic 
Units. (C.G.S. System.) 

= velocity of light = 3 X 10“ centimeters per second. 
iV = any number. Elst = electrostatic. Elmg = electromag- 

”^^77 coulombs = iV' 3 X 10» Elst units = N IQ-i Elmg umts. 

1 Elst unit of electricity = v-^ Elmg umt. 

^ ^ X 10-^ Elst units = NW Elmg units. 

3 
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1 Elst unit of potential difference = v Elmg units. 

N amperes = iV 3 X 10^ Elst units == A" 10“^ Elmg units. 

1 Elst unit of electric current = Elmg unit. 

N ohms = ^ X Elst units = N 10^ Elmg units. 

1 Elst unit of resistance = y- Elmg units. 

N farads = N 9 X 10^^ Elst units = N 10”^ Elmg units. 

N microfarads = N 9 X 10*^ Elst units = N Elmg units. 

1 Elst unit of capacity = y""^ Elmg unit. 

N 

N henrys = -g X 10“^^ Elst units = iV 10» Elmg units. 

1 Elst unit of self-induction = y^ Elmg units. 

25 

Examples: 25 ohms= X IQ-^^Elst units = 25X10^ Elmg units. 

5 microfarads = 5 X 9 X 10*'^ Elst units of capacity, 

5 

or 5 Elst units of capacity = microfarads. 

(7) Approximation Formulce* Certain other Expressions. 

In a mathematical expression it sometimes occurs that some 
quantities are very small compared with others. In such cases 
the expression may often be given a form which is more convenient 
for calculation if formula of approximation are used. 

In the expressions considered let a, h, c, d, etc., be magnitudes 
which are very small as compared with unity. The formula of 
approximation may then be given forms such that the corrections 
are contained in terms which are added to or .subtracted from 1. 

The following formulae can be shown to hold upon the above 
supposition, and will often be found convenient to use. Where 
the sign ± or =F is used before a quantity, either the upper or 
lower sign must be taken all thru the formula. 

In general (when a is very small compared with 1) 

(1 + a)” = 1 + ma; (1 - a)”* = 1 - ma. (1) 

For m = 2 

(1 + «)“* = 1 + 2 a; (1 — o)® = 1 — 2a. (2) 

For m = I 

+ a = 1 + f a; "v/l — a = 1 — ^ a. (.3) 

* The substance of what is given under this head has been selected from 
“Physical Measurements,” by Dr. P. Kohlrausch. 
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For m = — 1 


For m = — 2 


For m = — I 


— ^ — = 1 — a; rj = 1 

l+a ^ 1-a 

?: — — = 1 —2 a; jz — ^ = 1 + 2 a. 

(1 + a)2 ' (1 ay 


==l-|a; -~j=== = l+ia. (6) 

Vl + a vl-a 

(1 ± a) (1 rt h){l ± c) . . . = 1 ± a ± 6 zb c . . . (7) 

(lzba)(lbzc) . = 1 d::: a zb c . . . =F 6 =F cZ . . . (8) 

(1 ± 6)(1 ± d) . . . 

For the geometrical mean of two quantities, which are very 
nearly alike, the arithmetical mean may .be used. Thus 

If 5 signifies a small angle measured in radians (1 radian =57.2958 
degrees) then, 

sin (a: + 5) = sin a: + 5 cos x; sin 5 = 5, (10) 

cos (a: + 5) = cos a; — 5 sin a:; cos 5 = 1, (11) 

tan (x + 5) = tanx + ; tan5 = 5. (12) 

Also, if a quantity a is very small compared with a quantity 
X > 1, then 

log^ (x + a) = loge ^ (! + «) = «• (13) 

The true value of {a + 5)" is given by the expansion 

{a + by = a”' + na”'~^h + ^ a^-W + • • • (14) 

The exact value of (1 ± a)”" when < 1 is given by the ex- 

pansion 

(l±a)” = l±ma-l- g + (lb) 

Any quadratic may be put in the form x^ -b px = q. Its solu- 
tion is then 




III. — WIRE DATA AND FORMULiE. 

(1) Wire Table for Pure Copper; from Standard Underground Coble Co. 


The columns of this table are reproduced with the permission of the Standard Under- 
ground Cable Co., of Pittsburgh, Pa., from their “XVTI Hand-Book, Standard Underground 
Cable Co., Copyright, 1906.” 


B. &S. 

G. No. 

Diameter in mils 

< Area circular mils 

Length, feet per 
ohm 

liesistance in Inter- 
national ohms at 
68°F. = 20°C. 
Ohms per 1000 feet 

0000 

460.0 

211,600 

20,440 

0.04893 

000 

409.6 

167,800 

16,210 

0,06170 

00 

364.8 

133,100 

12,850 

0.07780 

0 

324.9 

105,500 

10,190 

0.09811 

1 

289.3 

83,690 

8,083 

0.1237 

2 

257.6 

66,370 

6,410 

0.1560 

3 

229.4 

52,630 

5,084 

0.1967 

4 

204.3 

41,740 

4,031 

0.2480 

5 

181.9 

33,100 

3,197 

0.3128 

6 

162.0 

26,250 

2,535 

0.3944 

7 

144.3 

20,820 

2,011 

0.4973 

8 

128.5 

16,510 

1,595 

0.6271 

9 

114.4 

13,090 

1,265 

0.7908 

10 

101.9 

10,380 

1,003 

0.9972 

11 

90.74 

8,234 

795.3 

1.257 

12 

80.81 

6,530 

630.7 

1.586 

13 

71.96 

5,178 

500.1 

1.999 

14 

64.08 

4,107 

396.6 

2.521 

15 

57.07 

3,257 

314.5 

3.179 

16 

50.82 

2,583 

249.4 

4.009 

17 

45.26 

2,048 

197.8 

5.055 

18 

40.30 

1,624 

156.9 

6.374 

19 

35.89 

1,288 

124.4 

8.038 

20 

31.96 

1,022 

98.66 

10.14 

21 

28.46 

810.1 

78.24 

12.78 

22 

25.35 

642.4 

62.05 

16.12 

23 

22.57 

509.5 

49.21 

20.32 

24 

20.10 

404.0 

39.02 

25.63 

25 

17.90 

320.4 

30.95 

32.31 

26 

15.94 

254.1 

24.54 

40.75 

27 

14.20 

201.5 

19.46 

51.38 

28 

12.64 

159.8 , 

15.43 

64.79 

29 

11.26 

126.7 

12.24 

81.70 

30 

10.03 

100.5 

9.707 

103.0 

31 

8.928 

79.70 

7.698 

129.9 

32 

7.950 

63.21 

6.105 

163.8 


7.080 

50.13 

4.841 

206.6 

34 ! 

6.305 

39.75 

3.839 

260.5 

35 

5.615 

31.52 

3.045 

328.4 

36 

5.000 

25.00 

2.414 

414.2 

37 

4.453 

19.83 

1.915 

522.2 

38 

3.965 

15.72 

1.519 

658.5 

39 

3.531 

12.47 

1.204 

830.4 

40 

3.145 

9.888 

0.9550 

1047.0 


No. 10 pure copper wire weighs 31.43 pounds per 1000 feet. 
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(2) The Ohm, 

1 international ohm = 1.06300 Siemens units. 

1 international ohm = 1.01348 British Association (B.A.) units. 

1 international ohm == 1.00283 legal ohms. 

1 international ohm = resistance at 0° C. of column of pure 

mercury, 106.3 cms long, weighing 
14.4521 grams, and of uniform cross- 
section. 

1 British Association unit (B.A.U.) = 0.986699 international 

ohm. 

1 legal ohm = 0.997178 international ohm. 


(3) Resistance of Wire Wound in a Channel. 

The following formula will enable the resistance to be calculated 
for any wire with any thickness of insulation when wound to fill 
a channel of any given volume. The formula assumes the wire 
is wound in square order and in a regular manner. The formula 
is approximate to the extent that terms which involve the square 
of the thickness of the insulation are neglected We have 


22 ,= 


1.27 Vp, 



( 1 ) 


In relation (1) 22, 
F 

Pt 

d 

h 


ohms at f to which wire winds, 
total volume of channel filled with wire, 
resistivity of wire at fj 
diameter of wire, 

twice the thickness of the insulation. 


Example. — To what resistance will No. 26 B. & S. copper wire 
wind per cubic centimeter, when its temperature is 20° C., and 
the double thickness of its insulation is 5 mils? 

In this case 


F = 1 cu. cm, 

P20 = 1.594 X 1.08 X 10-«, 
d = 0.0405 cm, 
h = 0.0127 cm (5 mils). 


These values placed in relation (1) give 
22, = 0.499 ohm. 
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(4) Certain FormuM for Wire* 

The wire is pure copper and at 20° C. ; bare. 

(Ohms per 1000 feet) = 10354 -4- (area in cir. mils). 

(Pounds per 1000 feet) = 0.0030269 X (area in cir. mils). 

(Feet per pound) = 330,360 (area in cir. mils). 

(Ohms per pound) = 3,420,400 (area in cir. mils)2. 

(Feet per ohm) = 0.096585 X (area in cir. mils). 

Area in circular mils = diameter in mils • 

For approximate calculations it may be easily remembered that 

1000 feet No. 10 wire = 1 ohm, 

1000 feet No. 13 wire = 2 ohms, 

1000 feet No. 16 wire = 4 ohms, etc., 

1000 feet No. 7 wire = J ohm, 

1000 feet No. 4 wire = J ohm, 

1000 feet No. 1 wire = | ohm, etc. 

To change microhms per centimeter-cube to ohms per mil-foot 
multiply by 6.014. To change ohms per mil-foot to microhms 
per centimeter cube multiply by 0.166. (Statement taken from 
Catalogue J, Driver-Harris Wire Company.) f 

IV.— PHYSICAL DATA. 

(1) Resistivity of Mercury. 

The following data was furnished the author by the Bureau of 
Standards. (In his own work the author has used the value, 
volume resistivity of mercury at 20° C. = 95.782.) 

The values for the resistivity of mercury are those computed 
from the temperature formulse of F. E. Smith of the National 
Physical Laboratory of England (Phil. Trans. 204, p. 112; 1904), 
C. E. Guillaume of the International Bureau (Comptes Rendus, 
115, p. 414; 1892), and Kreichgauer and Jffiger of the Reichsan- 
stalt (Wied. Ann., 47, 527; 1892). In the following table volume 
resistivity is given in microhms per centimeter cube and mass 
resistivity is given in ohms per meter-gram. 

* The constants under this heading are reproduced with the permission 
of the Standard Underground Cable Company, of Pittsburgh, Pa., from their 
“ XVII Hand-Book, Standard Underground Cable Company, Copyright, 1906.” 

t Since the material given in Appendix III was prepared, the Bureau of 
Standards has issued circular No. 31, entitled “ Copper Wire Tables.” This 
circular should be consulted for the most authoritative information upon wire 
sizes, standards, and temperature coefBcients. 
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Volume resistivity 

Mass resistivity 


0°O. 

20° C. 

100° c. 

0° C. 

20“ C. 

100“ c. 

Smith 

94.073 

95.783 

103.410 

12.7898 

12.9751 

13.8076 

Guillaume 

Kreichgauer and 

94.073 

95.782 

103.379 

12.7898 

12.9749 

13.8034 

Jaeger 

94.073 

95.782' 

103.56 

12.7898 

12.9748 

13.828 


The 0° C. values are computed from the quantities given in the 
definition of the international ohm, 14.4521 grams mass and 
106.300 centimeters length; and, in the case of volume resistivity 
at 0® C., the density is assumed to be such as to make the cross- 
section 1 mm.^ Smithes temperature formula was obtained from 
observations between 0° C. and 24° C., Guillaume^s between 0° C. 
and 61° C., and Kreichgauer and Jaeger’s between 14° C. and 
28° C. Accordingly the values given for 100° C. are based on 
extrapolation. 

The temperature formula for mass resistivity is of course not 
the same as for volume resistivity. Thus, letting 6 represent mass 
resistivity, p volume resistivity, and d density, 

^ — El , §L. 

^0 po do 

The temperature formula of resistance, as measured in a glass 
tube, is different from . either of the temperature formulas for 
resistivity. Thus, letting y denote the resistance as measured in 
a glass tube, and y^ the linear coefficient of expansion of the glass, 

11=:: El . _JL_. 

To Po 1 + ygt 

(2) Resistivities at 20° C.; Densities and Melting Points of the 
Solid Elements, 

Resistivity or the specific resistance is given in microhms. (To 
change to ohms multiply by 10“®.) The resistivity is the ohmic 
resistance between opposite faces of a centimeter cube of the sub- 
stance. Eesistivity is quite dependent upon the purity of the 
material, which is not generally recorded. It is not useful, there- 
fore, to record values beyond three, or at the most four, figures. 
Where values given by different observers differ a mean value 
is given here. The table is arranged in the order of decreasing 
resistivity. ■ # 
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Element 

Resistivity 
in mi- 
crohms at 
20® C. 

Density, 
grams per 
cubic cen- 
timeter 

Melting temperature, 
degrees C. . 

Pismnth 

119* 

9.80 

269 

Mercury 

95.782t 

59.5 

13.5462 

-38.80 

Silicon 

2.3 

1200 (?) 

629.2 ±0.5 F. P. 

Antimony 

41.3 

6.62 

Thorium 

40. 9t 

38 

11.3 

1690 

Arsenic 

5.73 

volatilizes. 

Strontium 

25 

2.54 

900 

Tellurium 

21 

6.25 

450 

Lead 

20.96 

11.37 

327 

Steel (1% C.) 

20 

7.8(?) 

11.9 

Thallium 

19§ 

14.7 

301 

Tantalum 

16.6 

2910 (?) 

38.5 

Rubidium 

12.3 

1.53 

Iron (0.1% C.) 

12.1 

7.86 

1505 (about) 

232 

Tin 

11.4 

7.29 

Tungsten (wire) 

6-12 

18.8 

3002 

Palladium 

10.78 

11.4 

1549,2=b2°F. P. 

Calcium 

10.5 

1.55 

780 

Platinum 

10.2 

21.5 

1755.0=1:5° F. P. 

Cobalt 

9.71 

8.6 

1489.8d=2.0 F. P. 

Nickel 

9.52 

8.9 

1452.3=1:2.0 F. P. 

Osmium 

9.5 

22.5 

2200 

Lithium 

9.0711 

9.0 

0.534 

186 

Indium 

7.12 

155 

Cadmium 

7.57 

8.64 

320.2=1=0.3 F. P. 

Potassium 

7.1111 

6.1 

0.862 

62.5 

Zinc 

7.1 

418.2=t0.3F.P. 

Rhodium 

6.04 

12.44 

1907 

Iridium 

5.34 

22.41 

2290 

Sodium 

4.87U 

4.571f 

4.0 

0.971 

97 

Magnesium 

1.72311 

8.6 

633 

Molybdenum 

very high. 

657 

1062.4=b0.8F. P. 

Aluminum 

3 

2.65 

Gold 

2.44 

19.32 

Copper 1 

1.721 

8.89 

1082 6=h0.8 F. P. 

Silver (99.9%) 

1.65 

10.5 

960.0=t0.7F. P. 
850 

Barium 

3 75 

Beryllium 


1.93 

2.5(?) 

1.87 

2.3 

6.12 

7.39 

6.96 

1.92 

3.54 

5.5 

4.15 

1430 

above 2000. 

26.4 

vaporizes at 
about 3720. 

810 

1200 (about) 

840 

444.6 (boils). 
2500 

1620 

1300 

Boron 


Caesium 


Graphite^ carbon 


Lanthanum 


Manganese 


Neodymium 


Sulphur (amorphous) 

insulator 

Titanium ^ 

Vanadium 


Zirconium 




* Changes in a magnetic field. 

§ Estimated. Value at 0®C. “ 17.6. , 


t See Appendix, IV, 1. || Estimated. Value at 0® C. « 8.4. 

I Estimated. Value at 15® C. — glO.l. "n" Author’s value. 
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The density of a substance may depend upon its previous treat- 
ment and its physical state; hence values are generally not given 
closer than three figures. The densities given are the grams per 
cubic centimeter of the substance at room temperature and at 
atmospheric pressure. When authorities differ a mean value is 
given. 

The melting point is given in degrees centigrade at which the 
substance melts. In the case of several substances the melting 
points are very sharp and have been determined with great care. 
They serve as fixed points of temperature which are used for 
reproducing the temperature scale. In these cases the symbol, 
F.P., follows the recorded temperature; the numerical figure, as 
± 0.8 states that the recorded temperature of melting is known 
within that number of degrees centigrade. 


(3) Data on a Few Alloys. 


Alloy 

Composition 

Maker 

Resis- 
tivity in 
mi- 
crohms 
at20“C. 

Temperature 
coefficient 
over small 
range 

Density 

Nichrome II 

Nichrome 

Climax 

Constantan 

German silver, 30% . , 

Therlo 

Manganin 

German silver, 18% . . 

Yankee silver 

Platinoid 

Ferronickel 

Brass 

Nickel -• steel 
60CU+40 Ni 

30 Ni+Cu+Zn 
Cu+Mn+Al 

84 Cu+4 Ni+12 Mn 
18 Ni+Cu+Zn 

62Cu+i5Ni+22Zn 

70 Cu+30Zn 

Driver- Harris 
Wire Co. 

109.6 

96.6 

87.1 

49 

48 

46.7 

44.5 

36 

33 

32.5 

28.2 

6 to 9 

0.00016 

0.00044 

low 

0.00001 

0.00023 

0.0000056 

0.00002 

0.0003 

0.00028 

0.00025 

0.002 

0.001 

8.02 

8.15 

8.14 

8.88 

8.15 

8.5 

8.5 

8.6 

8.4 to 8.7 


(4) Standard Solutions for Calibrating Purposes. (See §1121.) 

The table gives the resistivity pt at six temperatures t of NaCl 
and KCl solutions. 

The numbers in the columns are resistivities. They express the 
resistance in ohms of the solution (at the temperature in degrees C. 
heading the column) between opposite faces of a centimeter-cube 
of the solution. The reciprocals of the resistivities expressed in 
ohms are conductivities expressed in mho, cubic centimeter, units. 
[Note that the resistivity of a saturated solution is roughly one 
million times the resistivity of a pure metal.] 

n = normal solution. 
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Thus, ln = normal KCl = 74.59 gms. of the salt dissolved in 
1 liter, at 18° C., of pure water. 

NaCl, Sat. = saturated solution of NaCl at temperature head- 
ing a column. 


Solution 

o^C. 

8‘^a 

12® C. 

16® C. 

20® C. 

24° C- 

NaCl, Sat 

7.435 

5.924 

5.342 

4.847 

4.425 

4.062 

KCl, In 

15.288 

12.572 

11.509 

10.592 

• 9.797 

9.104 

KCl, 0.1 n 

139.86 

112.61 

102.14 

93.283 

85.690 

79.113 

KCl, 0.02 n 

657.9 

526.3 

'478.5 

436.7 

400.0 

369.0 

KCl, 0.01 n 

1282.0 

1031.0 

934.6 

852.5 

782.47 

721.50 


(5) Resistivities of Insulators. 

These vary so widely with the temperature, the purity and 
character of the material, the state of the surface,* and the con- 
ditions of the test, that the values given below are only roughly 
approximate and merely serve to indicate the order of magnitude 
of the quantities. Expressed in megohms resistance between 
opposite faces of a cubic centimeter of the material the resistivities 
of a few materials at ordinary temperatures are; , 

Paraffin wax = 3 X 10^^, 

Mica = 9 X 10», 

Ebonite = 2 X lO*, 

Porcelain, 50° C., = 2 X 10^ 

Rubber (used as insulation on wire) = 4.5 X 10®, 
t Fused Silica = 2 X 10®, 
t Glass (soda-lime) = 5 X 10^ * 

* Consult par. 815. i ^ 

t Nations^l Physical Laboratory, England. 
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A. 


' values of, 363. 


1000 -a' 

Accuracy, checked by using dif- 
ferent methods, 6. 

Ageing of thermometers, 304. 

Alloys, data on, 379. 

“Alternating Currents,’’ Bedell and 
Crehore, 205. 

Alternating current, resistance de- 
termined with, 199. 

Alternating-current resistance, appa- 
ratus to measure, 200. 


error in measuring, considered, 206. 
remarks upon, 199. 
test of method of measuring, 207. 
Aperiodic motion, 348. 
Approximation formulae, 372. 
Armagnat, H., 347. 

Arrangements of rheostat coils, 81. 

five plans described for, 81.^ 
Assumptions, when using deflection 
instruments, 20. 

Ayrton shunt, 160. 

errors in using, considers^ 164. 
full theory of, 160. 
galvanometer constant obtained 
with, 166. - 

insulation measurement using an. 


167. 

numerical illustrations in using an, 
165 : 

table relating to, 161. 


B. 

Babcock, H. D., 327, 

Balance, systematic method of ob- 
taining, 97. 

Batteries, curves for, 217. 


Batteries, — Continued, 
internal resistance of, 214. 
tested by condenser method, 215. 

Battery, resistance of, by Kelvin’s 
method, 235. 

resistance of, by Mance’s method, 
218. 

resistance of, by Siemen’s method, 
236. 

resistance of, by voltmeter and 
ammeter methods, 220. 

Battery resistance, alternating-cur- 
rent methods of measuring, 
226. 

bridge method of measuring, elec- 
trodynamometer detector, 230. 
bridge method of measuring, tele- 
phone detector, 226. 
diminished deflection method, 233; 
galvanometer deflection methods 
of measuring, 233. 
test of A. C. method of measur- 
ing, 228. 

Bedell, and Crehore, 347. 

Bell Telephone Company, 288. 

jSell Telephone Company method, 

■ 248. 

Bell Telephone Company test, 288. 

Bimetallic conductors, conductivity 
of, 368. 

Bridge, Bureau’s form for comparing 
, standards, 328, 329. 

Bridge wire, calibration of, 70. 

Bureau of Standards, 4, 148, 299, 301, 
326. 

Burgess, C. F., 29. 

Burgess, method of, 29. 

Bus-bar, measurement of current in, 
108. 

resistance of, 106. 
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C. 

Cable, insulation resistance per mile, 
169. 

Cables, faults on heavy underground, 
284. 

formula for calculating insulation 
resistance of, 185. 
insulation resistance of, 185. 

Calibration of bridge wire, 70. 
application of, 73. 
coils used for, 71. 
curve for, 73. 
sample measurement, 75. 
theory of method of, 72. 

Callender and Griffiths, 298. 

Capacities, comparison of, 285. 

Capacity and resistance, theorem on 
relation between, 186. 

Capacity of conductors in cables, 285. 

Cardew, Major, 156. 

Cardew’s electrometer method, 156. 

Carey-Foster bridge, mechanical de- 
sign of, 65. 

standardization of bridge wire of, 

68 . 

Carey-Foster method, connections 
for, 61. 

for comparing resistances which 
differ considerably, 66. 
methods for determining bridge 
wire resistance in, 63. 
shunt for bridge wire in, 65. 
specimen readings made with, 67. 
theory of, 62. 

three bridge wires used in, 65. 
unique feature of, 61. 
uses of, 65. 

Cell, standard cadmium, 3. 

Celluloid, specific resistance of, 179. 

Celluloid condenser, resistance of, 
176. 

C.G.S. System, conversion of units 
in, 371. 

Closed circuit, resistance measured 
without opening, 103. 
resistance of section of, 102. 

Columbia dry cell, resistance tested, 
229 


Combinations of resistance coils, 80. 
formulse for, 80. 

Committee on dry cell test, 218. 

Condenser, method of connecting a 
variable, 182. 

resistance of celluloid, 176. 
standard, 3. 

Condenser method of testing bat- 
teries, 215. 

Condensers, theory of leakage of, 
170. 

Conductance, defined, 132. 

Conductivity, calculated from resist- 
ance data, 148. 
of bimetallic conductors, 368. 
commercial measurement of, 140. 
equipment for determining, 145. 
determined with variable ratios, 
150. 

relation to temperature coefficient, 
148. 

standards of, 132. 

Conductivity and resistance, rela- 
tions between, 367. 

Conductor considered as a conveyor 
of energy, 133. 

Conductors, general and specific 
properties of, 136. 
money value of, 370, 371. 

Conjugate conductors, 51. ^ 

Connection, methods of ascertaining, 
and fault location, 292. 

Constant, arbitrary galvanometer, 
168. 

Contact resistances, expression for 
errors due to, 79. 
in arms of Wheatstone bridge, 78. 

Conversions to different systems of 
units, 371. 

Cooling curves,’^ footnote, 345. 

Copper wire, table for, 374. 
weight of, per 1000 feet, 374. 

Correction factor, errors by neglect- 
ing, 119. 

in formula of Kelvin double bridge, 
118. 

Corrections, methods of applying, in 
loop test, 276, 280. 
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Crosses, method of locating induc- 
tive, 288. 

Crosses or grounds, loop methods for 
locating, 258. 

Curves, of galvanometer motion, 348. 
of insulation resistance, 195. 

D. 

Damping of galvanometer system, 
348. 

D^Arson, a unit, 356. 

Data exhibited by curve, 5. 

Decade, advantages of four coils to 
the, 83, 85. 

combinations of four coils to give, 
84. 

Decade plan, advantages of, 81. 

Deflection indicator for measuring 
temperature, 318. 

Deflection instruments, low accu- 
racy of, 16. 

Densities of solid elements, 377. 

Density of copper, 134. 

Dial bridges for temperature meas- 
urements, 314. 

Differential circuits, application of, to 
thermometry, 46. 
practical advantages of, 45. 
proof of a useful property of, 43. 
properties of, 41. 

Differential methods, 41. 
assumptions made in, 42. 

Differential galvanometer, for tem- 
perature measurement, 312. 
used with shunts, 48. 

Diminished deflection method, 233. 

Dry cells, report on methods of 
testing, 217. 

E. 

e, functions of, 365. 

Electric wiring system, insulation of, 

210 . 

Electrical measurement, subjects con- 
sidered under, 1. 

Electrical Review, reference to, 79. 

Electrical World and Engineer, ref- 
erence to, 30. 


Electrodynamometer, for battery re- 
sistance, 230. 
the Rowland, 200. 
used in substitution method, 231. 

Electrolytes, cell for containing, 245. 
not measurable by direct current, 
238. 

resistance of, 238. 
resistance of, by method of Elohl- 
rausch, 240. 
resistivities of, 244. 
special bridge for measuring, 242. 

Electrostatic induction, relation to 
other quantities, 188. 

Energy, money value of electrical, 6. 

English-metric conversions, 365. 

English Post Office bridge, 89. ^ 

Errors, absolute, 8. 
accidental, 6. 

calculation of, applied to deflec- 
tion instruments, 14, 15. 
calculation of, extended to several 
variables, 10. 
gross, 5. 
mean, 8. 
per cent, 9. 
relative, 8. 
systematic, 6, 7. 

Evaluation by reading small deflec- 
tions, 97. 

F. 

Factory testing set, 198. 

Fault, distance to, in loop test, 260. 
faulty wire of known length, two 
good wires of unknown length, 
267. 

located with faulty wire and good 
wire of unknown length, 277. 

Fault finder, a lineman’s, 294. 

Fault-locating apparatus, the Fisher 
set, 293. 

Fault location, lead wires used in, 281. 
practice and accuracy in, 290. 
problems in, 253. 

relation of principles to practice 
in, 253. 
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Fault location, — Continued. 

two faulty wires and one good 
wire of unknown length, 276. 

Faults, definition of, 251. 
list of, 252. 

location of, as opens, 284. 

methods of locating, 251. 

upon low-tension power cables, 283. 

Feussner, decade system of, 87. 

Fiber, specific resistance of, 183. 

Figure of merit, defined, 354. 
of galvanometers, 350. 
unit of, 356. 

Fisher, H. W., 267, 276, 293. 

Fisher’s loop test, modification of, 
270. 

Fisher’s method, loop test when 
length of cable is known, 269. 
special case, 276. 

Five-coil combinations, 86. 

Formulae for conductivity, 137, 138, 
139. 

Four-coil arrangement of resistances, 
Northrup’s method, 82. . 

Four-coil arrangement used with dial 
switches, 84. 

Franklin Institute, Jour, of, foot- 
note reference, 358. 

Fundamental coefficient, defined, 299. 

Fundamental interval, defined, 299. 

G. 

Galvanometer, arbitrary constant of, 
168. 

constant of, obtained with Ayrton 
shunt, 166. 

current reduction thru, by Ayrton 
shunt, 162. 

description of a high sensibility, 
361. 

Einthoven string, 357, 358, 359. 
flat-coil pointer type, described, 
340. 

indicator in null methods, 40. 
moving magnet and D’Arsonval 
type of, 339. '' 

portable pointer, used with ohm- 
meter, 58. 


Galvanometer, — Continued. 
portable type, for temperature 
measurement, 311. , 
proportionality for flat-coil type, 
345. 

resistance of, measured by second 
property of bridge, 69. 
sensibility of pointer type, 340. 
Galvanometer constants, table of, 360. 
Galvanometer shunts, 157. 

theory of ordinary, 157. 
Galvanometer system, ^‘dead parts 
of, 357. 

equation of motion of, 346. 
Galvanometers, comparison of, 349. 
diverse qualities of, 350. 
drawing of flat-coil type, 341. 
flat-coil type of, 340. 
sensitive, for insulation testing, 346. 
Gas, expansion of, 297. 

Graphite, resistivity of, 4. 

Ground, located upon a single line, 

253. 

on single line, sample test, 257. 
testing from each end of line for, 

254. 

testing from one end of line for, 255. 
Grounds, location of, on high-tension 
cables, 281. 
resistance of, 248. 

Grounds or crosses, loop methods for 
locating, 258. 

H. 

Heraeus platinum, 302. 

Heraeus wire, purity of, 307. 

Bering, Dr. Carl, 29. 

Bering’s conversion tables, 7. 

’ Bering’s liquid potentiometer, 247. 
Bigh resistance, electrometer method 
for measuring, 175. 
leakage method I for measuring, 
171. 

leakage method II for measuring, 
175. 

leakage method III for measuring, 
180. 

measured by leakage methods, 170. 
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High resistance, measured by method 
of mixtures, 180. 

High resistances, capacity used in 
measuring, 155. 

deflection methods for measuring, 
153. 

galvanometer for measuring, 157. 
measured with Wheatstone bridge, 
153. 

metallic resistances excluded from, 
152. 

specified and described, 152. 
two general classes of, 152. 
without appreciable capacity, 157. 
High-tension cables, location of 
grounds on, 281. 
testing outfit for, 283. 

Hoopes bridge, 140. 
operations required in using, 143. 
precautions in using, 144. 
standards for, 142. 
theory of, 141. 

Humidity, effect of, on resistance 
standards, 326. 

I. 

Inductive crosses, location of, 288. 
Inertia, moment of, of galvanometer 
system, 352. 

Insulation measurements, factory 
testing set for, 198. 
with galvanometer and Ayrton 
shunt, 167. 

Insulation resistance, measured by 
deflection methods, 191. 
of a long cable, 191. 
operations required in measuring, 
by deflection, 191. 
per mile of cable, 169. 

Insulation resistance of a cable, for- 
mula for calculating, 185. 
Insulators, resistivities of, 380. 
Instruments, distinction between in- 
dicator and deflection, 338. 
proposed treatment of, 324. 

K. 

Kelvin double bridge, a network of 
nine conductors, 115. 


Kelvin double bridge, — Continued. 
assembled from resistance boxes, 
126. 

correction factor in formula for, 118. 
diagrams of, 116. 
formula for, 118. 
formula for sensibility of, 121. 
methods of applying principle of, 
123. 

Otto Wolff’s ratio coils for, 123. 
ratio coils variable, 123. 
standard variable, 125. 
theory of, 117. 

Kelvin’s method, for measuring gal- 
vanometer resistance, 69. 

Kelvin-Varley slides, 75. 

equivalent to a long slide-wire, 77. 

Kempe’s Handbook of Electrical 
Testing, 53. 

Kohlrausch, Dr. F., 30, 372. 

Kohlrausch’s method for resistivity 
of electrolytes, 240. 

L. 

Landolt, etc., 246. 

LeChatelier, 306. 

Lead wires, resistance of, eliminated, 
310. 

used in fault location, 281. 

Leakage methods, 170. 

condition for highest precision, 173. 

Leakage of condensers, theory of, 170. 

Leeds, Morris E., 312. 

Leeds and Northrup Co., 58, 101, 119, 
126, 145, 146, 198, 200, 265, 
283, 340, 359. 

Lineman’s fault finder, 294. 

Live wires, methods of measuring 
resistance of, 210, 212. 

Loop methods, for locating grounds 
or crosses, 258. 

H. W. Fisher’s method, 267. 
modified to meet special condi- 
tions, 267. 

the Murray loop, 258. 

Loop test, defined, 258. 

Fisher’s method with slide-wire 
bridge, 269. 
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Loop test, — Continued. 

from both ends of faulty wire, 271. 
illustrative example, 274. 
modifications of Fisher^s method, 
269. 

position of galvanometer in, 259. 
testing from one end when return 
wire is of unknown resistance, 
273. 

testing with return wire of un- 
known length, 271, 273. 
testing from one end, method II, 274. 

Loop tests, correction for conductors 
of different sizes in, 280. 
methods of applying corrections 
in, 278, 280. 

Lord Kelvin, 115. 

Low resistance, distinguished from 
medium, 100. 

measured with ammeter and milli- 
voltmeter, 101. 

Low-resistance standards, set of pre- 
cision, 101. 

Low resistances, compared by Carey- 
Foster bridge, 114. 
compared by modified slide-wire 
bridge, 114. 

compared by potentiometer, 115. 

Low-tension power cables, location 
of faults upon, 283. 

M. 

Magnesium, conductivity of, 139. 
resistivity of, 127. 

Mains, resistance of underground, 110. 

Mance’s method, 218. 

Manganin, temperature coefficient 
» of, 101. 

Manganin resistance, 5. 

Marine cable testing, 292. 

Marvin, Prof. C. F., 299. 

Matthiessen^s standards of conduc- 
tivity, 134. 

relation between, 134. 

Maxwell's rule, 96. 

Measurement, plan for making and 
recording a, 126. 
sample of a low resistance, 127. 


“Measurement of Electrical Pesist- 
ance," Price, 155. 

Melting points of solid elements, 377. 
Mercury, expansion of, 297. 

resistivity of, 376. 

Merit, figure of, 350, 354, 356. 
Metallic conductors, divided into 
two classes, 18. 

Methods of Chapter II, remarks 
upon, 37. 

Metric-English conversions, 365. 
Mho, defined, 133. 

Microvolt D 'Arson, unit defined, 359. 
Motion, equation of, 346. 

Multiple arrangement of coils, 87. 
Murray loop test, extension of slide- 
wire for, 261. 

slide-wire bridge arrangement for, 
260. 

N. 

National Physical Laboratory, 306. 
Network, resistance of, when con- 
taining E.M.F.'s, 224, 225. 
Wheatstone bridge, 51. 

Nickel, coefficient of, 297, 299. 

use of, in thermometers, 302. 

Nickel resistance change, law of, 300. 
Northrup's four-coil arrangement, 82. 
Null methods, 6, 40. 
compared with deflection methods, 
41. 

O . 

Ohm, relation to other units, 375. 
representation of, 3. 
value of the, 375. 

Ohmic resistance, comments on, 16. 

of lamp filaments, 17. 

Ohmmeter, 38, 58. 

Ohmmeters and meggers, 38. 

Mr. Sidney Evershed's megger, 38. 
scales of meggers, 39. 

Opens, located when good wires are 
available, 286. 

located when no good wire is avail- 
able, 287. 

location of, on cables, 284. 
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Outfit, conformity in the parts of 
an, 324. 

P. 

TT, functions of, 365. 

Paul, of London, 58, 340. 

Per cent Wheatstone bridge, 93. 

Periodic motion, 348. 

Photographic record of temperature 
difference, 319. 

‘‘Physical and Temperature Con- 
stants,’' by Kaye and Laby, 
246. 

Physical data, 376. 

Platinum, constancy of, 301. 
deterioration of, 306. 

Platinum temperature, defined, 298. 

Plugs, correct type of, 336. 

Polarities, a word on, 221. 
principle of, illustrated, 222. 

Porcelain tube for thermometers, 
307. 

Position for galvanometer in Wheat- 
stone bridge, 96. 

Potential drops, special case for 
comparing, 24. 

Potential points, used with low 
resistance, 100. 

Practice, need of, in measurement, 5. 

Precision, degree of, 4. 

Price, W. A., 155. 

Pyrometry, methods of, footnote 
reference, 323. 

Q. 

Quadratic equation, solution of, 373. 

Quantities, list of electrical, 1, 2. 

R. 

Ratio arms, 54. 

arrangements of resistances for, 89. 
Schdne’s arrangement of, 91. 
simple method of reversing, 89. 
without contact resistance, 92. 

Resistance and capacity, when prod- 
uct of, is constant, 189- 

Resistance and conductivity, rela- 
tions between, 367. 


Resistance boxes, general remarks, 

331. 

Resistance, low, introductory state- 
ment to measuring, 100. 
Resistance of closed circuits, general 
» method, 102. 

Resistance of underground mains, 
measured, 110. 
table of results, 113. 
test of method, 112. 

Resistance measured, with voltmeter 
(power on), 210. 

with galvanometer (power on), 212. 
Resistance measurements, E.M.F, in 
circuit, 210. 

Resistance sets, precision of, 334. 
Resistance spools, construction of, 
333. 

Resistance standard, Bureau’s form 
of, 327. 

constancy of Bureau’s form of, 327. 
variable, for conductivity deter- 
minations, 147. 

Resistance* standards, variation of, 
with humidity, 326. 

Resistances subdivided, 19. 

Resistance units, watt capacity of, 

332. 

Resistivities, of insulators, 380. 

of solid elements, 377. 

Resistivity, defined, 132. 

Reversible arms, when useful, 90. 
Rheostat, position of, in bridge, 54. 
Rosa, E. B., 326, 327. 

Rowland electrodynamometer, 200. 
Royal Berlin Porcelain Works, 307. 
Rymer- Jones key, use of, 174. 

S. 

Sack, Dr. H., 360. 

Schone’s arrangement of ratio arms, 
91. 

Sensibility, of galvanometer used with 
Ayrton shunt, 162. 
precisely defined, 355. 
relation of, to size of instrument, 

6 . 

useful, defined, 353. 
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Sensibility and accuracy, discussed, 
325. 

Shunt, Ayrton, 160. 
full theory of, 160. 
multiplying power of, defined, 158. 
universal, 160. 

Shunt boxes, 159. 

Shunts used with differential gal- 
vanometer, 48. 

Siemens and Halske, 360. 

Siemens’ method, 236. 

Silver-chloride cells, curves for, 218. 
Slide-wire bridge, compared with 
Kelvin double bridge, 60. 
for reading temperature, 308. 
for resistance of electrolytes, 242. 
methods of using, 54. 
modified for comparing low resist- 
ances, 58. 

use of n coils with, 55, 
used with electrodynamometer, 
244. 

used with telephone, 243. 
with long wire, 242. 

Slide-wire resistance, arranged for 
direct reading, 58. 
circular form of, 58. 
method of making a high, 56. 
Smith, Irving, decade system of, 87. 
Sodium-chloride solution, resistivity 
of, 246. 

Solutions, standard, for calibrating 
purposes, 379. 

Standard, the metergram, 134. 

the metermillimeter, 134. 

Standard low resistances, list of, 124. 
Standard resistance, Reichsanstalt 
form of, 329. 

the Bureau’s form of, 327. 
Standard resistances, capacity of, 331. 

list of Otto Wolff’s, 330. 

Standard solutions, 379. 

Standard Wiring Table Committee, 
134, 136. 

Standards, Bureau of, 4v - 
defined, 3. 
of resistance, 326. 
precision of, 4. 


Stewart, 0. N., 347. 

Substitution, resistance measured by, 
27. 

Substitution method for electrolytes, 
248. 

Sulphur, boiling point of, 299. 

Survey measurement, 5. 

Suspension, tensile strength of, 344. 

T. 

Table, illustrating method described 
in par. 207, 34. 

Telephone, the differential, 50. 

Temperature, direct deflection 
methods for reading, 317. 

measurement of extremely high, 
322. 

measured with dial bridges, 314. 

measured with Kelvin double 
bridge, 315. 

read by deflection methods, 317. 

read on slide-wire bridge, 308, 310. 

remarks on, 296. 

Temperature coefficients, formulae 
for, 366. 

Temperature difference, accurate 
measurement of, 319. 

curve for, 322. 

diagram of measuring outfit for, 
321. 

photographic record of, 319. 

Temperature measurement, portable 
set for, 311. 

Temperature scales, formulae for, 366. 

Testing set, portable, for loop tests, 
259. 

Theorem, applied to measurement by 
leakage, 189. 

on relation of capacity and resist- 
ance, 186. 

Thermocouples, 308. 

Thermoelectric force against copper, 

101 . 

Thermometer bridge with two travel- 
ing contacts, 312. 

Thermometers, constancy of resist- 
ance, 301. 

construction of resistance, 302. 
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Thermometers, — Continued. 
method of reading, with potential 
leads, 316. 

practical methods of calibrating, 
300. , 

protecting case for resistance, 304. 
special designs of resistance, 304, 
305, 306. 

upper range of resistance, 306. 
uses of resistance, 303. 
with potential leads, 316. 

Thermometry, electrical resistance, 
297. 

remarks on, 296. 

Time, for a capacity to leak, 191. 
relation of, to resistance and capac- 
ity, 173. 

Tube, resistance capacity of a, 241. 
resistance of a conical, 241. 

Twist of wires in cables, 269. 

U. 

Underground cables, method of locat- 
ing grounds upon, 284. 

Unit, defined, 2, 3. 

Useful sensibility of a galvanom- 
eter, 353. 


V. 

Variable resistance standard, 145. 
Varley formula, modification of, 267. 
Varley loop, described, 262. 

Varley loop test, formulae for, 263, 
264. 

illustrative examples of, 264. 
notes on, 265. 

Velocity of light, value of, 371. 
Voltmeter, method I, test by, 20. 
method II, test by, 23. 
method of using shunt with, 26. 
resistance of Weston type of, 338. 
tables, illustrating test U 


Voltmeter, — Continued. 
xmknown resistance in circuit with, 
22 . 

Voltmeter and ammeter, resistance 
measured by, 35. 

Voltmeter method, with three un- 
known resistances in loop, 30- 

Voltmeter methods, limitations of, 34. 

W. 

Waidner, C. W., 323. 

Watt capacity of coils in Wheatstone 
bridges, 97. 

Weighing, a null method, 40. 

Weston, Edward, 58, 340. 

Weston voltmeter, figure of merit 
of, 360. 

Wheatstone bridge, arranged to read 
in per cent, 93. 
first property of, 52. 
five-dial type of, 336. 
galvanometer to use with, 95. 
manganin coils in, 99. 
network of, 51. 

Otto Wolff’s type of, illustrated, 337. 
possible precision of, 98. 
proof of first and second proper- 
ties of, 52, 53. 
range of, considered, 98. 
remarks upon use of, 94. 
second property of, 52. 
unbalanced, 53. 

Wheatstone bridges, general re- 
marks, 331. 

Wire, resistance of, wound in chan- 
nel, 375. 

Wire data and formulse, 374. 

Wire resistance, approximate calcu- 
lation of, 376. 

Wire table for copper wire, 374. 

Wolff, Otto, 101, 151, 330, 337. 

Wright, J. W., 265. 

Wunsch, Felix, his method of locat- 
grounds, 284. 





